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Abstract

Resource allocation problems, ranging from school choice to online advertising
and healthcare, traditionally prioritize efficiency and social welfare while often
overlooking ethical concerns. Introducing fairness constraints into well-established
allocation problems requires new algorithmic design principles, alters performance,
and gives rise to new trade-offs between optimality and constraints satisfaction.
This thesis studies four standard allocation models — online learning, prophet in-
equalities, auctions, and matroid-based allocation — with equity considerations,
and explores how enforcing fairness impacts the allocation quality through regret
bounds, competitive ratio, inequality measures, and price of fairness. We show that,
in some cases, trade-offs are unavoidable; in others, the loss becomes arbitrarily
small asymptotically; and in specific instances, fairness can be achieved at no cost.
By characterizing when and how fairness constraints affect allocation outcomes, this
thesis provides guidance to both algorithm designers and policy makers seeking to
deploy fair algorithms in some allocation problem scenarios.
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Introduction

“That’s not fair!” — “You say that so often, I
wonder what your basis for comparison is?”

— Labyrinth (1986)

From education [GS62], healthcare [RSU04], housing [BMO1a], labor markets
[HMO5], to online advertisement platforms [EOS07], the problem of allocating lim-
ited resources to multiple agents, who may have diverse and potentially conflicting
interests, lies at the heart of many decision-making systems.

Traditionally, the design of allocation rules has been driven by economic principles
such as maximizing social welfare or achieving Pareto efficiency [Deb54]. However,
in many settings, only focusing on utility can yield outcomes that are perceived as
discriminatory or inequitable. This has led to a growing interest in integrating other
ethical considerations, in particular fairness, as an additional constraint or alternate
objective, directly into the algorithmic design of allocations.

In modern algorithmic settings, such challenges become even more pressing. Deci-
sions that were once made by human judges, committees, or central planners are
now increasingly delegated to automated systems. Indeed, advances in computing
power and machine learning have enabled the widespread use of algorithms in
high-stakes domains such as healthcare (e.g., tumor detection through deep learning
[LKB+17]), finance (e.g., credit scoring using black-box models [Biic+22]), and em-
ployment (e.g., Al bots for interviewing applicants [OCo025]). While their efficiency
and scalability make them attractive for broad deployment, they also introduce
serious risks related to fairness and accountability [Pas15; Coo+22].

These concerns have been exacerbated by several high-profile failures. The COMPAS
algorithm used in U.S. courtrooms was shown to exhibit racial bias in recidivism pre-
dictions [Lar+16]; the Gender Shades study revealed stark performance disparities
in commercial facial recognition systems based on gender and skin tone [BG18a];
and Amazon’s resume screening tool was found to systematically penalize female
candidates [Das18]. These cases illustrate the risks of optimizing for performance
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without taking into account fairness constraints, at the risk of perpetuating or even
amplifying existing biases.

Therefore, there is a growing need to design allocations that are sensitive to equity
considerations [MS22], but doing so is far from straightforward. In dynamic settings,
myopic or greedy approaches that optimize short-term utility can conflict with equity
goals, which are long-term priorities. Satisfying these new constraints may also
require the algorithm to explicitly use group-membership data to ensure parity
in the allocation. And in strategic environments, relevant information needed to
guarantee fairness may be private and must be carefully elicited through allocation
mechanisms. New efficient algorithms must be designed

This thesis investigates how incorporating fairness affects the structure, analysis,
and design of allocation algorithms.

What is Fairness?

In order to design and study optimal equitable allocations, we must first formalize
what fairness is, and second how to frame equity in allocations problems. The idea
of fairness plays a central role in how societies organize themselves, influencing
how communities, institutions, and individuals interact with one another. It is a
core part of our legal systems, but it is also a deeply moral and ethical notion: we
are taught from an early age to learn to distinguish between which actions and
outcomes should be perceived as fair and which as unfair. People have an intuitive
understanding of whether they were wronged through a contract, or whether they
received the right amounts of goods.

Yet, despite its seemingly strong natural aspect, providing an exact definition of
fairness is an arduous task. What is deemed fair by an individual may be consid-
ered unfair by another, depending on cultural aspects, socio-economic context, or
even personal beliefs. Even from a linguistic perspective, the notion of fairness is
multifaceted. The English term fairness translates into French as justice, équité,
impartialité, or honnéteté, each reflecting a distinct ethical principle. Dictionary defi-
nitions vary as well, some emphasize equality, others impartiality, reasonableness, or

Chapter 1 Introduction



following established rules. Yet none of these definitions yields a single, operational
definition. !

Although it is difficult to provide an exact definition, a recurring theme is that fair-
ness is closely tied to the broader notion of justice. In particular, distributive justice
[Ari99] is concerned with how resources should be allocated among individuals,
directly connecting to the design of fair allocation rules. While other types of justice,
such as procedural justice [Tyl90], emphasize the fairness of decision processes, our
focus will be on distributive justice.

However, even within the scope of distributive justice, what an equitable allocation
precisely means can remain unclear. Consider, for example, the task of assigning
refugees to resettlement cities. What does it mean for a matching between migrants
and cities to be just? Should fairness be defined in terms of equal numbers of people
assigned to each city, or in terms of demographic parity, such as equal proportions of
men and women? Should an equitable allocation prioritize migrants or emphasize
city-level fairness? Should it focus on individuals, ensuring that each individual
has a similar probability of being assigned to their top choice, or instead on group-
level outcomes? Even for this seemingly simple application, multiple stakeholders
may advocate for different fairness criteria, reflecting divergent objectives and

priorities.

Furthermore, some fairness goals may be fundamentally unachievable due to incom-
plete or noisy information. Preferences can be stochastic and partially observable, or
can be strategically hidden by self interested agents. Overall, each fairness definition,
when applied to a specific allocation problem, creates distinct challenges arising
from the interplay between feasible outcomes, available information, and additional
equity requirements.

But adding additional constraints is not without negative impact on decision-making.
It may restrict the set of feasible allocations, increase the amount of data necessary
to achieve optimal fair outcomes, affect regret rates of online algorithms, or even
introduce unavoidable performance trade-offs. Understanding how fairness can be
embedded in complex decision-making processes, and how doing so significantly
alters outcomes, is essential, both to improve algorithmic practices and to inform
public policy.

Reflecting this ambiguity, at the time of writing, the Wikipedia page for ‘fairness” redirects to a
disambiguation page (https://en.wikipedia.org/wiki/Fairness).

1.1 What is Fairness?


https://en.wikipedia.org/wiki/Fairness
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Our objective is not to define or find the “true” or “best” notion of fairness for
allocations problems, a rather bold claim based on some of the discussion above, but
rather starting from fairness notions that are mathematically well-defined, aligned
with relevant ethical intuitions, and meaningful in specific decision-making contexts,
we analyze their algorithmic consequences: How do fairness constraints alter the
structure of feasible solutions? What trade-offs do they introduce? Under what
conditions can fairness be achieved without sacrificing efficiency? What new algo-
rithmic techniques are required? Another more informal title of this thesis could
have been “How much and in what way does fairness gets in the way of traditional
algorithm design and performance for a range of allocation problems?”.

Outline and Contributions

This thesis is organized around 6 chapters, one chapter introducing general fairness
definitions for allocation problems (Chapter 2), followed by five independent chap-
ters, each presenting a self-contained research article. While each of those 5 chapters
focuses on a distinct allocation problem and fairness notion, they collectively exam-
ine how fairness can be meaningfully incorporated into algorithmic decision-making,
and to what extent this addition affects outcomes and classical algorithm design.

1. Online Learning

* Bandit Algorithms with Fairness Penalties, Chapter 3: In online adver-
tisement, sensitive attributes are becoming increasingly harder to access
due to new regulations [Gua23], even though such information is critical
to ensure equitable ad exposure across protected groups. We model a set-
ting where an advertiser show ads and earns revenue from users arriving
sequentially, but pays a fine based on the final allocation imbalance. To
circumvent the non-availability of sensitive attributes, we consider that
additional information regarding the agent, which helps to estimate these
missing features, can be purchased at a price. We leverage techniques
from the bandits literature and from online convex optimization to con-
struct a primal dual online algorithm that evaluates the quality of the
data on the fly, and achieves low regret.

Based on “Trading-off Price for Data Quality to Achieve Fair Online Alloca-
tion”, Mathieu Molina, Nicolas Gast, Patrick Loiseau, and Vianney Perchet,
NeurlPS, 2023.

Chapter 1 Introduction



* Bandits Algorithms with Soft Fairness Constraints, Chapter 4: We
consider a music streaming platform, which has to guarantee a certain
level of revenue in the short term to artists that can be recommended.
We model this problem as a classical stochastic bandit problem, but with
additional short-term covering constraints, which ensure that each arm
earns enough revenue. We introduce a family of algorithms that optimally
balance the trade-off between constraint violation and learning regret.

Based on “Multi-Armed Bandits with Guaranteed Revenue per Arm”, Dorian
Baudry, Nadav Merlis, Mathieu Molina Hugo Richard, and Vianney Perchet,
AISTATS, 2024.

2. Competitive Analysis

* Prophet Inequalities with Weaker Benchmark, Chapter 5: We analyze
a variant of the classical independent and identically distributed (i.i.d.)
prophet inequality problem, which compares the performance of the
best online policy to an offline benchmark, the “prophet”. By weakening
the offline benchmark, we show that the relative error rate decreases
exponentially fast as the benchmark grows weaker. In Section 5.2, we
further connect this relaxed benchmark to a group fair objective, and
show how previous results can be directly leveraged for this fair allocation
problem.

Based on “Prophet Inequalities: Competing with the Top ¢ Items is Easy”,
Mathieu Molina, Nicolas Gast, Patrick Loiseau, and Vianney Perchet, SODA,
2025.

3. Mechanism Design

* Efficient Equitable Auctions, Chapter 6: We study auctions for allocating
k identical goods among n symmetric unit-demand bidders. Uniform-
price and discriminatory-price auctions are commonly used in practice,
and are both efficient and revenue-equivalent under specific assumptions.
We want to compare these two auctions along a third axis, equity, which
represents the profit disparity among winners ex-post. We show that
while uniform pricing can be more equitable in some cases, discrimina-
tory pricing is strictly more equitable for log-concave signal distributions.
Finally, we compute incentive compatible payment rules that achieve per-
fect ex-post equity while preserving both efficiency and revenue, showing
that, surprisingly, perfect equity can be achieved at no cost.

1.2 Outline and Contributions



Based on “Equitable Pricing in Auctions”, Simon Finster, Patrick Loiseau,
Simon Mauras, Mathieu Molina, and Bary Pradelski, EC, 2025 (Alphabetical
Ordering).

4. Optimization Under Constraints

* Worst-Case Price of Fairness, Chapter 7: We consider a structured
allocation problem, where the set of feasible allocations is a matroid.
We evaluate the worst-case relative loss in social welfare resulting from
imposing group fairness constraints akin to equality of opportunity. The
problem reduces to allocation over a polymatroid, and we show that in
the worst-case, the price of fairness remains bounded and scales linearly
with the number of protected groups. We further compute the price of
fairness under additional structural and stochastic assumptions, and show
under which conditions the social welfare loss is low or non-existent.

Based on “The Price of Opportunity Fairness in Matroid Allocation Prob-
lems”, Rémi Castera, Felipe Garrido-Lucero, Simon Mauras, Mathieu Molina,
Patrick Loiseau and Vianney Perchet, Working paper (Alphabetical Order-
ing).

The following two articles are not included in this thesis:

* “Bounding and Approximating Intersectional Fairness Through Marginal Fair-
ness”, Mathieu Molina and Patrick Loiseau, NeurIPS, 2022,

* “On Preemption and Learning in Stochastic Scheduling”, Nadav Merlis, Hugo
Richard, Flore Sentenac, Corentin Odic, Mathieu Molina, and Vianey Perchet,
ICML, 2023.

The next chapter will give a brief overview on how fairness has been formally defined
in economics, computer science, and operations research literature, going from more
philosophical concepts to mathematically sound definitions. We will examine key
families of fairness definitions, individual vs. group fairness, ex-ante vs. ex-post
fairness, and utility-based vs. constraints. Although not all definitions will be used,
understanding the subtle differences between these fairness notions will be useful in
grasping the various potential consequences on algorithmic design.

Chapter 1 Introduction



Fairness Definitions in
Allocations Problems

In this section, we formally introduce several fairness notions developed to encode
moral and philosophical considerations into algorithmic allocation decisions. We
introduce the allocation settings of the five papers of this thesis in order to best
compare the various fairness definitions. While the following chapters adopt domain-
specific notations, this section uses common notations for ease of interpretation.

A General Allocation Model. We consider a population of n € N agents, indexed
by ¢ € [n]. Each agent receives an allocation z;, and the total allocation vector
x = (x1,...,zy,) must lie within the set of feasible allocations X'. The feasibility
constraints can be due to limited resources or other structural requirements. From
the allocation z;, the agent (or a central planner) derives a utility u;(z;). Group-level
fairness can be treated as though there is a meta-agent that represents the agents
grouped together.

We briefly outline the five allocation problems studied in this thesis. These problems
encompass a broad spectrum of settings, ranging from online to offline decision-
making, stochastic to adversarial inputs, fully observed to partially observable
environments, and fairness notions defined at the individual as well as the group
level. They also include both strategic and non-strategic (static) scenarios. Despite
this broad range of settings, the basic allocation problems all fit within the model
described above.

1. Online Advertising with Group-Fairness Fines (Chapter 3): A company seeks
to allocate ads to 7" arriving users, each from one of n unknown protected
groups. Group membership and utility are not directly observable but can be es-
timated through costly signals. The feasible set is X = [],{0,1,...,n;}, where
n; is the number of users from group . Fairness may require proportional
exposure across groups, i.e., x;/n; = x;/n;.

2. Music Streaming with Revenue Guarantees (Chapter 4): A music streaming
platform must recommend songs to a stream of 7' users, selecting among n
different artists. When artist i is recommended, they receive an i.i.d. reward



U; with unknown mean p;. The platform seeks to maximize utility while
ensuring that each artist 7 earns a minimum expected revenue of \;7. Notably,
the revenue guarantees must be satisfied in expectation even over short time
horizons. The set of feasible allocations is X = {z € R} : >, x; < T}, and
each artist’s expected utility is given by u;(x;) = p;z;.

. Hiring with Diversity Incentives (Chapter 5): A firm must hire 2 individuals
from a sequence of T arriving applicants, each randomly assigned to one of
two protected groups (e.g., men and women). The feasible allocations are
subsets © C A; x Ay with || < 2, where A; and A, denote the (random)
partitions of the applicants into the two groups. The utility is the sum of the
values of the selected candidates; however, a penalty is incurred when both
selected individuals belong to the same group, so as to incentivize diversity of
selected applicants.

. Reducing Profit Disparity when Selling Goods (Chapter 6): An auctioneer
sells k identical items to n unit-demand buyers. The allocation space is
X ={x € {0,1}": >, x; < k}. Buyers have private or common valuations v;,
and utility is u; = v; — p;. The objective is to design mechanisms that ensure
efficiency and reduce utility dispersion among winners, to fairly share the
realized total profit, even though the utility is not known to the auctioneer.

. Social Welfare Loss of Fair Refugees Resettlement (Chapter 7): A central
planner allocates places in different cities for refugee resettlement under ma-
troid constraints, across n demographic groups. Utility is cardinal, u;(x;) = z;,
and the feasible allocations set X is a polymatroid of dimension n. Fairness re-
quires that each group receive the same proportion of the maximum allocation
it could achieve in isolation.

Having introduced the relevant allocation settings, we now survey the principal

fairness notions developed across theoretical economics, operations research, com-

puter science, and statistics. These definitions are organized thematically, and their

presentation follows a roughly chronological progression, reflecting how fairness

concepts have evolved across disciplines. We identify four broad categories of

fairness notions:

* Fair Division: Concerned with the allocation of divisible or indivisible goods
among agents, using notions such as proportionality, equitability, and envy-
freeness, defined with respect to agents’ subjective valuations.

Chapter 2 Fairness Definitions in Allocations Problems
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* Game Theory: Focuses on the axiomatic foundations of fair surplus or utility al-
location in transferable utility cooperative games, typically through bargaining
solutions (e.g., Nash bargaining) or the Shapley value.

* Operations Research: Adopts a quantitative perspective on fairness, emphasiz-
ing different social welfare objectives and fairness measures such as max-min
fairness, a-fairness, and Jain’s index.

* Machine Learning: Rooted in a statistical perspective on decision-making,
encompassing both group-level criteria (e.g., demographic parity, equal oppor-
tunity), and individual-level notions of fairness, particularly in settings with
uncertainty.

While not all of the fairness definitions discussed in this section will be studied
explicitly in the subsequent chapters, this overview aims to convey the richness
and diversity of fairness concepts and to illustrate how these notions interact with
different allocation settings and impact algorithm design. The remainder of this
chapter develops each family of fairness notions in greater detail and identifies the
specific definitions applied in the five allocation problems introduced earlier.

Fair Division and Preference-Based Fairness

One of the earliest and most influential domains in formalizing fairness is fair
division, which addresses how to allocate a limited amount of heterogeneous goods
among agents such that each agent subjectively perceives their share to be fair. A
central feature of this literature is the distinction between divisible goods (e.g., a
cake) and indivisible goods (e.g., gifts). The original example, often attributed to
Steinhaus, Knaster, and Banach in the 1940s [Ste48], is the cake-cutting problem:
how to divide a cake among multiple agents with subjective valuations.

There are three main fairness concepts that arise from fair division: equitability,
proportionality (or more generally, fair-share), and envy-freeness. See [Mou03;
Bra+16] for comprehensive overviews of fair division, and more broadly computa-
tional social choice.

Equitability

Equitability demands that all agents derive the same subjective value from their
allocated shares [Fre+19].

2.1 Fair Division and Preference-Based Fairness
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Definition 2.1. An allocation = € &X' is said to be equitable if u;(x;) = u;(x;) for all
i,j € [n].

This notion reflects an ideal of fairness from the standpoint of equal satisfaction.
However, equitability does not ensure that each agent receives a sufficiently large
share, only that everyone derives the same utility from the allocation, even if that
utility is low.

Proportional Fairness (Fair-Share)

In contrast to equitability, proportional fairness requires that each agent receives a
“big enough” share of the total value of the goods.

Definition 2.2. An allocation z € X is proportionally fair if for all i € [n], u;(z;) >

maxgey ui(x;)/n.

This ensures that each agent receives at least a 1/n share of their total possible
utility. While such allocations are guaranteed to exist for divisible goods under mild
conditions [DS61], they may not exist in the case of indivisible goods.

More recently, [BF22] introduced the notion of fair share functions, generalizing
proportional fairness. For each utility function u; and number of agents n, we define
a fair share s(u;,n), and an allocation is considered fair if u;(x;) > s(u;,n). This
notion encompasses both proportional fairness and other criteria like the maximin
share.

Problem 4 somewhat falls into this category: each of the n artists must receive
at least a minimum expected utility of \; - T', which corresponds to the fair-share
constraint u;(z;) > \T.

Envy-Freeness

While proportionality focuses on agents’ individual satisfaction, envy-freeness takes
into account comparisons between agents. Introduced by Gamow and Stern [GS58],
an envy-free allocation ensures that no agent prefers another agent’s allocation to

their own.

Definition 2.3. An allocation x € X is envy-free if for all i, j € [n], u;(x;) = ui(xj).

Chapter 2 Fairness Definitions in Allocations Problems
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This condition prevents envy by guaranteeing that each agent finds their own bundle
at least as desirable as anyone else’s. For divisible goods with continuous, additive
preferences, envy-free allocations are known to exist. However, for indivisible goods,
envy-free allocations often do not exist; for example, when one item must be as-
signed to one of two agents, envy is unavoidable.

Given the nonexistence of envy-free or proportionally fair allocations in settings with
indivisible goods, several relaxations have been proposed.

One common relaxation is envy-freeness up to one good (EF1), which requires that
any envy can be eliminated by removing a single item from the envied bundle. This
notion can be satisfied more easily than envy-freeness, for example an EF1 allocation
always exists under weakly additive valuations [Car+16].

Ex-ante vs Ex-post Fairness of Randomized Allocations

An alternative way to circumvent impossibility results is to allow randomized alloca-
tions. A random allocation is a probability distribution over feasible deterministic
allocations. Ex-ante fairness ensures that fairness conditions are satisfied in expecta-
tion.

Definition 2.4. A randomized allocation X = (Xy,..., X,,) satisfies ex-ante propor-
tional fairness if for all ¢ € [n], E[u;(X;)] > maxzex ui(x;)/n.

Such allocations always exist, e.g., by assigning the entire bundle to agent ¢ with
probability 1/n for each i. More refined mechanisms, such as the Probabilistic Serial
rule [BMO1la], achieve envy-freeness and proportionality ex-ante under certain
conditions. The resulting fractional allocation can often be implemented as a
lottery over integral allocations using the Birkhoff-von Neumann decomposition of
bi-stochastic matrices.

In problems 4 and 7, we rely on randomized (or fractional) allocations to satisfy
fairness constraints while maintaining feasibility. In particular, in Problem 7, we
further show how an ex-ante optimal allocation can be transformed into an approxi-
mately fair ex-post allocation. Taking an ideal allocation ex-ante, while retaining
good properties ex-post, is a common “best of both worlds” consideration prevalent
in fair division.

2.1 Fair Division and Preference-Based Fairness

11
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Equitability, proportionality, and envy-freeness reflect distinct fairness ideals. None
implies the others in general, and they can conflict. While envy-freeness compares
the value of different pieces to the same person, equitability compares the value of
different pieces to different agents. In fact, these three notions often conflict, and in
general, no allocation may satisfy two of them simultaneously. This type of tension
between different fairness notions is ubiquitous in the fair allocation literature, even
beyond fair division. As a result, most works focus on a single fairness definition,
with its pros and cons.

But while these different fairness notions can each be seen as reasonable candidates
for defining fair allocations, they can still conflict with one another. This naturally
raises the following question: do these mathematical definitions truly capture the
ethical ideas they are meant to reflect? The next section turns to fairness notions
rooted in game-theoretic models, particularly cooperative games. Here, fairness is
defined axiomatically: one begins by stating the properties that a fair allocation
should satisfy, and then derives the allocation implied by these axioms, if this
allocation exists.

Cooperative Game Theory and Axiomatic Fairness

Fairness has also been a central concern in game theory, particularly in cooperative
game theory, where the focus is on how to fairly distribute a collective payoff among
a group of agents who can choose to participate in a coalition. In contrast to fair
division, this domain explicitly considers incentives: agents collaborate to generate
value, and a fair outcome must reward each participant proportionally to their
contribution. This perspective gave rise to two landmark fairness concepts: the Nash
bargaining solution and the Shapley value. For a general treatment of cooperative
games, see [Mye91], and for a fairness-focused perspective, see [You94].

As mentioned above, the distinctive feature of this domain is its normative approach
to fairness. The existence and uniqueness of a fair allocations follows from the
axioms that such a solution should satisfy.

Bargaining Solutions

John Nash proposed an axiomatic solution for two-player bargaining problems in
1950 [Nas50], later extended to multiple players. Consider two agents negotiating

Chapter 2 Fairness Definitions in Allocations Problems



over a feasible set X of utility pairs (u1(z1), ua2(z2)), with (u1(d1), u2(d2)) denoting
their disagreement utilities. That is, they either agree on a feasible outcome x € X,
or receive default (u;(dy),us(ds)) if negotiations fail. A fair solution must satisfy:

1. Pareto Efficiency: The allocation is not strictly dominated by another.

2. Symmetry: If the feasible utilities are symmetric, then players should receive
equal utilities.

3. Invariance to Affine Transformations: Fairness is preserved under rescaling
of utilities.

4. Independence of Irrelevant Alternatives: Removing unchosen allocations
from the feasible set should not change the fair allocation.

Under these axioms, Nash proved the unique fair outcome is the allocation maximiz-
ing the product of marginal gains: =V = arg max, ¢y (u1(z1) — u1(dy)) - (u2(29) —

UQ(d2>).

An alternative is the Kalai-Smorodinsky (KS) solution [KS75], which replaces Inde-
pendence of Irrelevant Alternatives with:

5. Monotonicity: If one agent’s achievable utility improves while the other’s does
not worsen, then the fair allocation should also have an improved utility.

Geometrically, when the utility frontier is convex, the KS solution lies at the in-
tersection of the Pareto frontier with the line connecting the disagreement point
(u1(dy),u2(dz)) to the point of maximum utilities for both agents (max, u1 (1), max, ua(z2)).
Unlike Nash, the KS solution equalizes relative gains:

u (21%) —un(di)  ua(@fS) — ua(da)

max, ui(21) — ui(dy)  maxy us(r2) — uz(da)’

This formulation prioritizes agents with higher potential gain, taking into account
that agents can have different entitlements depending on the specific allocation
problem, where for KS the entitlement is proportional to the best achievable utility
in isolation.

In Chapter 7, the group fairness objective can be interpreted as the geometric
(not axiomatic) generalization of the KS solution to multiple agents. The fairness
constraint aims to equalize scaled utilities across groups, where scaling is done
with respect to the maximum utility a group could receive if treated alone, which
corresponds exactly to the equalization of relative gains of the KS solution. This

2.2 Cooperative Game Theory and Axiomatic Fairness 13
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can also be interpreted as a form of weighted equitability. However, unlike KS, the
allocation is not necessarily Pareto efficient, highlighting the efficiency loss as the
number of groups grows beyond 2.

The Shapley Value

Bargaining solutions focus on joint decision-making, but in games with more than
two players, some subgroups may prefer to form separate coalitions. To address such
scenarios, cooperative game theory introduces the core [Gil59; Aum60], a stability
concept. A cooperative game with n agents is defined via a characteristic function
v : 2" — R, where v(S) denotes the value that coalition S can generate. The game
has transferable utility, meaning the total utility v(S) can be redistributed within a
coalition.

Definition 2.5. An allocation x € R" is in the core if for all S C [n], we have
Yies i = v(S).

This stability notion says that if players do not receive enough surplus, they may
deviate, form a coalition, and not participate in the game.

The Shapley value introduced by Shapley in 1951 [Sha53], is a canonical way to
share surplus in a transferable utility game. It is defined as satisfying four axioms:
Efficiency (all the value v([n]) is distributed), Symmetry, Linearity, and not giving
surplus to players who do not contribute to anything.

Shapley proved that there is a unique value function ;, where ¢; is the utility that
should be distributed to agent 4, that satisfies all four axioms:

iy = 3 B ISIZ DN 6y — sy,

|
Scin\{i} "

that is to say, ¢; is the expected marginal contribution of agent ¢ over all possible
joining orders. While the core may be empty in general, a key result is that for
convex games, those where v is supermodular, the Shapley value lies in the core
[Sha71], thus satisfying both fairness and stability.

The Shapley value has seen broad applications, from cost-sharing and voting power
analysis to machine learning interpretability [Roz+22]. While very useful, it assumes
full knowledge of v(.S) for all coalitions S and can also be computationally hard
(computing the Shapley value is NP complete [DP94]).

Chapter 2 Fairness Definitions in Allocations Problems
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Fairness and Strategic Manipulations

One important connection between fair allocations and game theory lies in the
tension between fairness goals and strategic behavior or stability requirements. In
school choice, for example, it has been shown that stable matchings may be incom-
patible with fairness constraints such as diversity quotas across student types [Koj12].
Similarly, colleges cannot guarantee equal hiring opportunities across student types
when faced with rational employers [KRZ18].

In Chapter 6, incentive considerations are central: agents have private valuations,
and the goal is to design mechanisms that not only allocate goods efficiently but
also fairly share surplus in a way that encourages truthful reporting. Fairness solu-
tions like the Shapley value inform how profits should be redistributed to promote
participation.

While the normative approach to fairness provides a powerful justification for
adoption, it typically yields a coarse binary classification: an allocation either
satisfies the fairness axioms or it does not. Indeed, this does not take into account
cases where no exact fair allocation exists or when trade-offs are necessary. In
such cases, it becomes essential to adopt a more quantitative approach to fairness,
by defining different fairer objectives and fairness metrics, making it possible to
compare the fairness of different allocations.

Operations Research and Quantitative Fairness

A Shift in the Social Objective

In 1971, the philosopher John Rawls published A Theory of Justice [RAW71], a
work that has profoundly influenced formal fairness concepts in economics and
social sciences, remaining one of the most important theories on fairness to this
day. Rawls proposes a thought experiment in which individuals design the rules
of society behind a veil of ignorance, that is to say without knowning their own
position within it. In our context, this translates to choosing allocation rules without
knowing which which agent we will become. From this perspective, rational agents
would favor rules that protect the worst-off, since they could end up in that position.

2.3 Operations Research and Quantitative Fairness
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Mathematically, this leads to maximizing the utility of the worst-off agent [Sen17]:
this is max min fairness.

Definition 2.6. An allocation is egalitarian, or max-min fair, if it solves the optimiza-

tion problem max,ex min;e,) ui(z;).

While max-min fairness is egalitarian, it can lead to an important total efficiency loss.
For example, it treats utilities (10, 10, 10) and (10, 100, 100) as equally fair, since the
minimum utility is 10 in both, whereas the total utility is quite different. To refine
this, leximin fairness sequentially maximizes the utility of the worst-off, then the
second-worst, and so on [Ham76; DG77]. Leximin allocations are always Pareto
efficient.

One crucial difference from the previously discussed notions is that here, fairness
is embedded directly into the optimization objective: rather than requiring the
allocation rule to satisfy specific properties, we redefine the social welfare function
itself, changing from a utilitarian objective to an egalitarian one.

General Fair Objectives

With the growth of computer networks in the 1980s and 1990s, fair allocation
of bandwidth and other shared resources became central. Max-min and leximin
fairness were adapted to queuing systems [Nag85] and network resource sharing
[BG86]. A broader class of fairness objectives, known as a-fairness, was introduced
in [MWO98]:

Definition 2.7. For o > 0, an allocation x is o-fair if it maximizes

) ui(zi)l_afl f 1
Soé(l‘) _ {Zze[n} - , 7& s 2.1)

Siem log(ui(z:)), ifa=1.

This objective is continuous in a. When « = 0, it reduces to the utilitarian welfare;
for o = 1, it corresponds to the Nash bargaining solution, as maximizing the sum
of logarithms is equivalent to maximizing the product of utilities; and as o« — oo,
it converges to the max-min fair allocation. By tuning «, we can trade off between
efficiency and equity. This illustrates how a carefully designed social welfare function
can recover some normative fairness properties. See [CH23] for formulating fairness
as an optimization problem.

Chapter 2 Fairness Definitions in Allocations Problems
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Measuring Fairness

In many applications, rather than changing the optimization objective entirely, we
would like to balance the standard utilitarian goals with fairness. This leads to
fairness metrics that quantify how fair an allocation is. Well-known examples include
the Gini coefficient [Gin12a]:

2 i) — ug(zy)

Gini(z) = ESORAEN , (2.2)

and Jain’s fairness index [JCH98]:

. (i) 1
Jain(z) = > s (20)? =11c (2.3)

where c is the coefficient of variation. Both metrics equal 1 when all utilities are
equal, and are respectively equal to 0 and 1/n in the worst-case.

The main advantage of such metrics is that they induce a total order on allocations
(through the usual order on R). This allows direct comparison of allocations in
terms of fairness, and we can treat the fair allocation problem as a multi-objective
optimization problem in terms of total utility and fairness.

In Chapter 6, we take exactly this approach: we define a fairness metric that
measures the dispersion of utilities among winners in an auction, allowing us to
assess and compare the fairness of different auction formats.

Desirable Properties of Social Welfare Functions and Fairness
Measures

More generally, what makes an objective or measure “good” with respect to fairness?
One common desirable criterion is the Pigou-Dalton principle [Pigl2a; Dal20a],
which states that transferring utility from a better-off to a worse-off agent should
improve the fairness score.

For symmetric functions, this principle is equivalent to strict Schur-concavity. All
objectives and measures discussed above, a-fairness (for o > 0), the Gini coefficient,
Jain’s index, and our proposed fairness measure in Chapter 6, satisfy this property.

Yet, while quantitative fairness provides a flexible way to balance efficiency and
equity in allocation problems, it often assumes that the inputs and preferences are

2.3 Operations Research and Quantitative Fairness
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given and reliable. In many modern applications, however, decisions are based on
large-scale datasets that may themselves reflect historical and systemic biases. This
has shifted attention toward understanding how automated decisions can sustain
or even amplify group-based discrimination. As a result, the machine learning
community has developed a rich literature on fairness under uncertainty, focusing
on statistical definitions of fairness that can detect and mitigate such biases across
groups and individuals.

Machine Learning and Statistical Fairness

While fairness definitions in machine learning typically come from classification or
regression tasks, rather than allocation problems, this recent literature has signifi-
cantly influenced how fairness is conceptualized in allocation. In particular, it has
brought group-level fairness considerations to allocation settings.

The rise of social justice movements, especially since the mid-20® century, has
emphasized the importance of accounting for systemic bias and discrimination. In
response, important anti-discrimination laws were enacted, such as the U.S. Equal
Employment Opportunity Commission’s “four-fifths rule” (or 80% rule) in the 1970s,
which required hiring rates across demographic groups to meet minimal proportional
thresholds. These developments laid the groundwork for early notions of statistical
fairness in testing and decision-making, beginning in the 1970s [Cle66; Dar71]. The
field has grown sharply since the 2010s, due to the integration of machine learning
algorithms in high-stakes decision processes. See [BHN23] for a comprehensive
treatment of fairness in machine learning.

Statistical Group Fairness

We begin with a binary classification setting to introduce statistical fairness notions.
Each individual i is represented by an i.i.d. sample (Z;, A4;,Y;) € R¢ x R? x 0,1
drawn from a joint distribution, meaning that Z;, Y;, and A; can be dependent. Here,
7 are features (e.g., education, location), A are sensitive attributes (e.g., gender,
ethnicity), and Y is the binary outcome to be predicted (e.g., loan approval). The
goal is to learn a classifier h : RP*? — 0,1, where h(Z, A) predicts Y based on the
input features.

Standard learning focuses on minimizing prediction error, for instance E[1[h(Z, A) #
Y']]. However, because this objective is the average over the entire population, it may

Chapter 2 Fairness Definitions in Allocations Problems



hide significant differences in error rate across groups, measured by E[1[h(Z, A) #
Y] | A]. Moreover, simply omitting A from the input does not eliminate discrimina-
tion due to correlations between Z and A. Hence, explicit fairness definitions are
needed.

Many group-fairness notions can be formalized through independence or conditional
independence between true labels, predicted labels, and sensitive features:

Definition 2.8. A classifier & satisfies
* Demographic Parity if A 1L h(Z, A),
» Equality of Opportunity if (A L h(Z,A)) |Y =1,

* Predictive Parity if (A L Y) | h(Z, A) = 1.

One of the earliest and simplest definitions is demographic parity, which requires
that prediction outcomes be independent of the sensitive attributes [CV10]. This
notion, also called statistical parity, can be problematic when A is correlated with
the true label Y, leading to a potentially important loss in accuracy. For example, if
age correlates with job performance in a physically demanding role, enforcing demo-
graphic parity might force a company to ignore important predictors to determine
the suitability of job applicants. To address this, equality of opportunity [Har+16b]
requires equal true positive rates across groups. Yet another notion, predictive parity
[Cho16], conditions on the predictor instead of the true label.

These classification-based definitions translate naturally to allocation settings. For
instance, suppose that x; € [0, 1] denotes the probability that agent i is selected (or
allocated a resource). Then, fairness for the allocation corresponds to fairness in
the empirical distribution derived from the allocation. For example, demographic
parity in this context requires that the average allocation is equal across all protected
groups:

> iiA—a Ti D=l Ti

(i A, =at| |{i: A= a/}|,Va,a € Im(A). (2.4)

As in fair division, there are multiple impossibility results showing that these three
fairness definitions are incompatible in general [BHN23]. Furthermore, when A has
multiple components (e.g., ethinicity and gender), marginal group fairness does not
imply intersectional fairness, fairness across all combinations. This leads to statistical
challenges due to the exponential number of subgroups [Kea+17].

2.4 Machine Learning and Statistical Fairness
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Fairness notions in Problems 3, 5, and 7 are grounded in machine learning fairness
notions, focusing on group-based fairness with respect to sensitive attributes. How-
ever, when A is not directly observed, as in Problem 3, the uncertainty about group
membership impacts both the utility and fairness of the allocation. Furthermore,
in Problems 3 and 5, we do not require the allocation to be group-fair, but rather
impose penalties depending on how unfair the allocation is.

Achieving Fairness

While a constant classifier always achieves demographic parity and equality of
opportunity, it is not always clear how to achieve a fair classifier with non-trivial
performance. There are three types of general methods:

* Pre-processing: transform the data to remove correlations between Z and A,
* In-processing: optimize the classifier under fairness constraints,

* Post-processing: modify outputs (e.g. randomization) of an existing classifier
to satisfy fairness constraints.

When fairness constraints are too strict, they can be relaxed. For example, demo-
graphic parity can be relaxed via metrics:

IP(h(Z,A)=1|A=a)-P(h(Z,A)=1]A=d)| <¢, (2.5)
or using mutual information:
MI(h(Z,A); A) < &, (2.6)

which reduces to 0 when independence holds.

Individual Fairness

While these definitions enforce some level of fairness across groups, discrimination
might still happen at the individual level. To address this, [Dwo+11] introduced
the notion of individual fairness, which seeks to ensure that similar individuals are
treated similarly. Let H(Z, A) € [0, 1] be a randomized classifier, D be a metric
on the outcome space (here [0,1]), and d be a similarity metric between agents.
Then:

Chapter 2 Fairness Definitions in Allocations Problems



Definition 2.9. A randomized classifier H is individually fair with respect to (d, D)
if
D(H(ZZ‘,AZ'),H(Z]‘,AJ‘)) < d(i,j), Vi,j € [n} (2.7)

This definition can be interpreted as a Lipschitz constraint on the randomized
classifier. The main challenge with this approach lies in defining a meaningful
similarity metric between agents. In practice, such a metric is rarely objective and

may itself encode societal biases.

In Problem 6, we explore a fairness notion that can be related to individual fairness:
we show that certain auction formats yield utility across winners that are Lipschitz-
continuous in the agents’ private signals. This limit the dispersion of winners’ utility,
ensuring that the total profit is shared more evenly among agents which do receive

an item.

The fairness notions introduced so far span a wide spectrum, and we have high-
lighted how these distinct definitions interact with structural constraints, incentives,

uncertainty and algorithmic design in diverse ways.

The remainder of this thesis is structured into five chapters, each developing theoret-
ical results for a specific combination of an allocation problem and a corresponding
fairness definition.

2.4 Machine Learning and Statistical Fairness

21






Trading-off data quality to
achieve fair online allocation

Abstract. We consider the problem of online allocation subject to a long-term
fairness penalty. Contrary to existing works, however, we do not assume that
the decision-maker observes the protected attributes—which is often unrealistic in
practice. Instead they can purchase data that help estimate them from sources of
different quality; and hence reduce the fairness penalty at some cost. We model
this problem as a multi-armed bandit problem where each arm corresponds to the
choice of a data source, coupled with the online allocation problem. We propose an
algorithm that jointly solves both problems and show that it has a regret bounded
by O(V/T). A key difficulty is that the rewards received by selecting a source are
correlated by the fairness penalty, which leads to a need for randomization (despite
a stochastic setting). Our algorithm takes into account contextual information
available before the source selection, and can adapt to many different fairness

notions. We also show that in some instances, the estimates used can be learned on
the fly.
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3.1

Introduction

We consider the problem of online allocation with a long-term fairness penalty: A
decision maker interacts sequentially with different types of users with the global
objective of maximizing some cumulative rewards (e.g., number of views, clicks, or
conversions); but she also has a second objective of taking globally “fair” decisions
with respect to some protected/sensitive attributes such as gender or ethnicity (the
exact concepts of fairness will be discussed later). This problem is important because
it models a large number of practical online allocation situations where the additional
fairness constraint might be crucial. For instance, in online advertising (where the
decision maker chooses to which users an ad is shown), some ads are actually
positive opportunities such as job offers, and targeted advertising has been shown
to be prone to discrimination [LT19b; Spe+18a; Ali+19a]. Those questions also
arise in many different fields such as workforce hiring [Dic+18], recommendation
systems [Burl7], or placement in refugee settlements [Aha+21].

There has been a flourishing trend of research addressing fairness constraints in
machine learning—see e.g., [Chol7; HPS16; KR18; BHN19; Eme+20; ML22a]—
and in sequential decision-making problems—see e.g., [Jos+16; Jab+17; HK18]—
as algorithmic decisions have real consequences on the lives of individuals, with
unfortunate observed discrimination [BG18a; Lar+16; Das18]. In online allocation
problems, general long-term constraints have been studied for instance by [AD15]
who maximize the utility of the allocation while ensuring the feasibility of the average
allocation, or by [BLM20] who show how to handle hard budget constraints for
online allocation problems. More directly related to fairness, [NT20] formulate the
problem of fair repeated auctions with a hard constraint on the difference between
the number of ads shown to each group. Finally, in recent works, [BLM21; Cel+22]
consider the online allocation problem where a non-separable penalty related to
fairness is suffered by the decision maker at the end of the decision-making process
instead of a hard constraint—these works are the closest to ours.

All the aforementioned papers, unfortunately, assume that the protected attributes
(which define the fairness constraints) are observed before taking decisions. In
practice, it is often not the case—for instance to respect users’ privacy [Gua23]—
and this makes it challenging to satisfy fairness constraints [LMC18]. In online
advertising for example, the decision-maker typically has access to some public
“contexts” on each user, from which she could try to infer the value of the attribute;
but it was shown that the amount of noise can be prohibitive and therefore ensuring
that a campaign reaches a non-discriminatory audience is non-trivial [Gel+20].

3.1 Introduction
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Our contribution. In this paper, we consider the online allocation problem under
long-term fairness penalty, in the practical case where the protected attributes are not
observed. Instead, we consider the case where the decision-maker can pay to acquire
more precise information on the attributes (beyond the public context), either by
directly compensating the user (the more precise the information on the attribute,
the higher the price) or by buying additional data to some third parties data-broker.!
Using this extra information, she should be able to estimate more precisely, and thus
sequentially reduces, the unfairness of her decisions while keeping a high cumulative
net reward. The main question we aim at answering is how should the decision maker
decide when, and from which source (or at what level of precision), to buy additional
data in order to make fair optimal allocations?

Compared to the closest existing works [BLM21; Cel+22] which study online
allocation with a long term fairness penalty, the main novelty in the setting we
examine is two-fold: we allow for uncertainty on the attributes of each individual,
and more importantly we consider jointly the fair online allocation problem with
a source selection problem. Consequently, we present the efficient algorithm 1
that tackles both of these challenges concurrently. This algorithm combines a
dual gradient descent for the fair allocation aspect and a bandit algorithm for the
source selection part. The final performance of an algorithm is its net cumulative
utility (rewards minus costs of buying extra information) penalized by its long-
term unfairness; that is quantified by the “regret”: the difference between this
performance and the one of some benchmarking “optimal” algorithm. We show
that algorithm 1 has a sub-linear regret bound under some stochastic assumptions.
Notably, the performance achieved by algorithm 1 using randomized source selection
is strictly better than when using a single fixed source, because of the interaction
through the fairness penalty—a key difference with standard bandit settings. On a
more technical level we show how one can model the randomness and estimates for
the protected attributes, how to bound the fair dual parameters which is crucial in
order to use adversarial bandit techniques, and how to combine the analysis of the
primal and dual steps of the algorithm.

There are many different definitions of group fairness that can be studied (e.g.,
demographic parity, equal opportunity, etc.). Instead of focusing on a specific one,
we consider a generic formulation that can be instantiated to handle most of those
different concepts (see section 3.2.1 and section 3.5). We also discuss in section 3.4.1
how to adapt our algorithm to different fairness penalties. This gives a higher level

IThis setting includes as special cases the extremes where no additional information can be bought
and where the full information is available.
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of generality to our results compared to existing approaches that can handle fewer
fairness criteria (e.g., [Cel+22]).

For the sake of clarity, we expose our key results in a simple setting. In particular,
we assume binary decisions and a linear utility, and we assume that the expected
utility conditional on the context is known. All these assumptions can be relaxed.
In particular, we can learn the utilities (see section 3.4.2). We can handle also
more general decision variables and utility forms. This allows in particular to tackle
problems of matching and auctions (albeit with some restrictions), we discuss that
in sections 3.6 and 3.7.

Related work. The problem of online fair allocation is closely related to online
optimization problems with constraints, which is studied in a few papers. For
instance, bandit problems with knapsack constraints where the algorithm stops
once the budget has been depleted have been studied by [BKS18a; AD16a]. [IY21;
LSY22] consider online linear programs, with stochastic and adversarial inputs.
[Liu+21c] deal with linear bandits and general anytime constraints, which can be
instantiated as fairness constraints. More recently [CCK22; Cas+22a] propose online
algorithms for long-term constraints in the stochastic and adversarial cases with
bandit or full information feedback. Some papers take into account soft long-term
constraints [AD15; Jen+16], and more recently in [BLM21; Cel+22] where the
long-term constraint can be instantiated as a fairness penalty—we also adopt a
soft constraint. We depart from this literature by considering the case where the
protected attributes (based on which fairness is defined) is not observed. We consider
the case where the decision-maker can buy additional information to estimate it
(which adds considerable technical complexity), but even in the case where no
additional information can be bought our work extends that of [BLM21; Cel+22].

As mentioned above, the fairness literature usually assumes perfect observation
of the protected attributes yet noisy realizations of protected attributes or limited
access to them to measure and compute fair machine learning models has also
been considered [Lam+19; Cel+21; Zha+22]. In some cases, the noise may come
from privacy requirements, and the interaction between those two notions has
been studied [Jag+19; CS21], see [Fio+22] for a survey. There are also works on
data acquisition, which is similar to purchasing information from different sources
of information; e.g., [Che+18; CZ19] study mechanisms to acquire data so as
to estimate some of the population’s statistics. They use a mechanism design
approach where the cost of data is unknown and do not consider fairness (or
protected attributes). However, none of these approaches can handle sequential
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decision problems with fairness constraints or penalties (and choosing information
sources).

Preliminaries

Model and assumptions

We present here a simpler model, and later-on discuss possible extensions. Consider
a decision maker making sequential allocation decisions for a known number of T’
users (or simply stages) in order to maximize her cumulative rewards. The user ¢ has
some protected attributes a; € A C RY, that is not observed before taking a decision
x¢. On the other hand, the decision-maker first observes some public context z; € Z,
where Z is the finite set of all possible public contexts and she has the possibility to
buy additional information. There are K different sources for additional information
and choosing the source k; € [K] has a cost of py,, but it provides a new piece
of information, which together with the public information is summarized in the
random variable ¢;;, = (2, data from k). Based on this, the decision z; € {0,1}
can be made; this corresponds to include, or not, user ¢ in the cohort (for instance,
to display an ad or not). Including user ¢ generates some reward/utility u;, which
might be unknown to the decision maker (as it may depend on the private attribute),
but can be estimated using the different contexts.

To fix ideas, we show how this model applies to two examples: Imagine an advertiser
aiming to display ads to an user, able to see some bare-bone information through
cookies, such as which website was previously visited (z;). Based on this information,
they can decide whether or not to buy additional information (c;;) from different
data brokers that collect user activity. For example, if they observe that the user has
browsed clothing stores, they might opt to acquire data containing purchase details
from this website. This enables them to estimate the user’s gender (a;) based on the
type of clothing bought. Now consider the problem of fairly relocating refugees to
different cities. When the organization in charge of resettlement receives a resettle-
ment case (z;), it can either decide to directly assign the refugee to a specific city,
or to conduct an additional costly investigation (which might involve a third party
watch-dog) to get more information (¢;;) on some protected attributes of interest
such as wealth or age (a;), which might have been intentionally misreported.

We assume that the global objective is to maximize the sum of three terms: the
cumulative rewards of all selected users, minus the costs of the additional infor-
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mation bought, minus some unfairness penalty, represented by some function R(.).
Denoting by k = (k1,--- ,kr) and € = (x1,--- ,27) the sources and allocations
selected during the T rounds, the total utility of the decision maker is then

T T T
1
Uk,x) = E Uy — E Dy — TR(T E arxy). (3.1
t=1 t=1 t=1

The penalty function R(.) is a convex penalty function that measures the fairness
cost of the decision-making process, due to the unbalancedness of the selected users
at the end of the T rounds. It can be used to represent statistical parity [KAS11], as
a measure of how far the allocation is from this fairness notion. This fairness penalty
R(.) is also used in [BLM21; Cel+22]. In fact, the objective (3.1) is equal the one
used in these papers minus the cost of additional information bought, >, px, .

Knowns, unknowns and stochasticity We assume that users are i.i.d., in the sense
that the whole vectors (z¢, us, at, ¢p1 - . . ¢ ) are i.i.d., drawn from some underlying
unknown probability distribution. While this may be a strong assumption, some
applications such as online advertising correspond to large T' but to a short real
time-frame, hence incurring very little variation in the underlying distribution. The
prices py and the penalty function R(.) are known beforehand. As mentioned several
times, the only feedback received is ¢, after selecting source k, and this should be
enough to estimate u; and a;. We therefore assume that the conditional expectations
Elu: | eix,] and Ea; | ¢k, ] are known. The rationale behind this assumption is that
these conditional expectations have been learned from past data.

Penalty examples and generalizations A typical example for a; is the case of one-
hot encoding: there are d protected categories of users and «a; indicates the category
of user ¢. For simplicity, assume that d = 2, then the quantity >, a;;z; is the number
of users of type i € {1,2} that have been selected. The choice of TR(>", azz:/T) =
| > ey — >, arox¢| amounts to penalizing the decision maker proportional to the
absolute difference of users in both groups. This generic setting can also model
other notions of fairness, such as Equality of Opportunity [HPS16], by choosing
other values for a; and R(.), see examples and discussion in section 3.5.

Similarly, the choice of z; € {0,1} can be immediately generalized to any finite
decision set or even continuous compact one (say, the reward at stage ¢ would then
be u, z; for some vector u;), which makes it possible to handle problems such as
bipartite matching. Instead of deriving a linear utility from selecting an user, general
bounded upper semi-continuous (u.s.c.) utility functions can also be treated, and
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can be used to instantiate auctions mechanism (with some limitations detailed in
section 3.7). We also explain how to relax the assumption that E[u; | ¢, ] is known
in section 3.4.2, by deriving an algorithm that actually learns it in an online fashion,
following linear contextual bandit techniques [APS11].

We show in section 3.3.5 that the assumption that Z is finite can be relaxed if all
conditional distributions depend smoothly on z, following techniques from [PR13].

Mathematical assumptions We shall assume |u;| < u, for all ¢, and that ||a|]s < 1
for all a € A. We make, for now, no structural assumption on the variables c¢;;. We
mention here that the decision maker has to choose a single source at each stage,
but this is obviously without loss of generality (by adding void or combination of
sources).

We define A = Conv(.A U {0}), where Conv is the closed convex hull of a set. Since
A is compact, the set A is also convex and compact. The penalty function R : A — R
is a proper closed convex function that is L-Lipschitz continuous for the Euclidean
norm || - ||2. While the convexity assumption is pretty usual, the Lipschitzness
assumption is rather mild as A is convex and compact. Nevertheless, interesting
non-Lipschitz functions, such as the Kullback-Leibler divergence, can be modified to
respect these assumptions (see [Cel+22]).

Benchmark and regret

A usual measure of performance for online algorithms is the regret that compares the
utility obtained by an online allocation to the one obtained by an oracle that knows
all parameters of the problem, yet not the realized sequence of private attributes.
We denote the performance of this oracle by OPT:

OPT= max E| max E[U(k,x)]|cig,...,cC , 3.2

hE([K]Z)T mE{O,l}T [ ( 9 ) ‘ 1k‘1 TkT] ( )

where the conditional expectation indicates that the oracle first chooses a contextual

policy h; for all users that specifies which source k; = h;(z;) to select as a function

of the variables z,;. It then observes all contexts ¢, and makes for all ¢ the decisions
x; based on that.

Denoting ALG the expected penalized utility of an online algorithm, its expected
regret is:
Reg = OPT —E[U(k, )] = OPT — ALG . (3.3)
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We remark that the benchmark of Equation (3.2) allows choosing different sources
of information for different users with the same public information z;. As such, it
differs from classical benchmarks in the contextual bandit literature that compare
the performance of an algorithm to the best static choice of arm per context and
whose performance would be

tatic—OPT := E E[U(k, ey , 3.4

static e L nax Uk, z)|ciry, - - crng]] (3.4)

where the h € [K]? policy that maps the public information to a source selection is
the same for all users.

The benchmark (3.4) is the typical benchmark in contextual multi-armed bandits,
as the global impact of decisions at different epochs and for different contexts are
independent. However, this is no longer the case with the unfairness penalty R(.)
that requires coupling all decisions:

Proposition 3.1. There exist an instance of the problem and a constant b > 0 such
that for all T
static—OPT + b7 < OPT .

This result shows that an algorithm that only tries to identify the best source will have
a linear regret compared to OPT. This indicates that the problem of source selection
and fairness are strongly coupled, even without public information available, and
cannot be solved through some sort of two-phase algorithm where each problem
is solved separately. The proof of this result is presented in section 3.10.1. In this
paper, our primary emphasis lies in the examination of the performance disparity
between an online algorithm and the offline optimum. Nevertheless, we provide
supplementary experiments in section 3.10.3 that investigate how variations in the
prices p; and the penalty R impact the solution of the offline optimum.

Algorithm and Regret Bounds

In this part, we present our online allocation algorithm and its regret bound. For
clarity of exposition, we first present the algorithm in the case |Z| = 1, i.e., without
public information available (and thus we remove z; from the algorithm). The
extension to |Z| > 1 uses similar arguments and is discussed in section 3.3.5.

3.3 Algorithm and Regret Bounds
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Overview of the algorithm

algorithm 1 devised to solve this problem is composed of two parts: a bandit
algorithm for the source selection, and a gradient descent to adjust the penalty
regularization term. This requires a dual parameter )\; € R? that is used to perform
the source selection as well as the allocation decision z;.

The intuition is the following: the performance of each source is evaluated through
some “dual value” for a given dual parameter A\. The optimal primal performance
is equal to the dual value when it is minimized in A, because R is convex and
randomized combinations of sources is allowed thus there is no duality gap. Hence
the dual value of each source is iteratively evaluated in order to select the best
source, and simultaneously minimize the dual value of the selected source through
A, so that the source selected is indeed optimal.

Bandit part. For the source selection, we use the EXP3 algorithm (see Chapter 11
of [LS20a]) on a virtual reward that depends on the dual parameter. Given a dual
parameter \ € R? and a context c;;, we define the virtual reward as

©(At, e, k) = max (E[ug | c] — (M, Elag | c]), 0) — pi, 3.5)

where (A, E[a; | ¢x]) denotes the scalar product between \; and E[a; | ¢4]. To com-
pute this expectation, one needs to know the quantities py, Eu¢|cs] and E[a;|ci]-

To apply EXP3, a key property is to ensure that the virtual rewards are bounded,
which requires \; to remain bounded. As we show in lemma 3.3, this is actually
guaranteed by the design of the gradient descent on \. This lemma implies that there
exists m € RT such that [p(\, ci)] < m for all ¢t and k. Let us denote by ;. the
probability that source k is chosen at time ¢ and k; ~ 7;. We define the importance-
weighted unbiased estimator vector 3(), ¢;) € R where each coordinate k' € [K]
is:

— (A k
BN ok K) = m— 1]k = ) EACE)

Ttk

Using this unbiased estimator, we can apply the EXP3 algorithm to this virtual reward
function.

Gradient descent part. Once the source k; for user ¢ is chosen and ¢y, is observed,
we can compute the decision x; (see (3.6)). This z; is then used in (3.8)-(3.9) to
perform a dual descent step on the multiplier );. Although using a dual descent step
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is classical, our implementation is different because we need to guarantee that the
values of )\; remain bounded for EXP3. To do so, we modify the geometry of the
convex optimization sub-problem by considering a set of allocation targets larger
than the original A. For 6 € A, we define the set A; as the ball of center § and
radius Diam(A). This ball contains A: A C As.

algorithm 1 uses any extension of R to A = UscaA; that is convex and Lipschitz-
continuous, for instance, the following one (see lemma 3.10):

R(6) = inf {R(5") + L||§ — 'l|2},
d'eA

that has the same Lipschitz-constant L as R (which is the best Lipschitz-constant
possible).

Algorithm and implementation

Combining these different ideas leads to algorithm 1. This algorithm maintains
a dual parameter )\; that encodes the history of unfairness that ensures that the
fairness penalty R(.) is taken into account. This dual parameter )\; is used in (3.6)
to compute the allocation z; and in (3.7) to choose the source of information. The
dual update (3.8)-(3.9) guarantees that we take R(.) into account.

An interesting property of the dual gradient descent is that it manages to provide a
good fair allocation while updating the source selection parameters simultaneously.
Indeed if A were fixed, then we could solve the source selection part through ¢
and a bandit algorithm. However, both the \; and the 7; change over time, which
may hint at the necessity of a two-phased algorithm as the combination of these
two problems generates non-stationarity for both the dual update and also for the
bandit problem. The dual gradient descent manages to combine both updates in a
single-phased algorithm.

The different assumptions imply that the decision maker has access to the E[a;|cs]
and to E[u; | ¢y for any possible context value ¢y,. Such values could be indeed
estimated from offline data. The knowledge of such values is sufficient to compute
the allocation z; in (3.6), the virtual value estimation ¢ of (3.7), or to compute 0.
Once these values are computed, the only difficulty is to solve (3.8). In some cases,
it might be solved analytically. Otherwise, it can also be solved numerically as it
is an (a priori low-dimensional) convex optimization problem. Overall this is an
efficient online algorithm which only uses the current algorithm parameters \;, 7y,
and current context ¢, .

3.3 Algorithm and Regret Bounds
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Algorithm 1 Online Fair Allocation with Source Selection

Input: Initial dual parameter )\g, initial source-selection-distribution w9 =
(1/K,...,1/K), step sizes n and p, cumulative estimated rewards Sy = 0 € RE,
fort € [T] do

Draw a source k; ~ m; where my = exp(pSt_Lk)/zl[il exp(pSi—1,), and
observe ¢y, .

Compute the allocation for user ¢:

_ ) 1 ifEfu | eu] = (M Elay | o)
e { 0 otherwise. (3.6)

Update the estimated rewards sum and sources distributions for all k£ € [K]:
Stk‘ = S(t—l)k + @()‘ta Ctk, kta k)) (37)

Let 6; = x:E[at | ci,]. Compute the dual fairness allocation target and update
the dual parameter

v = argmax{(\;, ) — R(7)}, (3.8)
YEAS,
Atr1 = At — (v — 0¢). (3.9

end for

3.3.3 Regret bound

We emphasize that algorithm 1 uses randomization among the different sources of
information and does not aim to identify the best source. As shown in proposition 3.1,
this is important because using the best source of information can be strictly less good
that using randomization. Moreover, it simplifies the analysis because it convexifies
the set of strategies. This means that Sion’s minimax theorem can be applied to
some dual function, which allows for \; and 7; to be updated simultaneously. If
one would try to target the best static source of information (static-OPT), one
would need to determine the optimal dual parameter )\ of each source. This would
lead to an algorithm that is both more complicated and less efficient (because of
proposition 3.1).

The following theorem shows that algorithm 1 has a sub-linear regret of order
O(ﬁ). This regret bound is comparable to those in [BLM21; Cel+22] but we
handle the much more challenging case of having multiple sources of information,
and imperfect information about a; and ;.

Theorem 3.2. Assume that Algorithm 1 is run with the parameters n = L/(2 Diam(A)v/T),
m = U+ L + maxy|pg| + 2n Diam(A), p = /1og(K) /(T Km?), and that \g € OR(0),
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the subgradient of R at 0. Then the expected regret of the algorithm is upper bounded
by:

<2((L+w Klog(K L L Di A T +2Ly/Klog(K).
Reg (( —i—u—i—m}gx\pﬂ) og(K) + Vd + iam( ))\F—i— \/ K log(K)

Note that this regret bound is tight: when R = 0 the problem we consider reduces
to a K-armed bandit with bounded rewards Emax(E[u; | ¢ x],0) — pg| for arm
k € [K], which has a Q(v/T) regret lower bound [LS20a]. It is of the same order
in T as our regret upper bound. Remark that R = 0 implies that L. = 0 and we
do recover the regret bound for the EXP3 algorithm. Similarly if K = 1 the bandit
regret contribution disappears. In our analysis, the regret due to the interaction
between the bandit and the online fair allocation is L+/K log(K)T.

The time-horizon dependent parameters used in algorithm 1 can be adapted to
obtain an anytime algorithm. While using a doubling trick directly for  is not
possible as some protected attribute would already be selected when restarting the
algorithm, we can use an adaptive learning rate of 1, = O(1/+/t). Indeed due to the
boundedness of the (\;);cr (lemma 3.3), we can act as if we had a finite diameter
for the space of the \;. This results in a slight increase of regret, the constant term
in theorem 3.2 now scaling in O(v/T).

Sketch of proof

As mentioned above, when K = 1 (resp. R = 0) the problem reduces to fair
online allocation as in [BLM21; Cel+22] (resp. to multi-armed bandits). The

main technical difficulty thus lie in combining algorithms used in these problems.

Ideally, we would have access to some optimal dual parameter A}, before we run
the algorithm so that we can simply run a bandit algorithm, which is obviously not
possible as the selected source k; affects the fairness, and the selected parameter \;
affects the arms virtual rewards. In particular it is not clear how the \; evolve in
the worst case while the algorithm is running. Instead we alternate between those
primal and dual updates. We thus need to show that this alternation indeed achieves
good performance.

We present two important lemmas used in the proof of theorem 3.2. The first one
guarantees that doing a gradient descent with R implies that the dual values ),
remain bounded. This is crucial for EXP3 as it implies that the virtual values ¢
remain bounded along the path of the );.

3.3 Algorithm and Regret Bounds

35



36

Lemma 3.3. Let \g € R% 1 > 0, and an arbitrary sequences (61,03,...) € AN.
Assume that \yg € OR(0) and define recursively \; by eqs. (3.8) and (3.9). Then for all
t, we have ||\||2 < L + 2nDiam(A).

Sketch of Proof. The main idea is to show that the distance of \; to the reunion of
subgradients of R (which is bounded by Lipschitzness property) is a decreasing
function in ¢. We can show this by using the K KT conditions of the optimization
problem. The convex set over which we optimize is a simple Euclidean ball, because
of our modification, centered around the appropriate point hence allowing us to
redirect the gradient \;;; — A\; towards this set. Moreover, we add some “security”
around this set of the size of the gradient bound to make sure that the \; remains in
this set. The full proof can be found in section 3.8.3. O

The second lemma guarantees that having access to the conditional expectation
E[a¢|c] is enough to derive a good algorithm when considering the conditional
expectation of the total utility. This way we avoid the computation of the conditional
expectation of R, which would be more difficult.

Lemma 3.4. For (x1,...,z7) and (k,...,kr) generated according to algorithm 1,
with 6; = z:E[a; | ¢, ], we have the following upper bound:

1 & 1 & d
ELR( Y- avm) = RG>0 00)| < 2Ly 75
t=1 t=1

Sketch of proof. We use the Lipschitz property of R and some inequalities to directly
compare the difference of the sums. The variable x; depends on the past history and
needs to be carefully taken into account, through proper conditioning. Finally, we
compute the variance of a sum of martingale differences. See proof in section 3.8.4.

O

Using these two Lemmas, we now give the main ideas of the proof of theorem 3.2.
First, we upper-bound OPT through a dual function involving the convex conjugate
R*, with similar arguments as in [BLM21; Cel+22]. Then we need to lower-bound
ALG with this dual function minus the regret. The main difficulty is that the source
virtual rewards distribution changes with )\;, and so does the average \; target
through 7. The performance of ALG can be decomposed at each step ¢ into the sum
of the virtual reward and a term in R*()\;) encoding the fairness penalty. We deal
with the virtual rewards using an adversarial bandits algorithm able to handle any
reward sequence using techniques for adversarial bandits algorithm from [Haz22;
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LS20a], as the \; are generated by a quite complicated Markov-Chain. These rewards
are bounded because of lemma 3.3. This yields the two regret terms in /K log(K),
the second one stems from the difference between A and A. For the fairness penalty,
using the online gradient descent on the \; we end up being close to the penalty
of the conditional expectations up to the regret term in Diam(A). This last term is
close to the true penalty through lemma 3.4. This provides us with a computable
regret bound where all the parameters are known beforehand. The full proof can be
found in section 3.9.

Public contexts

We now go back to the general case with |Z| > 1 finite. We would like to derive a
good algorithm, which also takes into account the public information z;. Reusing
the analogy with bandit problems, this seems to be akin to the contextual bandit
problem, where we would simply run the algorithm for each context in parallel.
However, this would be incorrect: not only for a fixed public context does the
non-separability of R couples the source selection with the fairness penalty, it also
couples all of the public contexts z; together. Hence the optimal policy is not to take
the best policy for each context, which is once again different from the classical
bandit setting.

The solution is to run an anytime version of the EXP3 algorithm for each public
context in Z, but to keep a common J; for the evaluation of the virtual value. While
it is technically not much more difficult and uses similar ideas to what was done for
different sources when |Z| = 1, the fact that only one of the "block" of the algorithm
(the bandit part) needs to be parallelized, is quite specific and surprisingly simple.

Proposition 3.5. For u the probability distribution over Z finite, we can derive an

algorithm that has a modified regret of order O(\/TK log(K) Y .cz \/1(2)), where
u(z) is the probability that the public attribute is z.

The algorithm and its analysis are provided in section 3.14.1. Note that in the worst
case, when Z is finite, one has }__ .- \/u(2) < v/|Z| by Jensen’s inequality on the
square root function.

If Z is not finite but a bounded subset of a vector space set of dimension r, such as
Z =[0,1]", additional assumptions on the smoothness of the conditional expecta-
tions are sufficient to obtain a sub-linear regret algorithm:

3.3 Algorithm and Regret Bounds
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Proposition 3.6. If the conditional expectations of a; and u, are both Lipschitz in z,
then discretizing the space Z = [0, 1]" through an e-cover and applying the previous
algorithm considering that one public context corresponds to one of the discretized bins,
we can obtain a regret bound of order O(T("+1)/(r+2)),

The proof of this result uses standard discretization arguments under Lipschitz
assumptions from [PR13], which can also be found in Chapter 8.2 of [Sli19] or in
Exercise 19.5 of [LS20a]. Specificities for this problem, such as these assumptions
being enough to guarantee that ¢ is Lipschitz in z, can be found in section 3.14.2.

Extensions

Other types of fairness penalty

The fairness penalty term of eq. (3.1) is quantified as TR(} a;x¢/T). While this
term is the same as the one used in [Cel+22] and can encode various fairness
definitions (see the discussion in the aforementioned paper), this does not encompass
all possible fairness notions. For instance, one may want to express fairness as a
function of " a;z;/ Y, x+, which is the conditional empirical distribution of the user’s
protected attributes given that they were selected. This would lead to replacing the

original penalty term by (3", ) R(>" arxe/ >, ot)-

As pointed out in [Cel+22], one possible issue is that R(>" a;x¢/ >", 2¢), in general,
is not convex in z, even if R is convex. However (>, ) R(} arxe/ >, x¢) is the
perspective function of R(A(.)) (with A the matrix with columns the a;), which is
thus convex. Hence, algorithm 1 can be adapted to handle this new fairness penalty
with two modifications. First, for the bandit part, we run the algorithm with a new
virtual reward function, expressed as:

&(Ae, ek, k) = max(Efug | ei] — (Mt, Elar | eir]) + R*(Mt),0) — pg.

This leads to an allocation z; = 1if E[uy | ¢, ] + R*(A¢) = (A, Eay | cu,]) and 2 = 0
otherwise.

Second, we modify the set on which the dual descent is done. The set A now
becomes A = Conv(A) (without the union with 0), and we now use &; = E[a; | cu,]
instead of 6; = xE[a; | ¢y, ] Line (3.8) remains unchanged up to replacing 6 and A
by 6 and A. Finally the dual parameter update now becomes \;+1 = A\ — na (7 — 0r),
which means that whenever x; = 0, \; does not change.
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With these modifications, the following theorem (whose proof is very similar to the
one of theorem 3.2 and detailed in section 3.11), shows that we recover similar
regret bounds as previously, with some modified constants due to the presence of R*
in the virtual reward, and the modified A. This yields a new class of usable fairness
penalties which was previously not known to work.

Theorem 3.7. Using algorithm 1 with the modifications detailed above, the regret with
respect to the objective with the modified penalty (>, x¢)R(>_; arxe/ > 4 x¢) is of order
O(VT).

Learning conditional utilities E[u; | c]

To compute the virtual values, the algorithm relies on the knowledge of E[u; | ¢] for
all possible context values. We now show how to relax this assumption even if the
decision maker receives the feedback u; only when the user is selected (z; = 1). We
shall make the usual structural assumption of the classical stochastic linear bandit
model. The analysis relies on Chapters 19 and 20 of [L.S20a], and only the main
ideas are given here. For simplicity we will assume that there are no public contexts
(2] =1).

We assume that the contexts ¢;;, are now feature vectors of dimension ¢;,, and that
for all k € [K], there exists some vector ¢, € R% so that

g — (Vi Ceie)s (3.10)

is a zero mean 1-subgaussian random variable conditioned on the previous observa-
tion (see a more precise definition in section 3.12). We make classical boundedness
assumptions, that for all k: ||¢k||2 < 1, that llctkll2 < ¢, and that (Y, ey < 1 for all
possible values of cy.

Intuitively, we aim at running a stochastic linear bandit algorithm on each of the
different sources for 7T} steps, where T} is the number of times that source k is
selected, but this breaks because of dependencies among the k sources. Hence,
what we do is to slightly change the rewards and contextual actions, so that we do
something akin to artificially running K bandits in parallel for 7" steps. We force a
reward and action of 0 for source & whenever it is not selected, and consider that
each source is run for T steps (even if it is actually selected less than 7" times). Thus
we can directly leverage and modify the existing analysis for the stochastic linear
bandit. The full algorithm is given in section 3.12.

3.4 Extensions
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Proposition 3.8. Given the above assumptions, the added regret of having to learn
Elus | cix] is of order O(v KT log(T)).

If the decision maker knows the optimal combination of sources, she can simply
select sources proportionally to this combination, and actually learn the conditional
expectation independently for each source. The worst case is to have to pull each
arm T/ K times, which then incurs an additional regret with the same /K constant.
This shows that this bound is actually not too wasteful, as the cost of artificially
running these bandits algorithm in parallel only impacts the logarithmic term.

Conclusion

We have shown how the problem of optimal data purchase for fair allocations
can be tackled, using techniques from online convex optimization and bandits
algorithms. We proposed a computationally efficient algorithm yielding a O(v/T)
regret algorithm in the most general case. Interestingly, because of the non separable
penalty R, the benchmark is different from a bandit algorithm, as randomization
can strictly improve the performance for some instances, even though the setting is
stochastic. We have also presented different types of fairness penalties that we can
additionally tackle compared to previous works, in particular in the full information
setting, and some instances where assumptions on the decision maker’s knowledge
can be relaxed.

Throughout the paper (even in section 3.4.2 where we relax the assumption that
Efu: | cx] is known), we assumed that the decision-maker knows E[a; | ¢4]. This
assumption is reasonable as this is related to demographic data and not to a utility
that may be specific to the decision maker. Yet, this assumption can also be relaxed
in specific cases. As an example, suppose that the decision maker can pay different
prices to receive more or less noisy versions of a; that correspond to the data sources
(the pricing could be related to different levels of Local Differential Privacy for the
users, see [DR14]). Then, under some assumptions, E[a; | ¢;x] can also be learned
online—we defer the details to section 3.13.

The works of [BLM21] and [Cel+22] can include hard constraints on some budget
consumption when making the allocation decision x;, which we did not include in
our work. If this budget cost is measurable with respect to ¢, then our analysis
does not preclude using similar stopping time arguments as was done in these two
works. However if this budget consumption is completely random, our algorithm and
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analysis can not be directly applied as this budget consumption may give additional
information on the a; that was just observed. Regarding the i.i.d. assumption, in
[BLM21] adversarial inputs are also considered, and the same could be done here for
the contexts c; ;, with similar results. However some stochasticity is still needed so
that Efu; | ¢, 1] is well defined, which leads to an ambiguous stochastic-adversarial
model. An open question would be to consider an intermediate case where E[u; | ¢t ]
would depend on ¢, and take into account learning for non-stationary distributions.

Fairness Penalty

In the main part of the paper, we have considered a penalty with a general form
R(>", arx/T). Here we give examples of fairness notions that can be encoded
through this general penalty.

Statistical parity Notions likes statistical parity are defined as constraints on the
independence between protected attributes and selection decisions. More precisely,
if X denotes a treatment variable, and A the protected attributes of an individual,
we say that X and A are fair with respect to statistical parity if X and A are

independent.

If X € X and A € A can take a finite number of values, this can be equivalently
rewritten using probability distribution: X satisfies statistical parity if for all (z,a) €
X x A:

P(A=a,X =2) =P(A=0a)P(X = 12). (3.11)

To encode statistical parity in our framework, we consider that the a; are one-hot
encoding of the protected attributes (i.e, a; is a vector with d = |.4| dimensions that
is equal to 0 everywhere except on the coordinate corresponding to the protected
attribute of individual ¢, that equals 1). For the decision variables z; € {0,1}, >, = is
the number of individual selected and >",(a;);z; is the number of selected individual
whose protected attributed is i € [d]. Hence, (3.11) rewrites as: for all i € [d]:

Zt(;f)ixt _ (Zté?t)i> (Z%$t>.

Recall that the variables a; are i.i.d. and let us denote by a € P, the probability
distribution vector of the a;. For large T, we have >, a;/T ~ «. Which means

3.5 Fairness Penalty
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that we will say that an allocation vector x satisfies statistical parity if Y, a;x:/T =
> ;ax:/T, which can be equivalently rewritten as

D ATy

=0
T ’

with a} = a; — a.

Penalties R corresponding to statistical parity In practice, achieving strict statisti-
cal parity is very constraining, and most of the time some relaxation of this constraint
is allowed, at the price of some penalty [Aha+21]. In our paper, we penalize the
non-independence through the function R. There are different choices of penalty
function that can be used:

* A natural choice can be to penalize as a function of the distance between joint
empirical distribution a}x;/T and 0. For instance, one could use R(ajz:/T) =
||a}z;/T||® for any given norm || - || and any parameter 3 > 0.

* It is also possible to measure the non-independence with the empirical distri-
bution of the x; conditioned on a; = a, which should be equal regardless of
the protected group a € A. In this case, the empirical distribution conditioned
on the protected group i € [d] is Y, arixe/ > ari = >y arixe /(o T). Similarly
we the previous case, R can penalize how far is this vector from 0.

In the two cases, the fairness penalty can be written as TR(}, ajx;/T), for some
modified a; that are not necessarily one-hot encoder. This explains why we choose
the set A to be more general than the set of one-hot encoders.

If we want to target another specific proportion for each protected group, we can
replace a by any other distribution v. Note that another possibility is to instead use
the empirical distribution of the a; conditioned on the x;. This time the form of the
vector is slightly different, it is >, a;z:/ >, x4; this is the type of penalty tackled and
discussed in section 3.4.1.

Equality of opportunity Another popular fairness notion is the one of equality of
opportunity [HPS16], where the probability distribution is further conditioned on
another finite random variable y; taking some discrete value in ) that indicates
some fitness of the individual. For Y a random variable with an outcome y € )
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considered as a positive opportunity, we say that X, A and Y are fair with respect to
equality of opportunity, if

X and A are independent given [Y = y].

In order to adapt this notion in the online allocation setting, is sufficient to consider
the cartesian product A’ = A x ) as an extended new set. Then if we would like
to penalize with a metric related to equality of opportunity, we can for instance
compose R with the projection over the coordinates corresponding to y; = 1.

Overall, this shows that the choice of R, the type of fairness vectors, and the choice
of A are all crucial when designing a fairness penalty.

A More General Online Allocation Setting

In the main body of the paper, we choose to simplify the exposition and to restrict
ourselves to z; € {0,1} and to formulate utilities as scalar variables ;. In the
following, the regret bounds of algorithm 1 are obtained in a setting that is more
general than the one previously introduced:

* We now consider that the allocations decisions z; are in some set X' C R’}.
This makes it possible to tackle bipartite matching problems, by letting X =
{z € R} | i ; < 1} be a matching polytope.

* Instead of a random scalar u, being drawn, we suppose that a random function
ft + X = Ris drawn. The functions f; are supposed u.s.c. and are all bounded
in absolute value by some f. This could simply be a deterministic concave
function of wu, for instance. Remark that when we assume that the conditional
expectation can be computed, the decision maker’s required knowledge is
more demanding, as she needs to be able to compute it for all z € X.

¢ Instead of a random vector, a continuous random function a; : X — A can
be drawn, with ||a;(z)||2 uniformly bounded for all a; and =z, and we define
A = Conv(.A). We suppose that ||a;(z)||2 < 1, which can be done without loss
of generality.

The setting of section 3.2.1 is recovered by using fi(x) = wz, a(x) = a;z and
X = {0, 1}. For the more general setting, we need to redefine the virtual value with
f+ and q; as:

QO(Avctkvk) = glea}((E[ft(‘r) - <)‘t7at(x)> | Ctk] — Pk (312)

3.6 A More General Online Allocation Setting

43



3.7

44

This virtual reward is well defined by lemma 3.9. We rewrite algorithm 1 using
f+ and this new virtual value to obtain line 0. There are two differences with
algorithm 1: First we use the argmax function in (3.13) instead of the explicit form
of eq. (3.6); Second we use the virtual value function (3.12) in eq. (3.14) instead of
the virtual value function of eq. (3.5).

Algorithm 2 Online Fair Allocation with Source Selection — General algorithm

Input: Initial dual parameter ), initial source-selection-distribution my =
(1/K,...,1/K), dual gradient descent step size 7, EXP3 step size p, cumulative
estimated rewards Sy, = 0 € R,
fort e [T] do
Draw a source k; ~ m;, where (7)), < exp(pS(;—1)r) and observe cyy,.
Compute the allocation for user ¢:

Ty = arg Ir/éax Elfe(z) — (A, ar(x)) | cur,]- (3.13)
TE

Update the estimated rewards sum and sources distributions for all k£ € [K]:
Stk = St—1.k + P(Ae, ce, ki), (3.14)

Compute the expected protected group allocation &; = E[a¢(x¢) | ¢k, x4
and compute the dual protected groups allocation target and update the dual
parameter:

Yt = arg max{</\t, 7) - R(/Y)}a
vEAs,

Air1 = A — (v — 6).

end for

Reduction from auctions

In the rest of the paper, we assume that the decision variables are the values ;. In
this section, we explain how our setting can be adapted the the case of targeted
advertisement, that are usually allocated through auction mechanisms. In the later,
the decision variables are the bids but not the z;: the variables x; are a consequence
of the bids of the decision maker and of the bids of others.

Model The model that we consider is as follows: for user ¢, after choosing a source
of information k;, the decision maker observes ¢, and decides to bid b; € B. The
allocation x; = 1 is given if her bid is higher than the maximum bid of the other
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bidders. If the bidder wins the auction, it then pays a price that depends on the
auction format (e.g., b; for first price auctions and the second highest bid for second
price auctions). Assuming that the bid of the others are not affected by the decision
maker’s strategy, the bids of the others are i.i.d. (see [1JS11; BBW14; FJ17] for a
discussion about the stationarity assumption). In this case, one falls back to our
model with i.i.d. users, except that the decision variables are the variables b; and
we have z;(b;). We can apply our algorithm to this setting, by replacing the set
of strategies X' by the set of possible bids B, which is also compact. For that, we

need to consider a new utility function b — w;(b)z.(b) which is a bounded u.s.c.

function, and the new protected attributes function b +— a;z(b). If E[a;x(b) | cyi] is
continuous in b, this falls under the setting that we described in section 3.6.

Examples of utilities: first-price and second price auctions Let us denote by v; the
value of the user ¢ for the decision maker, and by d; the highest bid of the others for
this user. The decision maker will win the auction if b; > d;. Hence, the allocations
will be z,(b;) = 1p,~4,. Moreover, the utility function will be:

* fi(by) = (vy — by)xy(by) for first price auctions.
* fi(by) = (vy — di)x(by) for second price auctions.

These functions are u.s.c with respect to b;. Moreover, under mild assumption
that the distribution of the highest bid of the others d; has a density, the function
Elaix¢(b)|cu,] is continuous. Hence, our algorithm can be applied.

Difficulty: Knowledge is power To apply the algorithm, the main difficulty is to be
able to compute the value b; that maximizes eq. (3.12). For that it is sufficient for the
decision maker to have access to E[f;(b;)|ci,] and E[a¢x(bt)|ctk,]. This presupposes
a lot of distributional knowledge from her part. In the case of full information with
a; and v, directly given, [BLM21; Cel+22] were able to obtain an efficient reduction
from online allocations to second price auctions, using the incentive compatible
nature of this kind of auction. Similarly, [FJ17] were able to derive efficient bidding
strategies using limited knowledge for repeated auctions with budget constraints
under some independence assumptions. Translating what is done in these two lines
of work to our general model is difficult because we would need to rely on the
assumption that a; and d; are independent conditioned on ¢;,. While we think that
this assumption is not reasonable because different agents might have access to
different information sources, and because as the a; is common to all bidders it is

3.7 Reduction from auctions
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correlated with all the bids hence also with d;, we explain in the remark below how
assuming independence can lead to a simple algorithm for second price auctions.

Some remarks:

* For our model, the first price and second price auctions are equally difficult:
The amount of knowledge needed to compute b; and ; is the same for both
cases and first price auction is not more difficult than the second-price auction
setting (contrary to what usually happens).

* During this whole reduction from auctions, we have not assumed that the d;
(or z;) are observed as a feedback (whether the bidder wins the auction or
not), and thus they are not assumed to be observed in the benchmark either.
This is because observing d; or z; could give us access to information on a;
that are not contained in ¢y, .

* If we do make the assumption that (u;, a;) is independent of d, conditionally on
all ¢, then we do recover an easy algorithm for second price auctions, and we
can allow for a benchmark taking into account the feedback d; (simply because
now this feedback does not give any additional information for the estimation
of a;). Indeed, in that case the optimal bid is b, = E[v; — (\¢, ar) | cx]- This
follows from similar argument made in [FJ17], as for b; some H; measurable
bidding strategy we have:

E[vie: — (M, a)re — dixy | eor,] = E[E[vere — (A, ar)my — dypy | Hy,y di] | Cory]
=E[E[vt | cury]zt — (M, Elar | o, )z — dive | ey
=E[a(Elvr | cw.] — (Ao, Elar | con,]) — di) | cen]
<E[max(E[ve | cir,| — (M, Ela | eu,]) — di, 0) | curl,

and this last inequality is reached for b, = E[v; — (A, at) | ci)-

3.8 Technical & Useful Lemmas

In this section, we prove several lemmas that are useful for the proof of the main
theorem 3.2.
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3.8.1 Preliminary lemmas

We first provide some simple lemmas. For completeness, we provide proofs of all
results, even if they are almost direct consequences of the definitions.

Lemma 3.9. The virtual value function ¢ is well defined by Equation (3.12), as the
arg max is non-empty and the maximum is reached.

Proof. We simply need to have that E[f;(x) | ¢;x] and —(\, E[a¢(x) | ci]) are u.s.c. in
x. The continuity of a, is used to guarantee that —(\, a;(x)) is u.s.c. regardless of
the values of \. This is immediate from the definition of upper semi-continuity and
the Reverse Fatou Lemma. We detail it here for f; for completeness. We say that f;
is u.s.c. if and only if

Vx € X if there is a sequence (z,,)nen SO that x, — then limsup f;(z,) < fi(x).
n o0

n—oo

For z € X, let (x,)nen be a sequence so that x,, — x. Let P be a probability distri-
bution over f; conditionally on c;,. The function |f;(x,)| < f, fi(z,) is integrable,
we can apply the Reverse Fatou Lemma for conditional expectation. If f;(x;,) is not
positive, we can apply it to f;(z,) + f which is positive. Using the Reverse Fatou
Lemma and the upper semi-continuity of f; we obtain:

limsup/ft(xn)dPé lim sup fi(z,)dP < /ft(ac)dP.

n—oo n—oo

This means that x — E[f;(z) | cix] is u.s.c. over X.

Because X is compact, and because the maximum of an u.s.c. function is reached
over a compact set, the maximum is well defined. O

Lemma 3.10. Let R : § — infyea{R(0') + L||d6 — &'||2}. Then R = R over A,
Lip(R) = Lip(R), and R is convex.

Proof. The function R is obtained through the explicit formula of the Kirszbraun
theorem, which states that we can extend functions over Hilbert spaces with the
same Lipschitz constant. Hence the equality over A and the same Lipschitz constant.

It remains to prove the convexity. Note that because R is proper, it is lower semi-
continuous, || — /|2 as well, and A is compact, hence the inf is reached and
it is actually a minimum. Let 61,92 in R? and o € [0,1], and let u; and us be
the minimums of the optimization problem for respectively 4; and .. Let u =

3.8 Technical & Useful Lemmas
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auy + (1 — a)uz. We have u € A because A is convex, and using that R is convex
and we have

R(u)+L|(ad1+(1—a)d2) —ull2 < a(R(u1)+L||61—uall2) + (1 —a)(R(uz)+L|[62 —u2l|2)
= OéR((Sl) + (1 — Oé)R((SQ),

and taking the inf over A on the left hand-side we obtain the convexity of R. [

3.8.2 Conditional expectation: notation and abuse of notations

In the analysis of the algorithm, we will consider conditional expectation by fixing
some of the random variables to specific values. To simplify notations, we will use
the following notation: if X and Y are random variables and ¢ is a measurable
function, then we denote Ex[g(X,Y)] the expectation with respect to X, that is:

Ex[g(X,Y)] = E[g(X", Y)|Y],

where X’ is a random variable independent of Y that has the same law as X. This is
equivalent to the random variable obtained by fixing Y and taking the expectation
with respect to the law of X only.

In line 0, we have assumed that the decision maker is able to compute E[f;(x) | ¢, ]
and Efa;(x¢) | c,]- While the law of ¢, is complicated (because it involves all
past decision up to time t), what the decision maker needs to compute is the value
C(c,, x, ki), where ((c,z, k) = E[fi(z) | csx = ¢]. Those two quantities are equal
because users are i.i.d. and k; and f; are independent (conditioned on z; and the
history).

This manipulation is properly stated by lemma 3.11. Indeed by denoting H;_;
the whole history up to time ¢t — 1, and applying this Lemma: for z; the decision
generated by the algorithm which is (#:_1, k¢, cix,) measurable, we have that

Elfi(ze) | cony> Hiot1, ke] = C(Conys e, ki) = Ep [fi(e) | cony]- (3.15)

It is identical for a;(x¢): for ('(c,z, k) = E[ai(z) | e = ¢] we have the following
equality

Elac(@e) | ey He—1, ki) = (o 2, k) = B, lae(ze) | co,)- (3.16)
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The following Lemma is a modification of the so-called "Freezing Lemma" (see
Lemma 8 of [CC20]) which helps simplifying conditional expectations by allowing
you to "fix" the random variable if it is measurable with respect to the conditioning
of the expectation:

Lemma 3.11. Let X,Y and Z be random variables with (X, Z) independent of Y,
and g some bounded measurable function. Let us denote by o(X) the sigma-algebra
generated by the random variable X. Then

Elg(X,Y,2) [ oY, Z)] = Ex[g(X,Y, Z) | o(Z)].

Proof. Let V(Y,Z) = Ex[g(X,Y, Z) | 0(Z)]. To show that I is the conditional ex-
pectation of g(X,Y, Z) given (Y, Z), we need to show that V is (Y, Z) measurable
and that for any bounded W that is o(Y, Z) measurable we have

E[VW] = E[¢g(X,Y, Z)W].

We denote by pu the distribution of (X, 7) and v the distribution of Y. By the
Doob-Dynkin Lemma, because W is o (Y, Z) measurable, we have that W = h(Y, Z)
where h is measurable. First, by independence of Y and (X, Z), we have that the
distribution of (X,Y, Z) is dv ® du. Thus

Elo(X.Y.2W] = [ [ gty )by, 2)dv(a, 2)dv(y).

Now let us compute the other expectation using Fubini theorem as both ¢ and h are
bounded:

eV = [ [V by, 2)du(=)dv(y)

- o)

_ /dy(y) (Ez[V(y, 2)h(y, Z)]) .

The random variable h(y, Z) is 0(Z) measurable, thus because V (y, Z) is a condi-
tional expectation given o(Z), we have

E2IV (5. 2)h(y, 2)] = Ex2l9(X, 5, Dh(y. 2)] = [ gw.1,2)h(y, 2)du(z, 2).

3.8 Technical & Useful Lemmas
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Using Fubini again we obtain

E[VW] = /dV(y) (/g(fv,y, Z)h(y,Z)dﬂ(wij

— //g x,Y, 2 Z)d,u(x7z)dy(y)
El¢(X,Y, Z2)IV],

which proves that this is indeed the conditional expectation, as the lemma stated. [

Boundedness of \; — proof of lemma 3.3

We next show the proof of the boundedness of the \; for the sequence generated by
our algorithm 1.

Lemma. Let \y € R% 0 > 0, and an arbitrary sequences (61,02, ...) € AN. We define
recursively A; as follows:

v, = arg max{(\;,7) — R(7)},
vEAS,

At+1 = At +0(6 — 7).
Then for A = U, AOR(5) we have the following upper bound:
IA¢ll2 < L 4 2nDiam(A) + Dist(Ag, A + B(0, 2n Diam(A))),

where B(0,2nDiam(A)) is the ball centered in 0 and of diameter 2nDiam(A), with
the diameter and the distance taken with respect to the euclidean Lo norm.

Proof. Recall that A = UscaAg, with As = {7 : ||y — |2 < Diam(A)}. Hence, for
any 6 € A and v € A, we have ||y — §[]2 < 2Diam(A). Let A = Us x9R(J), and
C = Conv(A) 4+ B(0,172Diam(A)). Using that R is L-Lipschitz, we have that A is
bounded by L for the norm || - |2, and so does Conv(A). Thus C is bounded by
L+ 2nDiam(A) for || - ||2. This implies that, to prove the theorem, it suffices to show
that Dist(A.41,C) < Dist(\, C) is true for all ¢. Indeed, this would imply that

IA¢ll2 < sup ||c||2 + Dist(A¢,C) < L + 2nDiam A + Dist (Ao, C).
ceC

In the remainder of the proof, we show that Dist(A.+1,C) < Dist(\,C). First, let us
remark that +; is the solution of a convex optimization problem, wit a constraint
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set As, that can be rewritten as a single inequality : h(y) < 0, with h(y) =
|y — 0¢]|3 — Diam(A)2. The derivative of this function h;() isVh; () = 2(y — &;). As
the point ¢; is in the interior (assuming that Diam(A) > 0) of A;,, Slater’s conditions
hold, and we can apply the KKT conditions at the optimal point (+;). This implies
that there exists ;1 > 0 such that 0 € —\; + OR(v) + p2(y: — ;). This implies that
there exists \s, € OR(v;) such that

s, — At = 2u(0r — )

The norm of the left-hand side of the above equation must be equal to the norm of
its right-hand side, which means that ||\s, — A¢||2 = 2p/|d: — Y¢||2. This determines
the value of . Let ay = n||d: — ell2/ || As, — At]|2, the value A\iy; is therefore equal to:

Air1 = X+ 000 — 7)) = M+ ar(As, — M) = (1 — ag) A + oy X,

We now consider multiple cases:

Case 1. If oy > 1, then we rewrite .y as:

Aty = As, + (1 —ay) (At — As,)
>\t - )\575

= A5, +n([l6e — vell2 — [[As, — At\h)m-

By assumption, the )5, € OR(vy;) C A. Moreover, the norm of the second term is
bounded by 27 Diam(A) because

W10z = vell2 = [[As, = Aell2l = 116 = 2tlla = [[As, = Aell2 < 2 Diam(A).

This implies that A\;y; € Conv(A) + B(0,2nDiam(A)) = C, and therefore that
Dist()\t+1,c) =0 < DlSt()\t,C)

Case 2. If oy < 1 and \; € C. In this case, A\, is a convex combination of A5, and A;.
As, \s, € A C C and \; € C, and because C is convex, we have that A\;;; € C.

Case 3. If ay < 1 and \; ¢ C, we define m; = \; the projection of \; on C. Let
yr = (1 — ay)m + axXs,. Because C is convex, oy € [0,1], As, € C, and m € C, we
have y; € C. This implies that

Dist(Ai4+1,C) < [[Ae+1 — yell2
= (1= ay)[| A — 7|2
= (1 — oy) Dist(\, C)
< Dist(A, C).
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This shows that for all cases, Dist(A:+1,C) < Dist(A,C), which concludes the
proof. O

Using this previous Lemma, we can simply bound the virtual reward functions.

Lemma 3.12. For Ay € 0R(0), and for \; generated according to algorithm 1, the
virtual reward function

©(Ais ey k) = max Elfi(z) — (M, ae(x)) | con] — pr,

is bounded in absolute value by

m = f + L+ 2nDiam(A) + max |Dk|-

Proof. Because a;(z) used for the update of \; is in A for all ¢, we can apply
lemma 3.3 to bound the trajectory of the (\;);c[r) generated by the algorithm.
Using a triangle inequality first, then Cauchy-Schwartz inequality, and finally the
boundedness assumptions on f; and a; with the Lemma, we have

| max E[fi(2) — (A, ae(2)) | o] — i

<

< [max E[fe(2) [ el + [ max E[(A, ar(2)) | cou]] + [px]

<

< [maxE[fy(2) | coe]] + [max E[|| A2l ae(2)ll2 | cer]] + [px]

< f+ L+ 2nDiam(A) + max DK |-

O

Lemma 3.13. For \g € OR(a) (for some a € A), and for \; generated according to
algorithm 1, if the quantity a,(x)/x is always well defined and in A for all a; and all z,
then the virtual reward function

P(Ae, ok, k) = max (E[fe(z) — (A, ae(2)) | e + B (Ae)) = pr
is bounded in absolute value by

m = f+ L+ 2nDiam(A) + max{R*(\) | [|\]l2 < L + 2nDiam(A)} + max Dk |-

Proof. The proof of this Lemma is identical to the previous one, except that we also
need to bound R*. As a convex conjugate, R* is convex. By Corollary 10.1.1 of
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[Roc70], every convex function from R? to R is continuous. By Lemma 1 of [Cel+22],
we know that the domain of R* is indeed R?, hence it is continuous.

Now let us look at the modified dual update \;11 = A + n(yxe — ar(x¢)). We can
factorize by x; to recover \;11 = A + xn(y: — ar(x) /x¢). Because of our hypothesis,
ai(z)/xy € A, therefore we can apply lemma 3.3 with 7, = na;, which is upper
bounded by 7. Hence the ), are all in {\ € R? | ||\||2 < L + 25 Diam(A)} which is
compact. By continuity of R*, it is continuous over this compact set hence bounded,

and the virtual reward is bounded by m overall. O

Remark. We made the technical assumption that a;(x)/x € A. It is clear that when
a; is linear, such as a;x, then a;x/x = ay € A C A and the condition is satisfied.
Regardless, if a;(x)/x is always well defined and bounded, we can simply increase the
size of A, so that this quantity always remain in A. Of course, this will degrade the
performance of the algorithm as it depends on Diam(A).

Expected difference between penalty and penalty of
expectation — Proof of lemma 3.4

We next prove the following lemma, which tells us that observing the conditional
expectation of the a;(z;) is enough to observe the expectation of the penalty R:

Lemma. For (z1,...,x7) and (ki1,...,kr) generated according to algorithm 1, we
have the following upper bound:

B ) - RS B e m|<2L\/§
T;atﬂft - TZ as At Tt) | Ctky X T

t=1

Proof. Let us denote by §; = E,, [at(x¢) | ci,] the expectation of a;(x;) with z; fixed.
Using first the triangle inequality for the expectation, and then the Lipschitzness of
R we have that

1 T 1 I
|E[R(TZa xt)) Z alat(xe) | car,]) TZat
t=1 t=1

t=

'ﬂ \

;T
< TE[” > (ae(w) = 6)ll2]

T
\l E[l1 D (ae(z:) = an)3), (3.17)
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where we used Jensen’s inequality with x — /x for the last inequality.

We denote by 6 ; the [-th coordinate of é; for [ € [d], and similarly for a;;. We have:

2

T d
Zat ze) = 6)lI3) = Y El (Z a( wt)—fstl)) ]
=1 =1 \t=1

By eq. (3.16), the sequence a;;(x;) — d;; is a Martingale difference sequence for the
filtration o ((ar, ¢rk, , kr)ret—1), ki, cix, ). Hence, using that the expectation is 0 by
the law of total expectation, we obtain that

2

T
E [(Z(at,l(iﬂt) - 5tl >

t=1

T T
= Var| Z (ap(ze)—0pp)]) = ZVar[at,l(a:t)—dt,l}. (3.18)
t=1 t=1

The terms a;(x;) — d,; are bounded in [—2, 2| by the assumption that |a;(z)||2 < 1,
therefore we can bound each of these variances by 4, for a total bound of 47
Plugging this into eq. (3.17) concludes the proof. O

Proof of the main theorem 3.2

The proof builds upon the proof used in the full information case (a; and f; are
given) from [BLM21; Cel+22].

In order to bound the regret, we upper bound the performance of OPT, and lower
bound the performance of ALG. We proceed by first upper-bounding the optimum.

Recall that the convex conjugate R* of R (which we consider as a function from
R? — R that is 400 outside of A) is a function that associates to a dual parameter \
the quantity R*()\):

R*(A) = max{(y,\) — ('v)}Zgleag{mM—R(v)}-

~ERd

The Fenchel-Moreau theorem, tells us that for a proper convex function, the biconju-
gate is equal to the original function: R** = R.

Recall that ¢ is defined in eq. (3.5). We define the dual vector function D(\) =
(D(A\,1),...,D(\, K)) which is a vector representing the value of the dual conjugate
problem. For coordinate k € [K], it is defined as

DO\ k) = E[p(\, e k)] + BE(N).
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We denote the unit simplex of dimension K by Px = {r ¢ RK | m, > 0,5 | 7, =

1}.

Lemma 3.14. We have the following upper-bound for the offline optimum:

OPT < T sup inf (r,D(\)),
nEPy AERE

Proof. We upper bound the performance of OPT through a Lagrangian relaxation
using the convex conjugate of R, as was done similarly in [Jen+16].

Let (ki1,...,kr) € [K]" be the (deterministic) sequence of sources selected, and
(71,...,27) € XT the offline allocation. These x; are all o(cyy,,. . . , Tk, ) Ieasur-
able. We define f;(z) = Er[fi(x) | cr,) and 6; = Eq, [ar(xt) | con,]-

Using Jensen’s inequality for R convex we have

E[U(k, ’JC) | Clk‘lv ey CTIcT]
T T
1
=Y E[fi(w) = pr, | Cthys -5 CTRp] — TE[R(T > a(®@)) | Cirys- - - CTy)
t=1 t=1
T 1 Z
< Z E[ft(xt) — Dk | Clkys -+ CTk:T] - TR(E[f Z at(.ﬁUt) | Clkys -+ CT]CT])'
t=1 t=1
Because the z; are o(cix1,...,crk,) measurable, and by independence of the
(ft, A¢, Cily e e e ,CtK) we have that E[at(:rt) ‘ O'(Clkl, ... 7CtkT)] = Eat [at(:vt) | Ctkt] = 0;.
With the same argument we obtain that E[f;(z;) | o(c1g,, - - ., ik, )] = fi(x¢). There-
fore
T 1z
EUd(k, ) | ciry,- - crng) < Y fel@e) — pr, — TR(T > 6). (3.19)
t=1 t=1

We define the function £ : (k,c,x,\) — S fi(zt) — pe, — (N, 0¢) + TR*(N).

3.9 Proof of the main theorem 3.2
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We now show that this function is always greater than the conditional expectation
of U:

= NS
= > filw) —pr, — TR(7 > 61)

=1 i=1
> E[U(k, ) | cx, (3.20)

the last equality results from applying Fenchel-Moreau theorem, and the last inequal-
ity is obtained by using eq. (3.19).

Let us now compute the max in (z1,...,z7) of £. Looking at the terms inside the
sum, the only possible dependency of f;(z;) — pr, — (), d;) to other contexts for
t' # t, is possible through the allocation z;, which can depend on the other contexts.
Therefore the maximum of the sum is the sum of the maximums. This yields that

T
max L(k,c,x,\) Z max Eft alft(ze) — p, — (N, ae(x1)) | e, ] + TR*(N)

("El’ 7xT)

T
Z (A, ey s ki) + R¥(N)).

Thus by taking the max in (x4, ..., z7) on both sides of eq. (3.20) and then taking
the expectation (which is over the contexts as everything is measurable with respect
to them), we obtain
T T
Efmax EWU (k, )| cin,. - crip ]| <D Elp(N cony s k) +R*(N]=D_ DA ke). (3.21)
t=1 t=1
What is nice here, is that by looking at the dual problem which was originally to
address the non-separability in x, we also have the separability in k.

We denote by T}, = S_~_, 1[k; = k| the number of times source k is selected, and
by 7 = (11/7T,...,Tx/T) € Pk the selection proportions of each source k over the
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T rounds. This vector of proportions can be seen as the empirical distribution of
selected sources. We can rewrite in the following way the dual objective

T K
> D\ k) = Z T D\ k) Z =T(®, D(\).
t=1 k=1 k=1
Finally, using the previous equation with eq. (3.21), taking first the inf in X\ and then
the max in k; we can conclude:

OPTST a. 'fA’D)\ TS f 7D)\ D
T /\léle<7T W) < welg)K /\lean<7T (M)

Remark. Note that the function D()\) is convex and lower semi-continuous (Ls.c.) (as
the supremum of a family of Ls.c. functions). In addition, (w, D()\)) is concave and
u.s.c. in m by linearity, and Pg is compact convex. Hence Sion’s minimax theorem can
be applied, and the sup in =« is actually a max.

We can now proceed to the rest of the proof of the main theorem 3.2:

Theorem 3.15. For n = L/(2Diam(A)v/T), m = f 4+ L + maxy|py| + 2n Diam(A),
p = /1og(K)/(TKm?), and \g € OR(0), algorithm algorithm 1 has the following
regret upper bound:

Reg < 2((L + f + m]?X|pk|) Klog(K) + LVd + Diam(A))VT + 2L/ K log(K)

Proof. We first lower bound the performance of the algorithm. Then we simply
need to apply lemma 3.14 to get the regret bound. Let H, be the natural filtration
generated by the (crx,, kr)r¢)y. Let @, ki, Ar and ; defined as in 1. We denote by
0 = Eg,lac(ze) | c,]- The quantity 6, is in A because of the expectation and by
convexity of A. Note that here these are all random variables, with -, and \; being
‘H;_1 measurable and x; being #; measurable.

To first get a broad picture on how we are going to lower bound the utility of the
algorithm, let us decompose it into different parts. It can be rewritten as

(Z fe(ze) = pr, — (%)) (3.22)
T B 1 T
+ (Z R(v) — TR(T > 5t)> (3.23)

1 T = T
+<TR(T; ; )] (3.24)

T 1 T
E[Z fi(xy) — pr, — TR(T Z ai(xy))
t=1 t=1

*ﬂ \

3.9 Proof of the main theorem 3.2
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The first line (eq. (3.22)) corresponds to some adjusted separable rewards, and
we bound it by first reducing it to the virtual rewards ¢, and then using bandits
algorithms techniques. The second line (eq. (3.23)) corresponds to the difference
between the unfairness of the adjusted rewards, and the true unfairness, which
is not big because of the gradient descent on ). Finally the last line (eq. (3.24))
corresponds to the difference between the penalty of the expected allocation and
the expected penalty of the allocation, which we have already shown in lemma 3.4
is bounded by O(V/T).

Reduction of eq. (3.22) to a bandit problem with »  Using first the tower property of
the conditional expectation, and then eq. (3.15), we have that

Elfi(x:)] = E[E[fi(x:) | Hill = E[Ep[fe(2e) | core]] -

We add and remove (), d;), and use that x; is the allocation that yields the virtual
reward function:

E[fe(@t) — pr,) = E[Ep [fe(zt) | cin] — Pry — (A, 08) + (At 01)]
= Elp(At, ctrys Kt) + (Ar, 0e)]-

Using the definition of +; as a maximizer, we have

—R(%) = —R(%) + (A, 1) — <)\t7’7t>

= max {(\,7) = R(9)} = (e, )
YEAS,

Because A C A, and, because R and R are equal over A we recover a lower bound
with R*:

mix 1A 7) — R(W)} —(Aeyye) = ma§{<)\t,7> - R(W)} — (At,7e)
YEASs, vE

— TSKW“ Y)Y — R(Y)} = My )

= R*(At) - <)\t77t>'

Thus

Elfi(xt) = pr, — B(ye)] = Elp(As, comys be) + BE(Ae) + (A, 6 —21)]. - (3.25)
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Application of Bandits Algorithm Let 7; be the distribution generated according to
the algorithm. We actually have that E[p (A, ¢k, ) + R*(A¢)] is just (through inde-
pendence, measurability, and total expectation arguments) E[(m;, D();))]. Hence the
main idea is to apply Online Convex Optimization theorems to the linear rewards
D()\;) with the decision variable 7; (see [Haz22], [Oral9] or [LS20a] for introduc-
tions to these types of problems). Here we don’t have access either to D()\;), nor
even to D(A, k;): we are in an adversarial bandit setting regarding the \;, and also
in a stochastic setting regarding the expectation in D taken with respect to ¢;. Hence
we use an unbiased estimator of the gradient D()\;) for the linear gain, which we
will describe further down.

Notice that it is crucial to be able to deal with any sequence D();), this is because
these are neither independent nor related to martingales, as the \; are generated
from a quite complicated Markov Chain with states (\;, ¢, 7, k). Hence the outside
expectation does not help us much, and we will face as losses (or here rewards) the
random arbitrary sequence of the D(\;). We don’t care about R*()\;) as it is H;—1
measurable.

Here the different arms of a bandit problem correspond to different sources. Using
the tower rule, we have

T

T
Z (P()\ta Ctkta k‘t)‘| =E [Z E[SO()\ta Ctkta kt) | %tfl]
t=1

t=1

E

To use results for adversarial bandits, the bandits rewards need to be bounded. By
lemma 3.12, the virtual reward ¢, and consequently its conditional expectation,
is bounded by m := f + L + 2nDiam(A) + maxy, [py|. Therefore E[p(\, cir, k) |
Hi—1]/m € [-1,1].

We now construct an unbiased estimator of E[¢(A\, ¢y, k) | Hi—1], which is the
following importance weighted estimator:

(m — 80(/\t70tk,k))'

Ttk

@()\t, Ctk, k) =m — ﬂ[kt = k‘]

3.9 Proof of the main theorem 3.2
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This estimator is unbiased for the conditional expectation given H; ;. Indeed
because 7y is H;—1 measurable, and because 1[k; = k] and ¢ (A, ¢4, k) are indepen-
dent conditionally on #;_; we have:

~ 1
E[o(Ae, ek, k) | Hio1] = m — EE[(m — (e, Cony K)) Uk = k] | Hy]
¢

1
= m = ——E[m — p(, e, k) | Hia [k = K] | o]

=m —E[m — oM\, cir, k) | He—1]
= Elp(M, i k) | Hi—1],

which is exactly the reward needed.

We can now use the following Theorem 11.2 from [LS20a]:

Theorem (EXP3 Regret Bound). Let X € [0, 1]7*X be the rewards of an adversarial
bandit, then running EXP3 with with learning rate p = \/2log(K)/(TK) and denoting

k; the arm chosen at time t, achieves the following regret bound:

ma Z Xip — Z Xk, 2T K log(K)

The fact that we can possibly have negative rewards instead of in [0, 1] like requested
in the theorem, just changes that the loss estimator used as an intermediary is
bounded by 2 instead of 1. Hence by selecting p = /log(K)/T K /m, and using the
importance weighted estimator ¢(\, ¢;) we can use the EXP3 Theorem an apply the
expectation to obtain the following regret bound:

T
%?%ZE (A, e, k) | Heea]] — ED (e, cuny kr)] < 2m/ TK log(K).
t=1 t=1

We know that any convex combination of the sum of the rewards of multiple sources
is smaller than the sum of the rewards for the best source. Let us denote by (7"),en
the sequence of distributions that maximizes the dual objective of lemma 3.14. We
will use 7™ as a convex combination, and taking the expectation over the regret
bound we obtain:

T K T
E[ng Aty Ctley s Kot )] ZTF ZE (e, Cen k) | Hye 1]] —2my/TK log(K).
k t=1
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Moreover using that ¢ is independent of H;_; and that )\; is H;_; measurable we

can deduce using the freezing Lemma that
Elo(Ae, ek, k) | Hia] + R (M) = Ee, [0(Aes e, k)] + RE (M) = D(A, k).

Hence

T
T Y _D(A, k)] — 2my/TK log(K)

t=1

(7", D(M\))] — 2my/TK log(K)
>3 inf (. DY) — 2myTK log(K).

d
= AeR

Mw

T
ZSD Aty Ciky) + R (M) =
t=1

e
Il
—

:E[

M'ﬂ

H
Il
R

Taking the limit in n — oo and by definition of 7" we conclude that

nePy \eRE

T
Z(p Aty Ck,) + R*(A\)] = T sup inf (m,D(N)) — 2my/TK log(K).
t=1

Using the above regret bound and eq. (3.25) we obtain

> T sup inf <7r D(N)) — 2my/TK log(K)

nePg AERI

th xt) — pr, — R()

T
+E [Z<At, O — '7t>‘| . (3.26)

t=1

Analysis of eq. (3.23) and dual gradient descent  We will now compare TR(Y.L_, 6;/T)
and "7 | R(y;). Here we consider a modified version of R, which is equal to R
over A and is equal to +oo outside of A, and we will use its convex conjugate R*
(note that the convex conjugate of R without these modification would have been
different !). Let

- 1 L _
A € argmax{(\, = » &) — R"(\)}.
AeRd T tz::l

3.9 Proof of the main theorem 3.2



By definition of the convex conjugate of R, for any v € R?, thus in particular for all
~¢, we have

R*()\) (/\ Vi) — R(’Yt)-

Summing for every ¢ € [T] we obtain

T
TR'(N) = > (A7)

Hence
L 1L - _
(A o) — TR(T > 6 2> (M) — R(w)
=1 =1 =1
& (Y (D260 — 3 Rl

Finally because R and R are equal over A, and because Zthl 0;/T € A, we derive
the following inequality:

T _ 1 T T R
> R(w) - TR(; S8 =D (A — ). (3.27)
t=1

We now would like to track the left-hand sum evaluated at the dual parameter . To
do so we will use straightforward Online Gradient Descent on the linear function
A= (A, v — &), with sub-gradients v; — ;.

We will use Lemma 6.17 from [Oral9]:

Theorem (Online Gradient Descent). For g; = v — d; a sub-gradient of a convex loss
function I, with ||g:||2 < G, for w; generated according to a gradient descent update
with parameter n, we have that for any u € R%:

T 2

ullz | 7.0
th(wt) — lt(u) < — + =TG*.
P 2n 2

This is exactly our setting, and the way we update )\;. Therefore

ZT A3 | 7o
)\tv Tt — <)\7'Yt - 5t> g 2 + §TG .
t=1 n
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Moreover, because ) is the arg max which yields the convex conjugate of R*, we
have A € OR**(3.6,/T) = OR**(3.6,/T). Because R is L-Lipschitz for || - ||, we
have |[A|2 < L. Hence

d L* 2
> ey — ) — <Aa7t_5t><?+§TG~
t=1 n

What do we lose by using R instead of R to generate +; in our gradient descent ?
We have larger gradients bounds by a factor 2 in our case. Indeed instead of having
G < Diam(A), because -, can be outside of A, we have ||y — d||2 < 2Diam(A).
In this case, choosing n = L/(2Diam(A)+/T) is optimal, and yields the following
regret bound:

T
STyt = 8) — Ay — ) < 2L Diam(A)VT (3.28)
t=1

Using both eq. (3.27) and eq. (3.28) yield:

T

ZR Vt)

t=1

T T
Z > > (A, % — &) — 2L Diam(A)VT (3.29)

t=1

ﬂ \

We can finally put everything together. Through the decomposition with egs. (3.22)
to (3.24), using respectively egs. (3.26) and (3.29) and lemma 3.4 for each of those
differences and summing the inequalities, the terms in (\;, vy, — ;) cancel out, and
we obtain that

ALG > T sup inf <7r D(N)) — 2my/TK log(K) — 2L Diam(A)VT — 2LV dT.

TEPK AeRd

By applying lemma 3.14 we conclude that

Reg = OPT — ALG
< f i .
2((L + f + maxp|)/ K log (K) + LVd + LDiam(A))VT + 2L/ K log(K).OI

3.9 Proof of the main theorem 3.2
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3.10.1

3.10.2
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The Importance of Randomizing Between Sources:
OPT vs static-OPT

Proof of proposition 3.1

We can directly derive from the proof of lemma 3.14 and algorithm 1 the following
proposition, which is a rewriting of proposition 3.1.

Proposition. There are instances of the problem such that

static—OPT . OPT
im —— < lim ——.
T—00 T T—o0

Proof. What we have shown indirectly in the proof of theorem 3.2, is that

IT max inf (x, D(\)) — OPT| < O(VT),
TEPK AERI

therefore limy_,oc OPT /T = lim7_, o max ep, infycra(m, D(AN))/T which also gives
us a simple way to compute a close upper bound for OPT as a saddle point, instead
of having to solve a combinatorial optimization problem.

Following the same arguments as in lemma 3.14 besides the last maximization step,
we can also derive that

static—OPT < T max inf D(\, k).
ke[K] \eRd

It remains to find an example such that

max inf D(\ k) < max inf (m, D(N)).
ke[K] AeRd TEPK A\ER4

We used such an example in section 3.10.2, where max¢ (g infcgra D(A, k) = 0 and
maxXyep, infycga(m, D(N)) = 0.25. O

Simple example and numerical illustration

We illustrate proposition 3.1 and give an example that shows that randomizing over
the different sources can outperform the best performance achievable by a single

source.
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We consider a case where the utility u; € {—1, 1} and the protected attribute of a user
a; € {—1,1}. All combination of u; and a; are equiprobable: P(u; = u,a; = a) = 1/4
for all u,a € {—1,1}. The penalty function is R(J) = 5|0|. There are K = 2 sources
of information. The first source is capable of identifying good indivduals of group
1: it gives a context ¢;; = 1 when (a;,u;) = (1,1) and ¢ = 0 otherwise. The
second source does the same for good individuals of group —1: it gives ¢;o = 1
when (a;, u;) = (—1,1) and ¢;2 = 0 otherwise. In terms of conditional expectations,
this translates into E[u|ci=1] = E[ai|cn=1] = 1, E[us|ci1=0] = E[at|c;1=0] = —1/3
for the first source; and E[u|cio=1] = 1, E[ai|cio=1] = —1, E[us|cio=0] = —1/3,
Elat|cio=0] = 1/3 for the second source.

We apply algorithm 1 to this example, and we compare its performance to (i) the one
of an algorithm that has only access to the first source (which is the best source since
both sources are symmetric), (i:) a greedy algorithm that only use the first source
and selects z; = 1 whenever E[u; | ¢;1] > 0, and (zi7) the offline optimal bounds OPT
and static-OPT. The results are presented in fig. 3.1. We observe that our algorithm
is close to OPT as shown in theorem 3.2. It also vastly outperforms the algorithm
that simply picks the best source, whose performance is close to static-OPT. The
greedy has a largely negative utility because it is unfair. Our randomizing algorithm
picks an allocation x; = 1 only when the context implies that v; = 1. It obtain a
fair allocation by switching sources. An algorithm that uses a single source cannot
be fair unless it chooses x; = 0, which is why static-OPT=0 for this example. The
1%* and 3"¢ quartiles are reported for multiple random seeds, the solid lines are the
means. The computations were done on a laptop with an i7-10510U and 16 Gb of
ram.

Additional experiments on the effect on OPT of sources and
fairness prices

In the main body of the paper, we study how one is able to use the online algorithm
algorithm 1 so as to achieve a good total utility asymptotically close to that of the
offline optimal OPT. However we only consider R and the prices p;, of the different
sources as inputs for the algorithm, and we did not discuss how their variation
actually affect the performance of OPT. While the previous illustrating example
shows how a mixture of sources may achieve strictly better performance, we now
only focus on the static optimization problem and how various metrics may change
as we vary R and py.

3.10 The Importance of Randomizing Between Sources: OPT vs static-OPT
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300001 Algorithm 1
—e— Algorithm 1 without source selection: k=1 or 2
25000+ . _-
—e— Greedy Algorithm
--- OPT
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Fig. 3.1: Static source vs randomization: The red curve is the total utility of algorithm 1,
The blue the utility of algorithm 1 ran on the best-fixed source, and the green the
utility of an unfair greedy algorithm. Black curves correspond to the upper bounds
T limp_,o(OPT /T') and similarly for static-OPT.

Data model: We consider a fairness penalty R(z) = ro? withr > 0,and A = {—1,1}
so that a; can only be either —1 or 1, encoding men and women for instance. We
suppose that the protected attributes and the utility (u;, a;) are distributed according
to P(a; = 1) = P(ay = —1) = 1/2 and u; ~ N (a, 1), hence the group for which
a; = 1 is generally correlated to having better utilities than those for which a; = —1.
We suppose that there are no public context, and that there are K = 2 information
sources, with ¢;; = (at,us) for source 1 associated with a price of p; = p, and
for source k£ = 2 we can observe ¢; 2 = u; with a price of 0. Here the sources are
‘monotone’ in that one contains strictly more information than the other, but is more
expensive. Basically we are going to observe the utility u; in all cases, but before
observing u; we can pay p to additionally observe a;. Note that when r» = 0 then
R = 0 and there is no fairness penalty meaning that we don’t actually care about a,
and will always select source k = 2, while when p = 0 the information about a; is
free and there is no uncertainty.

We study the asymptotic regime with 7" — oo, and compute the optimal solution
of the offline optimization problem through its dual problem. Figure 1 represent
the quantities associated to the optimal solution for varying p and r: (top-left) =*
the percentage of times information is bought (i.e., £ = 1 is chosen), (top-right) the
probability of group 1 being selected P(a; = 1 | z; = 1), (bottom-left) the fairness
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cost relative to utility R(E[a;x¢])/E[usx¢], and (bottom-right) the information cost

relative to utility pm* /E[ux].
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Fig. 3.2: For varying fairness scaling » and information cost p: (top-left) optimal information
purchase frequency 7*, (top-right) optimal probability of group 1 selection P(a; =
1]z; = 1), (bottom-left) optimal fairness cost relative to utility R(E[a;:x+])/E[usx],
and (bottom-right) optimal information cost relative to utility pm* /E[us2]

Analysis and interpretation:

* (top-left) Looking at the optimal action in terms of information (to buy the

observation of a; or not), we see that there are three regimes: 7* =1, 7* =0

and a transitive regime 7* € (0,1). When r = 0 there is no reason to care

about a;, thus we simply do not buy information (7* = 0), this remains true as

long as the cost of p is large over ». When p = 0 there are no costs to observe a;

and thus 7* = 1 and this remains true as long as the fairness penalty r is large

enough over p. In between, we may obtain optimal actions which are strictly

between 0 and 1: in this case the best action is a strict convex combination

between the two sources and there is some trade-off between buying costly

information and selecting an unfair allocation.
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* (top-right) Regarding the proportion of individuals of group 1 selected, we see
that it is always higher than 0.5 as group a; = 1 correlates to higher utility
compared to group a; = —1. Therefore it is decreasing in r and goes towards
the perfectly fair allocation 0.5 which would incur no penalty even for high r.
It is also increasing in p as higher information costs make it less desirable to
pay to observe a;, and thus more difficult to accurately achieve a fair allocation:
the support of the utility u; conditioned on a; = 1 and conditioned on a; = —1
are not disjoint, which makes it difficult only by observing u; to determine
whether a; = 1 or —1.

* (bottom-left) For the relative fairness cost compared to utility, when the infor-
mation cost p increases the allocation becomes more unfair as it becomes more
difficult without access to a; to choose a fair allocation with good utility as
describe above. Moreover the average utility u; of the selected groups tend to
decrease as the individuals which are more likely to be a; = —1 based on wu
have low utility. Therefore the ratio fairness penalty over expected utility tend
to increase. When r increases there are three conflicting effects: high r makes
it more appealing to achieve a fair allocation at the cost of expected utility
us which makes the latter decrease, the expected group allocation becomes
more fair as seen previously, and the scaling of R increases. When r becomes
high there is some balance between a fairer allocation and higher penalty, and
when r = 0 the fairness penalty is clearly 0. Overall for each fixed p there is
some maximum in terms of fairness penalty relative to utility.

* (bottom-right) Finally for the information cost relative to utility, it is increasing
in r. Indeed due to large fairness penalties it is better to buy information thus
7* increases while p remains fixed, hence the product p7* increases. When p
increases, we buy information less often (7* decreases), and because pr* = 0
for p = 0 or p large, there is some maximum for each r fixed.

Overall, we see that higher fairness penalties tend to make it more likely to buy
information and select a fair allocation even at the cost of utility, while high infor-
mation cost makes it unattractive to buy this information and can lead to unfairness
due to the difficulty of identifying the protected attribute without this additional
data.

Here we looked at a simple example to try to isolate how sensible is the optimal
solution to some variations on r and p. Other parameters can lead to unfairness,
such as an unbalance in the protected group population where one would still need
a balanced allocation, or penalty functions with varying convexity strength.
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3.11 Other Fairness Penalty — proof of theorem 3.7

In this section, we consider an other type of fairness penalty as described in sec-
tion 3.4.1.

We redefine /(.) in the following way:

T T
Ulk,2) = (felze) —pr) — (D )R <M> . (3.30)

T
t=1 t=1 Dot=1 Tt

When & C R} with n > 1, there are two ways to intuitively generalize this penalty
for higher dimension allocations. We can replace .-, x; by S, S"% | a4;, which is
still a scalar and the proof follows directly. For instance, this corresponds for online
bipartite matching with node arrival to a fairness condition on all online arriving
nodes (it does not matter to which offline nodes they are matched). Otherwise we
can instantiate n penalties Ry, ..., R,, using Y, z4; for each penalty R; with i € [n].
This corresponds to a fairness condition on the selected online nodes for each of the
n offline node. This can be dealt with using one parameter \; for each penalty R;.
For this proof we will assume that n = 1 without loss of generality.

We require the following technical assumption: >t _; a,(z,)/ YL, 2, € A for all
x-, a; and t. Of course, the size of A can be increased to guarantee — if possible
— that this quantity stays inside A, but with the trade-off that Diam(A) increases.
Clearly, this assumption is verified for the special case of a;(x;) = ax; for some
a € A, as the z./ %", x; form a convex combination.

Let us redefine the virtual reward associated to this other fairness penalty:

PN e, k) = max B ([fe(z) — (Ae, ae(@)) [ ea] + 2R (Ae)) — p-

[AS
We also redefine the unbiased estimator ¢ with this new .
We now use line 0. There are 4 differences with line 0: the new function ¢ contains
in addition xR*(\), x; is the arg max with respect to this new virtual reward, -,

is the arg max over Ay, /,, instead of As,, and finally the update for \;y1 uses z;v;
instead of ;.

Let us first prove an upper bound on OPT, which actually guides the design of the
modified virtual reward ¢:
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Algorithm 3 Online Fair Allocation with Source Selection — Other fairness penalty

Input: Initial dual parameter )\g, initial source-selection-distribution w9 =
(1/K,...,1/K), dual gradient descent step size n, EXP3 step size p, cumulative
estimated rewards Sy, = 0 € RX.
fort € [T] do
Draw a source k; ~ 7, where () o exp(pS(t,l)k) and observe ¢y, .
Compute the allocation for user ¢:

Xy = argelgax (E[fe(x) — My ae(2)) | e, ] + zR*(N\r)) - (3.31)

Update the estimated rewards sum and sources distributions for all k£ € [K]:
Sti = St—1,6 + D(Ae, ks kr), (3.32)

Compute the expected protected group allocation 6; = E[a¢(xt) | ¢y, 74
and compute the dual protected groups allocation target and update the dual

parameter:
v¢ = argmax{(\;,7) — R(v)},
VERS,
i1 = Ap — zen (e — 0e /1)
end for

Lemma 3.16. We have the following upper-bound for the offline optimum:

OPT < T sup inf (m,D(N\)),
TEPK AER?

where D(\) = (D(M\1),...,D()\ K)) is a vector representing the value of the dual
conjugate problem, with for k € [K] the coordinates

DX, k) = Ea, [(N, cur, k))-

Proof. The idea will be the same as in lemma 3.14, we only use a different lagrangian
function.

We recall that the z; are o(cyy,, - . ., ¢k, ) measurable (because the k; are determinis-
tic). Let 0; = Eg,[a(x1) | cixl, and fi(z) = Ey,[az(24) | cur]. Using Jensen’s inequality
for R convex we have

E[U kt, iB) ‘ Clkla ey CTk:T]
T T T
_1 QT
= E[fe(wt) = p | Clkys- - crig] —E[(D_ @) R <Zt:1pt(t)> | Clrys - CTRY
t=1 t=1 D=1 Tt
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I
™=
M=

T
_1a¢(x
E[ft(mt) — Pk | Clkyy -~ - 7CT/€T] - ( :Et)E[R <w> | Clkyy -~ - 7CT/<:T]
t=1 t=1 Dot=1Tt
T T T
_ 1 Q4T
< STEL@0) = P | ttas - eie] — (3 00)R (E[W . .,chTQ
t=1 t=1 D ot=1 Tt
T T T
ED i ai(xy) | c1y,...,cC
Z E[ft@?t) Di, ‘ Cliys - - - 7CTkT] _ (th)R ( [Zt_l t( t)T‘ 1k TkT}> )
t=1 t=1 Dot=1 Tt
Moreover by independence of the ( f;, at, ¢i1, - - ., cti) we have that E[as(x¢) | o(ciky, - -+ cir,)] =
Ea.lai(z) | c,] = 9. This is basically an application of lemma 3.11 where

we state it more carefully. With the same argument we obtain that E[f;(z;) |
o(Cihys - TRy )] = fi(zt). Therefore

M’ﬂ

< n(Zhi
E[U(k’ ZB) ’ Clkys - - - 7chT Z t .Tt — Pk — T . (333)
t=1 t=1 Zt:l Tt

We define the function £ : (k,c,x, \) — S0, fi(z) — pr, — 2e(\, @) + xR*(N).
Using the Fenchel-Moreau theorem, and the previous inequality we have

L(k,c,x,\) > inf L(c,x,]A)

M%

f( t) = Pk, — sup {(A Zatﬂﬂt

A€ERd
T
tg: A€R4 t=1 t=1
T T Z
= Zf(wt) Pr, — (D i) sup {(\, == 10 L) — R*(\)}
o p VTR SN
T T
r *ok Zt:l 5t
= f mt pkt xt R <
; ; Zle Lt
T T T
3 Zt:l 5t
S (S
tg: ; Zthl Lt
> EU(k,x) | ci]. (3.34)
We can then finish as we did for lemma 3.14. O

We now proceed to the rest of the proof of theorem 3.7:

Theorem. For n = L/(2Diam(A)VT), m = f+ L+maxy|py|+2n Diam(A)+m* (m*
is a constant defined in the proof and depends on A and R), p = \/log(K) /(T Km?),
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and \g € OR(a) for some a € A, algorithm algorithm 1 modified as suggested in
section 3.4.1 has the following regret upper bound:

Reg < 2((L+f—|—m]§tx\pk\ +m*)\/Klog(K) + LVd+ Diam(A))VT + 2L/ K log(K)

Proof. We present here only the parts that are different from the proof of theorem 3.2,
and we refer to the corresponding proof for more details.

Comparison of performance with 3 By adding and removing —x; (¢, a¢) +x.R* (),
and using that z; is the maximizer that yields ¢ we derive that

Elfe(z)] = E[Ep[fe(mt) | con,] — Aty 08) + (Ary 08) + 2R (Ae) — 2R (A)]

=E
= E[o(Ae; cury) + (A, 0e) — 2 R (Ae)].

Because A C Ay, and, because R and R are equal over A we have:

R*(\) = Ea§{<At,v> - R(v)}

= max{(\,7) — R(7)}
o 4S]

< max {,7) — R(v)}
’YE at

= (A, 7t) — R(m)-

Thus
Elfi(zt) — pr, — weR(70)] = E[@(Ae, cun,) + (Aes 6 — 2ye)). (3.35)

Application of bandit algorithms Compared to the previous setting, the only change
is that the function R* is included in ¢, so we need to bound it as well. See
lemma 3.13. This is where m* comes from.

Dual gradient descent Let us now focus in the tracking of the fairness parameter. In
the evaluation of our lower bound of the algorithm performance, we used —xz; R(7;)
instead of the true penalty (Y, z4)R(YL; as(x)/ S, x¢). Because of a small
modification of lemma 3.4 we only need to compare it with the penalty over the
conditional expectation of a;z;. Indeed, by the Lipschitz property of R, whether we
re-scale by T" or 3 z; does not change anything.

Hence will now compare those two penalties. Here we will consider a modified
version of R, which is equal to R over A and is equal to +oco outside of A, and we
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will use its convex conjugate R* (note that the convex conjugate of R without the
modification would have been different !). Let

~ )
A € arg max{(\, Ziz1 b
A€Rd Zt 1Tt

) = R* (M)}
We have by Fenchel-Moreau theorem that

< Zt 1 5t > R* (’):) _ R** (Zg::l 5t )

Zt 12t D=1 T
S (2 5t>
=R
(Ethl Ty
Hence
~ T _ ZTfl 5 T R
t=1 t=1 D=1 Tt =1

By definition of the convex conjugate of R, for any v € R?, thus in particular for all
~¢, we have

RN = (\y) = R)-

Multiplying by z; and summing for every ¢ € [T'] we obtain

Hence

T T
EDSTROSALIES SN ED S SPREY O

s (A id— > 3 R Ziz1 b R(
) t CUt’Yt)/(th) Z . th (7t)-
t=1T¢ t=1

Finally because R and R are equal over A, and because .-, 6;/ "L, z; € A by
the assumption, we have that

>y 6 L5
A Z (515 — xt')’t Z J)t T — Z xtR(*yt) (336)

t=1 t=1 Et:l Tt t=1
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As we did earlier, we apply Online Gradient Descent to track the term evaluated at A
and obtain eq. (3.28). We just need to make sure that as before \ is bounded. By
the definition of \:

T T T
%€ OR (2L — gR(ZEL) — gL
t=1Tt 2t=1 %t 2t=1Tt

Because R is L-Lipschitz for || - [|2, we have || A[|2 < L.

The rest of the proof is identical.

Learning u; — proof of proposition 3.8

We prove in this section the result regarding the added regret of learning u;. In
terms of utility functions f;, protected attributes a;, and allocations x;, we go back
to the setting of section 3.2.1 with f;(x) = v,z and X = {0, 1}.

In addition to the assumptions made in section 3.4.2, we give more precision
regarding the structure of u;. We define 6, = 1[k; = k] the indicator variable of
selecting source k at time ¢t. We define the following filtration for all £ € [K] and all
tel[T]:

Fik = 0(X1, Clis Ok Ut - - - Tty Cotey Ok, Ut Tog1, Cog1 ko D1 ) -

We assume that the contexts ¢, are now feature vectors of dimension ¢, and that
for all k € [K], there exists some vector v, € R% so that

Nk = Ut — (Vi Ceke), (3.37)

is a zero mean 1-subgaussian random variable conditionally on F;_; .

Consider that each source k corresponds to one bandit problem, with an action set
at time ¢ composed of two contextual actions {cy0yz,x € X'} = {ciwbu, 0}, and
a reward u;z:0;. If 0y, = 0 then the action selected is 0, and the new reward is
0, which means both are “observed”. If §;;, = 1, then the feedback is u; if z; = 1,
and 0 otherwise. Regardless of the source selected, the feedback received and the
action producing this feedback are observed for all arms in parallel. This is akin
to artificially playing all the [K| bandits in simultaneously. This new reward still
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follows the conditional linearity assumption, and x:67; is still 7;_; ;, conditionally
1-subgaussian.

With these rewards and actions, we can define for each source @tk and V;; the least
squares estimator and the design matrix as done in Equations (19.5) and (19.6) of
[LS20a]. Let ¢ € (0, 1). We define the confidence set parameter f; as

_ 1 tc2
VB =1+ | 2log () + maxqglog [ 1+ e ). (3.38)
1) ke(k] maXgek] 9k
This parameter is independent of k, this will make the computations easier later on.
We now define the ellipsoid confidence set of v as

T = {¢ € R™, [ — dull3,_,, < Bi}- (3.39)

algorithm 1 is modified in the following way. For each time ¢, let {y;, = arg maxyez,, (¥, Cik)-
We now select z; using this optimistic estimate of 1)y:

xy = arg max{z( (P, coe) — (A, @)} (3.40)
z€{0,1}

Proposition. Given the above assumptions, the added regret of having to learn E[u; |
cx) is of order O(v/ KT log(T)).

The proof will proceed as follows: we first highlight where the learning will impact
the algorithm, leverage the concentration results from [APS11] to decompose into a
good event and bad event, and finally bound the loss over the good event.

Let us now analyze the main part of the proof in section 3.9 that is modified, which
is “Comparison of performance with ¢”, because the only change is the quantity that
x; maximizes. Let x; be the maximizer obtained by replacing the optimistic estimate
with the true parameter v. Let a; = E[a; | ci,]. Because z; maximizes the quantity
with the optimistic estimate we have

wBlue | e, ] — e, @) = 2o (s o, ) — (e, )

(ks Ctry) — Dty Ctie)) + e (htke s Cary) — TN, r)
(ke = Dty Coy) + 37 Dty Cone) — 27 (N, i)
(
(

WV
8

t{Vk, — @tkt,Cth + xi%kt — Yy Cty) + T (ke Ceky) — Ty (A, Ga)
Tt ¢kt - dztk‘zyctk‘z> + l’? <1;tkt - ¢ktvctkz> + (;0()\t7 Ctk‘w kt) + pk‘t'

I
8
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The last term ¢ is the one we want, we now need to lower bound the first two
terms.

By Theorem 20.5 of [LS20a], we know with probability at least 1 — § that ¢, € Z
for all ¢. By union bound, the probability that the ¢, are simultaneously all in their
confidence set is at least 1 — K§. We denote this event by 1.

Suppose that the event I is satisfied. Then by definition of v,, we have

T (Ui, — Yy City) = 0.

Now let us look at the last term. We can first decompose it over the K sources:
(Y, — Vtkys Coke) = D Oke (o — ik ) = D (W — Vi, OrroCete) -
k=1 k=1

Now, consider one source k, and sum the difference term for every ¢. By remarking
that 0, = 0%, we have that

T T
> ok — Y | Opmeca)) = Ol (Ve — o | Oupecur)|
t=1 t=1
T ~
< Z@tk”@% - wtkH%—l,k||9tkfl7tctk||vt:11 .
t=1 :

(dual-norm inequality)

T
<2 Oy, \/EHHtkI’tCtkHfoll ) (by the event I)
t=1 U

T
<2 Z Ot/ Br max{l, ||9thtctk”vt:11 k}
t=1 '

(B; are increasing)

T

T
< 2v/Bry| Y024 D max{l, [0 icik]|?
t=1

—1
t=1 t—1,k

}

(C.S. inequality)

T T
=2v/Br\| > Oy | > max{l, ||9tk55t0tkH%/ }
t=1

-1
—1 t—1,k

T
=2v/Brv Tk\l > max{1, [ |
=1 t—1,k

where T}, is the number of times source k is selected.
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3.13

By Lemma 19.4 of [LS20a], we have that
T—2
Zmax{l ||9tl<:xtctk||v— } < 2¢x log (1 + >
t=1 dk

Therefore, using Jensen inequality for the square root function which is concave
over the T}, and because )", T, = T', we obtain

§§
[\
v

T K
Z Z (W — Pk | Opezicer)] Z 2\//TT\ﬁ\/2Qk log

t=1k=1

<2Fry m@ os (14 79)

K _
Tc2

< \/8TBT$ E qi log <1+q).
k=1 k

This yields a O(vV KT log(T")) error.

And with probability at most K6 the concentration event I does not hold, but the

error is bounded by 4 for each ¢. Thus overall in expectation, it is bounded by 47 K 6.

Picking § = 1/T, yields the desired sub-linear regret bound.

Learning a,

In this section, we provide further intuitions on the existence of [K| different sources,
and how it is possible to adapt the algorithm to learn E[a; | ¢;;] on the fly. Let us
consider the special case of our model, where the additional information given
by each source is a noisy observation ay; of a;, with different noise levels; in the
main setting this can be described as ¢y, = (2, a;). Sources with lower noise levels
will have higher prices (one directly pays for the level of accuracy). This setting
can be used to give users the level of privacy they are willing to give up (as in
Local Differential Privacy [DR14]), by revealing some noisy information about their
private data; of course, the more data is revealed (or the smaller the noise), the
higher the compensation (the price).

Furthermore, if the source k corresponds to adding additive independent noise
Ly, and to returning ay, = a; + Ly, then knowing the law of both L;; and aq,
the decision maker can directly compute the conditional expectation of a; having
observed a;;. Nevertheless, if she only knows the noise distribution, but not the
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law of a;, conditional expectation can still be learned in an online fashion in some
cases.

Indeed, suppose for simplicity that a; € {—1,1}, P(a; = 1) = o € (0,1), (2, u) is
independent of a; (therefore we can focus only in dealing with a;), and that the Ly
are 0 mean o}, sub-exponential random variables (see 2.7.5 [Ver18]). We define the
following running empirical estimate of a:
1
= n Y (g, +1)/2.

=1

It is an unbiased estimator of « as
Elaw] = E[a¢] + E[Lix]) =2 — 140 =2a — 1.

Note that the a;j, are not independent, and the conditional expectation is not
Lispchitz-continuous with respect to the parameter a. Still, we can derive an
algorithm with a sub-linear regret bound.

First let us state a Lemma on the concentration of &;

Lemma 3.17. We have the following concentration bound for t 2 log(T):

2 log(T 2
P <|a1t —a > be()) <z (3.41)

Proof. We refer to Chapter 2 of [Ver18] for concentration results of sum of indepen-
dent random variables. Let us recall some definitions, properties, and a concentration
inequality.

Let us consider the following Orlicz space norm for random variables. For a random
variable X, we define

X = inf{t > 0, E[exp(|X|/¢)] < 2}.

If || X || is finite, then X is called sub-exponential. It is a norm, and for a bounded
variable X in [-1,1], we have || X ||, < 1/log(2) (see exercise 2.5.7, example 2.5.8,
and Lemma 2.7.6 of [Ver18]). Hence because (a; +1)/2 — o € [-a,1 —a] C [-1,1],
for ay, the estimate obtained by always choosing source k, we have by triangle
inequality that
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We now recall Bernstein’s inequality:

Theorem (Theorem 2.8.1 of [Ver18]). Let X1,..., Xy be N independent, mean 0,
sub-exponential random variables, with x = max; || X||,1. Then for ¢ > 0 a constant,
for every t > 0 we have

P >ty <2 i 't
>ty <2exp|—cmin| —5,— ||.
P Nk?2' K

We want to apply this Theorem to (G, + 1)/2 — a the centered &; where we now

N

X,

i=1

change the source depending on k;. Remark that now however the &; is not a sum
of independent variables anymore because of k; which does depend on the previous
realizations of the a, ;. Nevertheless it is a martingale difference for the filtration
H., and similar results will apply. We denote by x = 1/log(2) + maxy, o /2 an upper
bound on the sub-exponential norm of the centered &; conditional on H;_;. Then
the martingale 3°°_, @, — « is also a sub-exponential random variable.

This is a known result, which is stated here for completeness, but that can otherwise
be skipped. Indeed from proposition 2.7.1 part e¢) of [Ver1l8], we know that finite
sub-exponential norm for a centered random variable X means that the moment
generating function of X at y is bounded by exp(c1[X|7:y%) for y < /|| X[y,
with ¢; and ¢o some positive constants.

Therefore, for y < c2/k, using the property of the conditional sub-exponentiality of
a;, we have

t t

Elexp(y Y _(@r — a))] = E[E[exp yZ ) | Fial]
= Elexp(y Z(&T — @))E[exp(y(a; — @) | Fi]]
Elexp( yz Elexp(c1y?s”) | Fi1]]-

Iterating this inequality we obtain for y < ¢y /k that

Elexp(y Z —a) E[exp(cits?y?)].

This yields inequality (2.24) in [Ver18] the main element needed for the proof of
Bernstein’s Inequality. Thus Bernstein’s inequality still holds for centered martingale
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sequence which are conditionally sub-exponential. We stress that this is not a new
concentration inequality result.

Let us now apply Bernstein’s Inequality with a deviation of order \/x?log(T')/(ct),
fort > log(T)/c:

P(|5ét—0<|> KZICE(T)> =P<|Zt:(&r—a)|> ”M’g(n)

Cc

< 2exp [—Cmin (log(T)’ log(T)t)

& C

Proposition 3.18. Given these assumptions, using algorithm 1 with a; instead of «
to compute the conditional expectations yields an added regret of order O((maxy oy +

2/ log(2))/TTog(T)).

Proof. There are two parts of the proof of theorem 3.2 that we need to modify, when
the z; is involved, and when we compare the penalty. We will deal with the first
part (the more complicated), and the second one follows immediately by the same
arguments. This will be done in 3 steps: we first highlight where the learning error
occurs, then use the concentration result to decompose the error under a good and
bad event, and finally show that under the good event the error in expectation is
small enough.

Impact of learning error We suppose for simplicity that L,; has a density g, over
the support R, but this also holds for discrete random variables. We denote by v}, the
density of ay. First let us express a; = E[a; | ¢4, as a function of @, , = @ and o

Ela; | Gy p, = al =Plag =1 app, =a) —Plar = —1| Gp, = Q)
_Pla=Dgn@—1)  Pla = —1)gi@+1)
Vi, (a) Vi, (a)

_ Gk, (a - 1) - (1 - a)gkt(a+ 1)
Gk, (a - 1) + (1 - a)gkt(a + 1) '
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Let us define the plug-in estimate of a; using a;—1 whenever a;_; is in [0, 1] by:

10k, (a — 1) — (1 — &t_l)gkt (a + 1)
19k, (@ —1) + (1 — @-1)gk, (@ + 1)

s:(@) = (3.42)

When the estimated parameter is not in [0, 1], we use s; = 0.

We define by x; the maximisation of the virtual value function ¢ when replacing a;
by s, and by z the allocation obtained if we were to actually use a,. Because z; is
a maximizer of w;xy — (¢, s¢)x¢, we have

ury = upky — (g, St) Tt + (g, St) 2t
= utxf — <At, St>.%'>tk + <)\t, St>l't

= ©(Mt, Qe iy, kt) + (N, @ — se)xy + (Me, Se)xy.

The term (A, s¢)x; will be tracked with the help of the OGD, it remains to take care
of (\¢, a; — s¢)xf. By Cauchy Schwartz:

[ty @ = se)ag] < [ Ael2llar — sillo-

We know that )\, is already bounded, so we only need to bound the right-hand term.
Decomposing depending on the values of k;, we can rewrite

K
St — Elt = Z ]]_[k?t = ]C](St — E[at | atk])
k=1

Decomposition under good and bad event Denote by C; = [|a;—a| < \/(k?log(T')/(ct)]

the event of a; concentrating around its mean. For ¢ large enough, that is to say
t > (k?log(T))/(cmin(a, 1 — «)), the event C; is included in [ay_1 € (0,1)]. We
can then decompose the analysis over these events using the triangle inequality:
st — ae| < T,y |se — ai| + 1g, |8t — a], and we know that for the term multiplied
by 1¢, , we have that either it is 0 or a;_; € [0, 1]. Let us consider such a ¢t — 1 big
enough, and first analyze the left-hand term with the “good” event.
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Small error under good event in expectation We consider the conditional expecta-
tion of this sum given k;, and a;_;. By independence between (k;, a;—1, E') and a
for all k£, we have:

E[]lct 1‘81‘/ - &t’ | ktv&tfl]

—1 1— oy a-+1 a—1)—(1- a+1
<l . Zﬂ by — G-1gp(@—1) = (1= Gy 1)91@(2*' ) Oégk(g ) —( a)gk(g+ ) v (@)da.
a—1gr(@—1)+ (1 —a—1)ge(@+1)  age(@—1)+ (1 —a)gr(@+1)

Because vy, (a) = (agp(a — 1) + (1 — a)gr(a + 1)) we can simplify the integral:

Efle, ,[si—ae | k@] < 1 im —k]/2|a —_qf 95(a — Dgr(a +1) I
Ci—119t t ty Xt—1] X LCyi g t — t—1 Cjét 1gk(a—1)+(1—dt,1)gk(a+1) .

For a € [0, 1], we have the following inequality:

LY

— = <ima +
ar+ (1 —a)y max(z, y) < 7 +y.

Thus using this inequality and the fact that g, is a density (which sums to 1), we
obtain that

Elle, |5 — | | ke, @] < 21¢, |ar 1—04\Z]lkt—k](/ng(a—|—1 da+/gk i—1)da)

k=1
K
g 4]1(37:71‘6_%_1 — Oé‘ Z ]l[kt = k]
k=1
21
< log(T) Zﬂkt_k

Finally taking the full expectation yields

k2 log(T)
E[1 —a]] <4y ——————.
[ Ci—1 |8t at” C(t — 1)

For the complementary event C;_1:

E[le, [st —arl] < 2E[Lg, |] =
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Putting everything back together Now denoting by m) the upper bound over the
)¢ obtained by lemma 3.3 and summing over all ¢:

T T
Z (A, @y — s)xi]| <mAZE[|St—&t|]
t=1 t=1

210g(T T
log(T) 3 Ef|s; — di]

x2 log(T) )+1

T cmin(a,l1—a

S2my———————
cmin(a, 1 — «)

<om k2 1og(T) ZT: 4 /ij(iOf(li;) N ;)

N + my
cmin(a, 1 — @) i
=— +1
cmin(a,l—a)

k2 1og(T) L K2 log k2log(T) | 4
L2my——F————— —
m’\cmln(a,l—a g +T)

m \/m2Tlog & +4) = O0(/Tlog(T))
S ma Ve cmin(a, 1 — «) ’

where we used a series-integral comparison of x — 1/,/z for the second to last
inequality.

There is a second place where replacing a; by s; impacts the performance of the
algorithm. Indeed, through the gradient descent on );, we will have a penalty
converging towards R(>.7_, s;z;/T) and not R(>.}_, a;x;/T). This is because the
Online Gradient Descent for the \; uses s; and not a;. Nevertheless, because of the

Lipschitz property of R:
T = T T
—1 T —1 StT
E[T|R(7Zt*}t t)—R(Lf%t O < LY Ella — sil] < O(y/Tlog(T)),
t=1

where the last inequality is obtained by similar manipulations on C; to what we just
did.

Overall, the added regret when using s; instead of a, is of order /71" log(T") which
still guarantees a sub-linear regret. O

Another algorithm is possible: first sample the source with the lowest sub-exponential
constant 72/3 log(T') times, and then use the estimate obtained to compute s; (with-
out updating it with the newest noise received). The advantage is that even though
we incur a T2/3 regret (this can be shown using basically the same methods), we
can obtain a lower . Hence if there is a big difference between the sub-exponential
constant of the different sources, or even one source with infinite sub-exponential
constant, this may be a viable algorithm.
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3.14 Public Contexts

For this section and in order to make the dependence in the public context z; appear
more clearly, we suppose that ¢;;, represent only the additional information of the
source k, and thus (¢, , 2¢) represent the whole information available at time ¢ after

selecting a source.

3.14.1 Finite number of Contexts — proof of proposition 3.5

We propose the following line 0.

Algorithm 4 Online Fair Allocation with Source Selection — With public contexts

Input: Initial dual parameter )\, initial source-selection-distribution m(z) =
(1/K,...,1/K), dual gradient descent step size n, EXP3 step size p;(z) that uses a
doubling trick, cumulative estimated rewards So(z) = 0 € R¥ for all z € Z.
fort € [T] do

Observe z; € Z

Draw a source k; ~ m(2¢), where 7y, (2¢) oc exp(pi(2t)Su—1)x(2¢)) and observe
Ctly -

Compute the allocation for user ¢:

Ty = arg H;&XE[ft(CL') - <)‘tvat(x)> ’ Ctkt?'zt]'
S

Update the estimated rewards sum and sources distributions for all k£ € [K]:

Sie(2t) = Si—1,1(2t) + P( e, caney e, 2t),
Stk(Z) = St_Lk(Z), Vze Z \ {Zt}.

Compute the expected protected group allocation &; = Efa;(x¢) | i, , 2t, T4
and compute the dual protected groups allocation target and update the dual

parameter:
v = argmax{ (A, y) — R(’Y)}v
vEAs,
Aty1 = A — 77(7t - 575)
end for

Proposition. For u the probability distribution over Z finite, we can derive an algo-

rithm that has a modified regret of order O(\/TK log(K) > ,cz \/11(2)), where p(z)
is the probability that the public attribute is z.
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Proof. Most of the proof consists is identical to the proof of theorem 3.2, and only the
different parts will be highlighted, which is the upper bound of OPT, and applying
bandits algorithms.

We first upper bound the performance of OPT. For all ¢ let h; € [K]® be the
deterministic source selection policies, k; = h;(z;) the selected sources, z; € X be
(2t, ¢t r,) measurable, and A € R? be a dual variable. In an identical manner to
eq. (3.20) we can obtain the following inequality:

T

max EU(x, k) | 21,¢1 k- - 275 CT oy ] Z axE [fe(x)— (N, ae(2)) | 2ty cer, ] —pr, + TR (N).

Let us define @(Avctkv k, Z) = MaXxex E[ft(x) - <)‘7at(x)> ’ 2y Ctk] — Pk and M(Z) =
P(z = z). We also define m;,(z) = Y.L, 1[h(2) = k]/T the total number of times
we would have selected source k for the public context z.

We now take the expectation of the sum. We obtain by tower property of the

conditional expectation, and using the i.i.d. assumption:

NE

T
D E[o(N copy(z)s Pa(2t), 20)] = D E[Elp(A, ¢, hu(21), 21) | 2]

t=1

-
Il

1

Elp(A, ¢, ht(2), 2) | 2]p(2)
Z

Il
M=

o~
Il

1z

m

Il
NE

Elp(A, ¢, ht(2), 2) | 2]p(2)

zeZt=1
T
= ZE (AN e,k 2) | z]u(z)
€2 helK] f)lzk
:TZZWk e\ e, k, 2) | 2]u(z).
2€Z ke[K]

Clearly 7;(z) € Pk, thus if we maximize over this space for the 7 (z) instead of
over ([K]#)7, it will be higher. Therefore

OPT < T sup inf ( +Z Z r(2)Eclp(N, ¢, k, 2) | 2]u( )) (3.43)

d
nEPE AE€R 2€Z k€e[K]

Notice that x(z) plays an important role in determining the optimal policy. If we had
simply run the previous algorithm for each context, this would be akin to considering
that the z; are distributed uniformly according to u(z) = 1/Z, which would have
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yielded a sub-optimal policy 7.

Now let us take care of the lower bound. As done in eq. (3.25), we have that

Elfi(zt) — pr, — R(w)] = Elo(Ae, K, 2t cry ) + RE(Ae) + (At 66 — )]s

and as we did before we will use bandits algorithm on these rewards.

We would now like to bound the following adversarial contextual bandit problem
regret:

T T
Reg = Z max Z Elo(Ae, e, ky2) | Hi—1, 2] ZE (MNes ey ke ze) | Heet, 2]
= t=1

zZt=2

The weighted estimator ¢ is unbiased as @(\, ¢y, ki, 2¢) L[ky = k]/mu(z) is still
unbiased. Indeed, ¢; and k; are conditionally independent given (z;, H;—1), and
7k (2¢) 1S (24, Hy—1) measurable. Thus

O(Aes ¢ty ks 2e) Lky = k]

Wtk(zt)

E[Qp()‘tv Ct, kta Zt):ﬂ-[kt = k] | Ht_l, Zt]
Tk (2t)
Elo(Ne, ce ke, i) | Hoor, 22 E[L[ky = K] | Heo1, 2]

E|

’ Ht—lv Zt] =

Wtk(zt)
= E[@(Atact,ktazt) | Htfl,Zt].

As suggested section (18.1) of [LS20a] running one anytime version of £X P3 (using
a doubling trick for instance) on each of these public contexts z € Z, achieves a

regret bound of order O(\/K 1og(K) ¥,cz \/ >t 1z = 2]).

Taking the expectation (for z;) of this regret bound, and using Jensen’s inequality
for the square root function we have a regret term of order

O(\/Klog DN IRIE < O(VKlog(K) > [E[> 1[z =

ZEZ tE[T ZEZ tE[T]
= O(\JTKlog(K) 3" \/u(2).  (3.44)
z€Z
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Let (™) € (PZ)N be the sequence of contextual source mixing that maximizes the
upper bound for OPT in eq. (3.43). Then because the maximum of [K] points is
greater than any convex combination, 7" (z) in particular, we have

T T
max Y Elp(\, e, k,2) | Heo1,2) 2 Y > wi(z ZE (A, ¢, k, 2) | Hior, 2]

cz Rkl 3 2€Z ke[K]
Zt=2z Zt

Z Z i (2)Elp( M, ¢, K, ze) | Hiot, 2]

In expectation this yields:

T
E[Z max Z Elo(Ae, e, ky2) | He—1,2]] = E| Zﬂ,’j (z0)Elp(At, ¢, ky 2e) | Hie1, 2]
=1

ke[K] t=

—_

z2t=2z

T
= Z ZE 7Tk Zt ()\t,C,k,Zt) ’Ht—lvzt] ’Ht—l]]a

ke[K] t=1

where we used the linearity of the expectation, and the tower property of the
expectation for the last equality.

Because z; and H;_; are independent, we can first use lemma 3.11 and then the
freezing lemma to express the conditional expectation given H;_; as

E[E[m; (20)Elp(At, ¢k, 2t) | Heo1, 2] | He1]] = E[E[m); (2¢)E [ (/\t,c k,z) | 2] | He]]

:EZ:U’ ()\t,CkZ)|ZH
2€Z
Hence,
T T
E[ZmaXZE[ (Atsee by 2) | Hee1, 2 ZE Z Z'M [e(At, ¢, k, 2) | 2]].
sez FelKl o =1 ke[K]2€Z

Zt=Z

Grouping it together with the R*()\;) terms, and taking the inf over A\ we derive that

E Z (M) -l—ZmaXZE Aoy cor ke, 2) | Moo, 2]

t=1 zeZke[K]t -1
T

> E | inf | R*( Ak
SR LIORS 9 SICL IR SIE
= ke[K] ze2
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3.14.2

88

>Tinf(* )+ D> =) (/\ckz)]z])

d
AR ke[K] €2

As n — oo and by definition of 7, we can conclude that

T
Z (M) +Z max Z Elo(\, ¢, ky 2) | Hio1, 2]
=T sup inf +ZZ7Tk o\ ek, 2) | Z]u(z2)
ﬂ.efPZ )\GR 2€Z k‘e[K]
> OPT.

Finally, using eq. (3.44) and the previous inequality we obtain

ELY " oA, bty 2ty ee) + R*(A)] = OPT ~O(\/TK log(K) Y- y/u(2).  (3.45)
t=1 zEZ

The rest of the proof follows section 3.9. O

Clearly, if ; has a non-zero probability only for one z, we recover the previous regret
bound without public information.

Infinite number of contexts — proof of proposition 3.6

Lemma. If E[as(x) | e, 2¢] and E[fi(x) | e, 2¢] are Lipschitz continuous in z with
respective constants L, and Ly for all x € X with respect to || - ||2, then so is ¢ in z
with Lipschitz constant L, + Ly.

Proof. Let A € R, k € [K], ¢y, the additional information, 2, 22 € Z, and z1, 22 € X
be the maximizers that respectively yields ¢ (A, ¢, k, z1) and ¢ (A, ¢, k, 22). Because
2o is a maximizer, we have that

30()\’ Ctk, kv Zl) - (;D(Aa Ctk, ka Z2)

E[fe(x1) | ek, 21] — E[fe(x1) | ke, 21] + (N | Elae(x1) | ik, 22] — Elac(z1) | i, 22])
Lgllz1 — zall2 + Lallat(x1)|2]l21 — 22]|2
L

f+La-

NN N
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Using the same arguments because z; is a maximizer, we obtain the symmetric
inequality. O

The main idea for the discretization (that averages the rewards over the discretized
bins), is that the performance of the algorithm is close to the discretized optimal,
which itself is close to the continuous optimal for smoothness reasons. However
here the discretization is applied not to the original total utility ¢/, but instead to the
bandits reward part. The number of discretized bins is then tuned depending on the
lipschitz constants and the space dimension 7.

The proof of the proposition proposition 3.6 then directly follows from exercise 19.5
of [LS20a] applied to the contextual bandit problem with rewards .

Remark. In the case when Z is continuous, there are no guarantees that there exists
an optimal policy 7*. Indeed, if for the product topology the space PZ is compact (by
Tychonoff’s theorem), the dual function used to derive OPT is not continuous. Vice
versa, for a topology which makes this dual function continuous, it is unlikely for this
space of functions to be compact. Hence why we need to take a maximizing sequence of
T, SO that the dual function of these m,, converges to the upper bound of OPT.
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Multi-Armed Bandits with
Guaranteed Revenue per Arm

Abstract. We consider a Multi-Armed Bandit problem with covering constraints,
where the primary goal is to ensure that each arm receives a minimum expected
reward while maximizing the total cumulative reward. In this scenario, the optimal
policy then belongs to some unknown feasible set. Unlike much of the existing
literature, we do not assume the presence of a safe policy or a feasibility margin,
which hinders the exclusive use of conservative approaches. Consequently, we
propose and analyze an algorithm that switches between pessimism and optimism
in the face of uncertainty. We prove both precise problem-dependent and problem-
independent bounds, demonstrating that our algorithm achieves the best of the
two approaches — depending on the presence or absence of a feasibility margin —
in terms of constraint violation guarantees. Furthermore, our results indicate that
playing greedily on the constraints actually outperforms pessimism when considering
long-term violations rather than violations on a per-round basis.
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Introduction

Preliminaries

The Multi-Armed Bandit (MAB) is a classical model for sequential decision-making
in the face of uncertainty [LS20b]. In the standard formulation of the problem,
the objective of the learner is to maximize the total sum of rewards by efficiently
balancing exploration (testing different arms to learn their rewards) and exploitation
(choosing arms with the highest expected rewards based on available information).
While the classic MAB framework is applicable in various domains, in many real-
world problems, additional constraints and considerations come into play.
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Motivation Consider, for instance, an online content recommendation system
[ZB16; Zon+16], aiming to maximize user engagement and satisfaction. Its success
is intricately bound to the diversity of content available on the platform. To sustain
this essential diversity, platforms must ensure sufficient exposure for all content
creators, guaranteeing a sufficient revenue for their continued activity. This revenue
could be, for instance, the number of times a content was played, or revenues from
ads displayed with the content, which cannot be reduced to the number of times the
content is suggested by the platform. In this context, a constrained MAB problem
(see e.g. Slivkins et al. [SSF22] and Sinha [Sin23]) emerges naturally. In this setting,
the primary goal of the learner is to guarantee a fixed (known) minimum expected
revenue to each arm (e.g. content recommendation) and consider the maximization
of the total cumulative reward as a complementary objective.

Setting and notation We consider a K-armed bandit v = (v, ...,vg) € FX, where
F is a family of distributions. We denote by u, the expected reward of arm &, and
by Ay = pu1 — ug, the sub-optimality gap of arm k, assuming w.l.o.g.that arm 1 is
optimal. At each time step ¢, the decision-maker selects an arm A; and receives a
reward r; ~ v4, drawn independently at random. At time ¢, the policy = that chooses
the actions can rely on past observations ;1 = (A41,71,...,A¢—1,7r:—1) and internal
randomization. For each arm k, we denote by Ny (t) = S-'_, I(4s = k), the number
of times it was selected up to time ¢. We denote ()4 = max(-,0), a A b = min(a, b),

a Vb= max(a,b).

The goal of the decision maker is to maximize its rewards E, [ZtK:T rt} under the
constraint that the expected revenue of each arm scales linearly in 7', namely;,

T
Vk € [K]: Eyr [Z rd(Ay = k)| > MT (4.1)
t=1

where the scaling parameters (\g)ie(x] € (RT)K are known a priori. If E, [r;|A; =
k] = ux > 0, satisfying the constraint of arm k is equivalent to ensuring that

1 A
TEuaNU(D)] > pi =

Conveniently, the previous constrained optimization problem can be reduced to the
linear program

K
min A (pr — s.t. VkelK > pr,
min kzz:l k(Pk — Pk) (K], pi > pj;
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where Ak denotes the K-dimensional simplex. Clearly, an optimal solution consists
of playing each arm with probability p; (if possible) and allocating the remaining
probability over the optimal arms. Unfortunately, a non-anticipative policy cannot
compute (p})ie|x] of know the optimal arms because the means are unknown.
Moreover, the feasibility of this linear program depends on the problem parameters,
as there exists a solution if and only if V&, up > A\ and Z,If:l pp < 1.

Definition 4.1 (Feasibility gap). The feasibility gap of a problem with parameters
(A p) € (RTH)%is
K
Ak

pa(p) =1~ e (4.2)
k=1

A problem instance (A, p) is feasible if py (1) > 0.

In the following, we simply denote the feasibility gap by p, when the context is
clear.

Evaluation We do not assume any prior knowledge on pj, so relevant metrics must
tolerate constraint violation to a certain level. Inspired by the literature on safe
bandits (see next section for details), we consider two criteria to evaluate a policy on
a given problem: the excess regret (for the regret-minimization objective), and the
constraint violation. Denoting by pi; = E[I(A; = k)|H_1] the sampling probability
of arm k, we consider the following metrics.

Definition 4.2. The total per-round excess-regret and constraint violation are re-
spectively defined by

K

T
RT(v,A) = Z wlZPkt—ka,ad
k=1 =1

SR RN

t=1

When the context is clear we omit (7, v, \) in the notation for simplicity. Intuitively,
the per-round metrics encourage policies that smoothly converge to an optimal
stationary policy. This is a desirable feature in real systems, which motivates
providing policies with strong guarantees under these metrics.
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4.1.2 Comparison with the Literature

Due to the numerous possible applications, the general problem of online learning
with constraints covers several active research areas. In the literature, constraints
typically originate from safety, fairness, or budget considerations to name but a
few.

The generic problem that we consider is part of the literature on Bandits with Linear
Constraints, notably including knapsacks (or packing) and covering constraints.
Bandits with knapsacks have been extensively studied in the stochastic setting with
finitely many arms [BKS18b] as well as in the contextual [AD16b] and adversarial
[Imm+22] setting. Logarithmic problem-dependent bounds have also surfaced in
Sankararaman and Slivkins [SS20], Li et al. [LSY21], and Kumar and Kleinberg
[KK22]. Generally, positive costs are incurred and the algorithm runs until some
positive threshold is violated. On the contrary, covering constraints necessitates
managing negative budgets and costs. A line of works considers deterministic
covering [Cla+20; Pat+21; Wan+21; Che+19], ensuring that each arm is pulled
at least at a minimal known frequency, or Liu et al. [Liu+22] with deterministic
linear constraints. The core setting of this paper, which is a covering problem, is
more challenging because the constraints are stochastic. Some works tackle this case
[AD19; SSF22], and obtain O(+/T') constraint violation that holds for the setting that
we consider. However in [SSF22; Chz+23], this guarantee holds only with at least
one strong assumption: knowledge of an initially safe policy! or a feasibility margin
(p) = ¢ for some 6 > 0). Finally, Sinha [Sin23] studies the same revenue guarantees
as described in (4.1), and propose the BanditQ algorithm, that implements the
natural idea of sampling the arm that is the most “late” w.r.t. its revenue constraint
at the current time step, up to additional mechanisms to simultaneously minimize
the regret. They obtain bounds of order O(73/4) for a long-term evaluation of
constraint violation and regret, weaker than Definition 4.2.

Other areas of research are also closely related. For instance, in safe bandits [AAT19;
Mor+21; Pac+21; Liu+21b; ZJ22; CGS22; HTA23] the goal is to only play actions
belonging to an unknown feasibility set, with the objective of guaranteeing no
violation of this constraint with high probability. The per-round evaluation metrics
(def. 4.2) are inspired by some of these works. Their common approach is pessimism-
optimism (PO): the algorithm plays the action maximizing reward (optimism) into a
set included w.h.p. into the feasible set (pessimism). However, a safe-action and a
known feasibility gap are again instrumental to design these algorithms. In contrast,

!In the current setting, this would consist in knowing for any arm & an allocation p;, > pj; satisfying
donPe <1
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Chen et al. [CGS23] and Agrawal and Devanur [AD19] obtained O(\/T) per-round
safety violation without these assumptions, with a doubly-optimistic (DO) approach,
considering instead an extended feasible set at each round. This good performance
motivate the use of (DO) as a “worst-case” policy in the switching policies presented
in Section 4.2. Furthermore, the algorithm DOC is the K -armed instance of (DO), for
which we present a tighter analysis tailored for MAB.

Finally, we mention additional related fields. In online convex optimization with
long term constraints [MTY09; JHA15; YNW17; Cas+22b] the learner receives full
feedback of rewards and constraints. The question of unknown constraints is also
considered in Chaudhary and Kalathil [CK21] and Liang et al. [LLZ23], but as done
in the safe bandits literature some safe action is assumed known. This pre-existing
safe policy assumption is also often made in safe Reinforcement Learning [Bur+21;
Din+20; XLL20; EMP20], which additionally mainly study problem-independent
guarantees. Repeated auctions with ROI constraints [CCK23; Den+23] is also
similar in spirit, but again indirectly assumes some null action. Finally we mention
Carlsson et al. [Car+23] that considers a setting similar to ours but with a best-policy
identification objective.

In this work, we study problem dependent-bounds for stochastic bandits with
unknown specific covering constraints, when no feasible actions is known beforehand
and when per-round constraint violations are measured, and propose algorithms
that switch between optimism and pessimism to minimize constraint violation for
any possible problem.

Outline and Contributions

We propose several algorithms to solve the MAB problem with revenue guarantees
presented in Section 4.1.1, which we frame as Revenue-Guaranteeing Bandits (RGB).
RGB decouples the two objectives (Definition 4.2) by using a target allocation to
satisfy the constraints, and a standard optimistic bandit algorithm for regret mini-
mization. It is hence inspired by doubly-optimistic (DO) and pessimistic-optimistic
(PO) approaches in the literature.

Typically, to obtain strong guarantees for the per-round constraints violations, the
first natural idea is to take inspiration from (PO) methods [Pac+21; LSY21] even
though there are no initial feasible actions (according to the (PO) formulation).
However, for problems with a small feasibility gap, this produces poorly performing
or unfeasible algorithms.
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Hence we first propose and analyze DOC (Algorithm 6), based on (DO), which
achieves O(v/T) constraint violation for all problems We refine this result with novel
problem-dependent bounds (Theorem 4.4) and further prove constant excess regret
O(Xk(prA2)~1) if ming Mg > 0.

In order to get even better problem-dependent bounds for Vr, we introduce a new
algorithm, named SPOC (Algorithm 7), built on a hybrid combination of (PO) and
(DO). This policy also achieves O(+/T)) violation for all problems, and it even gets
constant constraints violations O( p;l) (Theorem 4.5) on strictly feasible problem
instances, where p) is the feasibility gap (Definition 4.1). SPOC thus achieves the
best of the two approaches in terms of constraint violations. This is illustrated
in Table 4.1, summarizing problem-dependent results. We only include the scaling
of first-order terms and omit logarithmic factors for clarity.

We additionally prove a lower bound (Theorem 4.8) which implies that the upper
bound derived for V (resp. Rr) for DOC (resp. SPOC) cannot be improved by more
than logarithmic factors.

Finally, our experiments (Section 4.4.1) suggest investigating the long-term prop-
erties of a greedy algorithm, named SGOC — which is thus in-between optimism and
pessimism. For SGOC, we prove that the cumulative (and not the average !) long-term
constraints violation converges to 0 (Theorem 4.9) for a phase-based version of this
approach.

Tab. 4.1: Problem-dependent bounds (Section 4.3),
contribution of arm &

ALG. VT RT
1 log(T)
DOC ‘/pl*cT PZAk A Tk
—1 1
SPOC p, A /piT s i1
SGOC VoiT ar VORT

Algorithms

In this section, we detail the revenue-guaranteeing bandit (RGB) framework, as well
as specific implementations. As detailed in Section 4.1.2, our inspiration comes
from (PO) and (DO) approaches that have been proposed in the literature. In the
K-armed problem considered, an RGB policy implements these principles as follows:
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at each time step, a target allocation routine proposes a feasible target allocation py, ;,
where pj, ; aims at estimating the allocation pj, while a standard bandit algorithm
(that we call base bandit) chooses (independently) one arm to allocate the remaining
probability 1 — > ;¢ (k) Dj¢- An arm is then chosen at random from the mixture. We
detail RGB in Algorithm 5 below.

Algorithm 5 Revenue-Guaranteeing Bandits (RGB)

Input: Constraint levels Ay, ..., \x; algorithms TargetAlloc and BaseBandit
Init: Ho = {} > History of observations
fort=1,2,... do

(Pit,-.-,Dit) = TargetAlloc(H;—1)

ki = BaseBandit(H;—1)

Prt = Pra+ Lk = k) (1= I8, je) for all k € [K]

Draw At ~ Mlﬂt(plyt, ce 7pK,t)

Collect reward r; ~ v4,

Update Hy = Hi—1 U{(As, 1)}
end for

We now explore possible choices for the base bandit algorithm and for the target
allocation.

Base bandit As the revenue constraints are already handled by the target allocation,
the goal of the base bandit is simply to try playing rewarding arms. This can be
handled by a classic bandit algorithm, which could be chosen among any standard
policy, like UCB [ACF02], ETC [Per+16] TS [Tho33; AG12], KL-UCB [Cap+13]
or MED [HT11; BSH23]. As detailed in the next section, choosing an optimistic
algorithm is convenient for the analysis of RGB policies, so in the rest of the paper we
assume that the base bandit is UCB [ACF02] or KL-UCB [Cap+13], instantiated to
achieve logarithmic regret on the family of distributions . In the rest of the paper,
we denote this algorithm by UCB to avoid any ambiguity with the target allocation.

We further remark that if max; Ay = 0 (no revenue guarantee) then our algorithm
simply follows the recommendation of UCB, so RGB naturally interpolates standard
MABs and revenue-guaranteeing bandits.

Target allocation All the target allocations considered in this paper are of the
form
Dkt = A)\Tk 5 4.3)
kot
where for all £ € [K], fix is an estimate of the mean i, computed with the N, (t —1)

observations obtained up to time ¢ — 1. With a slight abuse, we say that (pf ;) e[k
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is a feasible (resp. unfeasible) allocation if >", ﬁZ,t < 1 (resp. > 1). We consider
(Ik,t) ke[ ,te[r) that are either empirical means or confidence bounds. To design the
latter, we use the following standard assumption.

Assumption 4.3 (Sub-Gaussian rewards). F is the family of 1-sub-Gaussian distri-
butions.

Under the sub-Gaussian model, for some parameter ¢ > 0 we can use the following
mean estimates:

~Greedy _ - 1 t—1 _
A = ik = gy Dl (A = B).

6(1+c) log(t)
Ne(t-1) -~

A~ — 6(1 1
o AJ%P = UCBy = jigs + 1) S5 B0

so that P (y, € [LCB}, 4+, UCBg,]) > 1 — 2¢t=20%9) (using a simple union bound on
Ni(t — 1)). As detailed in the next section, this confidence level (with 2(1 + ¢) > 2)
is crucial for the theoretical analysis of RGB policies. Note however that UCB can

* At =LCByy = fiks —

use a different confidence bound than UCB;; (e.g., with lower confidence). In the
following, we use the shorthand formulation “LCB allocation” (resp. UCB or greedy)
to refer to the target allocation corresponding to this estimate.

Algorithms We now detail Doubly-Optimistic Covering (DOC), Safe Pessimistic-Optimistic

Covering (SPOC) and Safe Greedy-Optimistic Covering (SGOC).

It is known [AD19; CGS23] that (DO) can provide surprisingly better candidates
than (PO) to satisfy the revenue guarantees when the problem has low feasibility
gap. This stems from the following property:

If the problem is feasible, then the UCB allocation is feasible with high probability.

On the contrary, LCB allocations may take a long time to become feasible when
py is small (and may never be if p) = 0), which causes the failure of (PO) for low
feasibility gaps. This motivates the idea of using the UCB allocation as a backup
policy when the LCB one is unfeasible, which we later exploit with SPOC. Before that,
we detail DOC in Algorithm 6. For completeness, DOC needs to be able to provide a
target allocation also when the UCB one is unfeasible, even if this situation is unlikely.
In the following implementation, we simply assume that a routine UnfeasAlloc is
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chosen beforehand to tackle that case. In our code we simply choose to normalize
the UCB allocation if it is unfeasible, UnfeasAlloc(H; 1) ﬁg?f, because dividing
all revenues by the same factor seems to be a fair way to tackle unfeasibility. We
discuss other choices at the end of this section.

Algorithm 6 Doubly-Optimistic Covering (DOC)

Input: A\ = (\1,..., k), UnfeasAlloc
Play RGB(\, UCB-Alloc,UCB) (Alg. 5), with

UCB-Alloc:
A ) .
Ho o — {(UCBZ,t)ke[K} if feasible,

UnfeasAlloc(H;—1) otherwise.

We then detail the implementation of SPOC in Algorithm 7 below. The idea is to
play the LCB allocation whenever it is feasible, and to switch to the UCB allocation
otherwise. We build SGOC on the same design as SPOC, replacing the LCB allocation
with the greedy one. We report its implementation in Algorithm 8. Interestingly,
we obtain from Equation (4.3) that for each k& € [K],t € [T], given the same
observations,the sampling probabilities of the three algorithms satisfy

~DOC
Pkt

)

< ]/,)\}sg?toc and ]/’)\]?;?tc < ﬁ\?gf’toc , (4.4)
so SGOC and SPOC are expected to serve the constraint at least as well as DOC in
any situation (omitting the role of UCB for simplicity). This is the motivation for
qualifying SPOC (resp. SGOC) as a “safe” way to implement a pessimistic (resp.
greedy) approach in the RGB framework.

Algorithm 7 Safe Pessimistic-Optimistic Covering (SPOC)

Input: A = (A\1,..., k), UnfeasAlloc
Play RGB(\, SPOC-Alloc,UCB) (Alg. 5), with

SPOC-Alloc:
Ak . .
(LCBW ) ke[K] if feasible, else
A . .
Hi—1 — (UCB’;J%[K] if feasible,

UnfeasAlloc(H;—1) otherwise.

Remark (Individual switches). In practice, we can implement a variant of SPOC
that switches as few arms as possible to the UCB allocation, in order to guarantee
Pkt = pi w.h.p. for as many arms as possible. We chose the implementation of
Algorithm 7 to simplify the presentation, but the theoretical guarantees derived for
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SPOC in Theorem 4.5 (next section) trivially hold for any more subtle implementation
of switches.

Policy for the unfeasible case In practice, the decision-maker should decide in
advance what strategy to adopt if the initial problem appears to be unfeasible (which
is true w.h.p. if the UCB allocation is unfeasible). For instance, for recommendation
systems, there may be no way to certify in advance that some content may work
“well enough” or not. However, there is no unique way to define this new goal,
i.e., a new target allocation (py)ic(x]- This depends on the exact context of the
problem, and UnfeasAlloc should be tailored to reach the chosen objective. One,
that we choose in our implementations, is to avoid discriminating between arms
(e.g., for fairness reasons) by defining p; o p;: every arm receives the same fraction
of their initial guaranteed revenue. Another is to define an implicit ranking of the
arms (i1,...,ix) that can be learned (by knowing a rule set depending on problem
parameters) and to serve the constraints of the better-ranked arms in priority. For
instance, ranking the arms by decreasing expectation minimizes the total constraint
violation, while ranking the arms by increasing values of p; maximizes the number
of constraints that are satisfied.

Algorithm 8 Safe Greedy-Optimistic Covering (SGOC)

Input: A = (A\1,..., k), UnfeasAlloc
Play RGB(\, SGOC-Alloc,UCB) (Alg. 5), with

SGOC-Alloc:
(_’\—k) if feasible, else
Hk.t ) ke[K)
>\ . o
Hier = 3 (g - if feasible,

UnfeasAlloc(H;—1) otherwise.

Theoretical Results

In this section, we provide upper bounds on R and Vr for DOC, SPOC and SGOC, and
provide lower bounds that exhibit the trade-off between the two metrics. We assume
that all problems considered are feasible (Definition 4.1), which is essential for
the interpretation of the results.

4.3 Theoretical Results
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Auxiliary Results

Before presenting the main theorems, we define the key quantities used in their
statement.

Regret due to UCB For arms with positive revenue guarantees, it is clear that UCB
benefits from the plays of sub-optimal arms caused by the target allocation. In
Lemma 4.11 (Appendix 4.5) we prove that UCB only selects such arms a finite
number of times. More precisely, we show that under Assumption 4.3 there exists a
constant multiplicative factor a such that the number of selection of any arm k € [K]
by UCB is upper bounded by

— log(T
Nu(T) = NiAa Og(2 I ar, (4.5)
Ak
with a constant N, € R U {+oc} satisfying
— log (3V (prAZ)™h)
N}, = . .6

Equation (4.5) further exhibits different regimes according to the time horizon: if
pi < (log(T))~! we can use the standard logarithmic bound, which is intuitive.

Sufficient sampling We now introduce a crucial result for the derivation of the
problem-dependent bounds presented in the next section. It formalizes the intuition
that, when playing a revenue-guaranteeing algorithm, at each step ¢ any arm &
should satisfy N, (t) = Q(pj;t) with high probability. More specifically, we show in
Lemma 4.12 (Appendix 4.5) that there exists a constant I'y, such that if a policy =
satisfies pf , > pp¢ (which is the case for SPOC and SGOC), it holds that

+o0o p*
> P, (Nk(t) < é“t) < Ty, with 4.7)
t=1
3
1 *x,,3\—1\3 —1 * 1
Pr by, c

The proof of this result is non-trivial and relies on a variant of Freedman’s inequality
(Theorem 1 from Beygelzimer et al. [Bey+11]). It is also noteworthy that the
factor ¢! in (4.8) justifies the confidence level adopted in Algorithms 6 and 7: a
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smaller level may not guarantee that the arms are sufficiently sampled with high
probability.

Upper Bounds on V; and Ry

We can now formalize our main results. When unspecified, the guarantees are
problem-dependent, while problem-independent results will be explicitly stated as
such. We start with DOC, which serves as a basis for the other algorithms.

Theorem 4.4 (Upper bounds for DOC). Under Assumption 4.3, the excess-regret of
DOC satisfies

)

K
poc alog(T) Kman Ak
RT gZ(A’“ e e

where «, m and Ty, are respectively defined in Equations (4.5), (4.6) and (4.7). If

maxy Ar, < AT for a fixed AT € R it furthermore holds that RY¢ = O(\/KT log(T))
(pb. independent bound).

Moreover, there exists an absolute constant Cy such that the constraint violation DOC

DDC <Gy Z /kalog )+ Z ATy, 4 T maxs Kmaxk |3 7

and V2%¢ = O(K \/Tlog(T)) (pb. independent).

satisfies

The details of the proof can be found in Appendix 4.6.1. Theorem 4.4 first establishes
that both R3¢ and V2’ admit a problem-independent bound scaling in O(v/T),
which is on par with the best results obtained in the literature for (DO) approaches
(see e.g. [CGS23]). These results are refined with novel problem-dependent bounds:
we obtain a constant for R5°¢, and a bound for V2°¢ that improves the scaling of the
first-order term. For instance, if y15, >> Ay then /prT log(T) and M\ Ty = O(p; %) can
both be much smaller than v/7. It is also noteworthy that we employed a different
proof scheme to derive the two results for V2.

We now present upper bounds for SPOC, that we prove in Appendix 4.6.2.
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Theorem 4.5 (Upper bounds for SPOC). Under Assumption 4.3, SPOC satisfies V39¢ <
VP9 as well as

log (p)_\2 V e)

VP = 0 o VEDyu |

log(eV(Ajpi)~ 1t .
where Dy, = max M. Moreover, there exists an absolute constant

JE[K]:A; >0 Ajt
C4 > 0 such that

SPOC > ppTlog(T) | —
RIS A | G A W) 420 |
k=1

where N (T) and T, are resp. defined in (4.5) and (4.7).

The main result is that VF°¢ admits a constant upper bound as soon as p > 0, while
simultaneously guaranteeing no more constraints violation than DOC for any horizon
T. This justifies calling SPOC a “safe” implementation of pessimism-optimism for the
revenue-guaranteeing problem. However, we note that the constant bound may be
vacuous if one of the revenue parameters is very small (high constant D) ,). This
effect may be reduced by implementing more subtle switches (see Remark 4.2), but
improving D, , seems quite intricate in general.

Symmetrically to V2°C

, the dominant term of the excess-regret upper bound scales
as O(v/T). However, the factor M;Zl does not permit to obtain problem-independent
results: the upper bound is vacuous for p, < T-1/2. Still, by assuming that the
problem is feasible we know that ugl < )\,;1, which in turn provides an upper bound

on R that is known by the decision-maker.

We recall that the assumption that the problem is feasible makes the UCB allocation
feasible w.h.p., which explains why the bounds of the two theorems hold for any
choice of UnfeasAlloc.

Finally, theoretical guarantees for SGOC can be easily derived from the bounds on
REPOC and VP9°. We detail this in Section 4.4.2.

Remark. A minor modification of SPOC leads to problem-independent bounds on
RFC: choose thresholds (7¢),c[7) such that SPOC plays the UCB allocation for arm &
if LCB,; < 7. With this mechanism, we can get R$°¢ = O (TT_ WKT V. 3) (up to
logarithms). The drawback is that it is necessary to wait that 7 < uy to play LCB,
which degrades the guarantees on Vr from a non-asymptotic perspective.
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4.3.3 Lower Bounds

In this section we prove lower bounds that show that the problem-dependent bounds
obtained in previous section for V2°¢ and R cannot be improved by more than
logarithmic factors, that can depend on 7" but not on the problem constants. We
define a revenue-guaranteeing problem by (A, v) € RX x FX and use the notation
C to denote the set of feasible problems, and by C" C C its interior (problems with
positive feasibility gaps).

Definition 4.6 (Admissible policies). A policy 7 belongs to the set of admissible
policies IT if

Y \) €C: liminf inf Cerl (D]

21,
T—oo kelk] pr(v,\)T

Ak

where for k € [K], p;(v,\) = Exo [X]°
vy

In other words, 7 is admissible if all revenue guarantees are satisfied asymptotically.
We now consider more precisely two subsets of admissible policies.,

Definition 4.7. A policy = € II can be

R-targeting: if V(v, \) € C : limsup T_%R},j =0,
V-targeting: if V(v, \) € C° : limsup T’%V%’V =0.

We denote by Il (resp. I1y) the set of R-targeting (resp. V-targeting) policies.

It is clear from Theorem 4.4 and 4.5 that DOC is R-targeting while SPOC is V-targeting.
We now state our main result for this part.

Theorem 4.8 (Lower bounds). Consider A € REX and a bandit v € FX with means
(k) ke[k)- For any policy m € I, it holds that

(v, A 1
Y(v,A) € C, limsup Vi, A >

T—oo [ Tpi(v,\) T2y’

and, for any policy 7 € Ily it holds that

Y(v,\) € CY, limsup R ) > L

Tooo L [Tpr(v, )~ 2Ve
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-------- SPOC —+— P-SGOC (Section 4.2) —+— BanditQ
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Fig. 4.1: Reproducing the simulation setup from Sinha [Sin23]

The proof details can be found in Appendix 4.6.3, and rely on standard change-
of-measure arguments. Theorem 4.8 indicates that a targeting policy must pay
at least /T for the “non-targeted” objective. We furthermore observe that the
upper bounds on V2°¢ and R3¢ obtained in Section 4.3.2 match the lower bounds
of Theorem 4.8 up to logarithmic factors that do not depend on (A, ). Finally,
Theorem 4.8 also confirms that the factors u,;l in the upper bounds on R are
unavoidable for V-targeting policies.

Practical Results

Experiments

The experiments can be reproduced using the code, available online?. As highlighted
in Section 4.1.2, only a small fraction of the literature is directly applicable to our
setting. Thus, we benchmark DOC, SPOC and SGOC in terms of excess-regret and
constraint violation with BanditQ [Sin23] and a primal-dual algorithm by Slivkins
et al. [SSF22]. However, we present our results for the latter only in Appendix 4.7,
since we did not obtain good performance with this algorithm. Additionally, for fair
comparison with BanditQ we also consider the following long term metrics:

K T
Rir(w,N) =Y AyEyx [Z(pk,t - ]92)1 , and

k=1 =1 N

K

T
VL0 ) = 3 [z@z - pk,tﬂ
k t=1

=1 +

https://github.com/DBaudry/Revenue_guaranteeing_bandits
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We replicate the experiment presented in [Sin23]3, using 200 seeds and with T
varying in [102, 10%], reporting 10 values for non-anytime algorithms. We compute
the excess regret and constraints violation as well as their long-term counterparts
and display the result in Figure 4.1, averaging the values across seeds. Error bars
represent the first and the last decile.

As predicted by our analysis, DOC has small excess regret and square root violation
while SPOC exhibits constant violation and square root excess regret. SGOC exhibits
O(\/T) excess regret and violation (see Figure 4.3 for better resolution) but still
achieves lower excess regret than SPOC and lower constraints violation than DOC. In
this example, we also observe the transition of SPOC from optimism to pessimism,
making the long-term violation converge to 0. In Appendix 4.7, we further study the
impact of p) on the performance of the algorithms, confirming at the same time our
previous observations.

If we consider more specifically the long-term metrics, BanditQ seems to converge
to 0 regret and to constant violation. However, simulations with different problem
parameters available in Section 4.7 show that BanditQ exhibits positive regret on
some instances, and positive violation on others, contrasting with the predictable
behaviour of SPOC and DOC.

With long term metrics, SGOC seems to be the go-to approach, reaching both very
small long-term regret and violation. It is not clear that these quantities still scales
in v/T. This observation motivates a closer investigation of the performance of SGOC
w.r.t. the long term metrics. Unfortunately, providing a tight analysis for SGOC may
be intricate, because the mean estimates (i (t))re[x) are not independent of the
trajectory. For this reason, we introduce a phase based algorithm called P-SGOC,
in order to mimic the long-term behavior of SGOC. We describe and analyze this
algorithm in the next section. Observe that P-SGOC seems to follow closely SGOC in
the presented experiment.

Greedy Algorithms

We start by elaborating on the theoretical performance of SGOC. It is clear that,
given the same sequence of observations, it holds that p°¢ < piS’° < p’’°. Hence,
by following closely the proofs we can show that the upper bounds obtained for
VROC (Theorem 4.4) hold for V5S¢, and similarly that the upper bound obtained for

R5PC (Theorem 4.5) hold for R5%%C. This leads to the results presented in Table 4.1.

3K =5, u = (0.335,0.203,0.241,0.781,0.617) and A = (0.167,0.067,0, 0, 0)
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Although the scaling in 7" and the problem parameters (\x, ux)re|x] is the same,
smaller multiplicative constants than Cj and C presented in the two theorems can
be obtained. This is simply because the proof can involve tighter confidence intervals
(since the greedy estimates do not use confidence bounds). This is on par with
the simulations presented in the previous section. We now focus on the long-term
metrics, providing a refined analsis for an algorithm inspired by SGOC.

SGOC with phases In this part, we assume that the horizon T is known, and that
the means are bounded by 1 for simplicity*. P-SGOC proceeds in four phases. The
first two phases are used to build a target allocation p = (Py)re[k]- The first phase,
of length > %T, provides a rough estimate of (pj), that is then used to calibrate
the length of the second estimation phase. In the third phase, P-SGOC serves the
constraints by ensuring that p, 7T samples are collected from each arm k. Finally,
UCB plays for the remaining time steps. We provide a detailed pseudo-code in
Section 4.6.4 (Algorithm 9). In the exact implementation of P-SGOC, we carefully
tune the length of phase 1 and 2 to ensure that the algorithm goes to phase 3 with
high probability. Furthermore, using two estimation phases allows P-SGOC to obtain
(again, w.h.p.) an uncertainty on the estimate of pj on par with SGOC (for which
the errors depends on N, (t) = Q(pjt) w.h.p.). For these reasons, we believe that
P-SGOC is a good proxy for SGOC.

We now present the long-term guarantees of P-SGOC, assuming for simplicity a
positive feasibility gap and only positive revenue guarantee.

Theorem 4.9 (Long-term excess-regret and constraint violation of P-SGOC). Assume
that mingec(r) A > 0, that py > 0, and that maxeg) pir < 1. If the distributions are
o-sub-Gaussian then P-SGOC satisfies

K 2
limsup RY < 243" A, , and  limsup V¥ <0 .
T—o0 k=1 Mk T—o0

The results are stated in an asymptotic formulation to simplify their interpretation.
The detailed proof, with explicit bounds, is available in Section 4.6.4.

By Theorem 4.9, P-SGOC asymptotically satisfies all the long-term constraints in
expectation, and achieves constant excess-regret. This result is of course much
stronger than what we obtained for the per-round metrics with SGOC, proving that a
“greedy-optimistic” have merits if long-term goals are also considered.

“otherwise, a short preliminary phase can provide a crude upper bound on each mean.
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4.5

Conclusion

In this paper we tackle a Multi-Armed Bandit problem with guaranteed per-arm
revenue. Setting the per-round satisfaction of the revenue constraint as the main
goal encourages the design of policies that switch between pessimism and optimism
for the constraint estimation. This approach achieves strong theoretical guarantees,
even for difficult problems with small feasibility gap. Numerical experiments support
these findings, and further reveals the strong long-term performance of a greedy
approach. Further theoretical results indicate that greedy outperforms pessimism
under new metrics defined for long-term satisfaction of the constraints, by achieving
constant regret and no violation.

In future works, extensions of MAB with revenue guarantees could be considered.
The contextual setting [SSF22] is a natural extension but challenging as it is currently
unknown whether a (DO) algorithm can get both O(+/T) excess regret and constraint
violation. Another promising direction would be to extend the hybrid approach
presented in this paper to handle more complicated constraint structures. For
instance, a legal contract may specify the policies that should be targeted, whether
some constraints are feasible or not, or depending on some problem parameters.
We could then design algorithms with multiple switches depending on their own
evaluation of their location on the decision tree.

Technical Lemmas

In this section we formalize and prove the results presented at the beginning of
Section 4.3 on the regret caused by the base bandit (Lemma 4.11) and the sufficient
sampling of each arm (Lemma 4.12). We also provide in Lemma 4.14 a simple result
used to derive the constants presented in the two previously introduced lemmas.

In order to assess the generality of the approaches presented in this paper, we prove
the aforementioned result under the following Assumption 4.10, more general than
Assumption 4.3.

Assumption 4.10 (Confidence sets). For any ¢ > 0 and collected data H;_ 1, the
target allocation can use a confidence interval [LCBy, +, UCBy, ;| satisfying

1

P (p1x € [LCBy, UCByy)) > 1 — #2(1+c)

4.5 Technical Lemmas
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Furthermore, there exists a constant C' > 0 such that

log(t)

UCBr — LCB; < Cy| ————"—.
k.t kit X Nk(t — 1)

4.9

Indeed, Assumption 4.10 is not only satisfied by sub-Gaussian distributions, but
by more general exponential families of distributions, and can also be applied to
some families of heavy-tail distributions by building the confidence intervals with
appropriate robust estimators (see e.g. [BCL13]).

Lemma 4.11 (Excess-regret caused by UCB). We assume that the confidence bound
used by UCB satisfy Assumption 4.10, and use the notation p = (pi)re[x] for some
arbitrary py, > 0. Then, for any time step t we denote by UCB;; the upper confidence
bound used for arm j, and define B, = {Vj € [K] : p; < UCBj.} (optimism),
and Nj+ = {Ni(t) > pit} (sufficient sampling). Then, the number of pulls of any
sub-optimal arm k by UCB under B; and N, ;1 satisfies

2 c?
3C”log (3 \% pkAi>

_ log (T’
E ZI(AH—I :kt:katka,t—l) gNk(T) = — A2 /\C2$/\T'
3C? log <3VPC:2 )
Furthermore, for large enough time horizons this bound becomes m = 5o A? ok
k

if pr. > 0, and CQlOi# otherwise.
k

Proof. Let us start by fixing a sub-optimal arm & and considering E [Zle I(k; = k, By, Dy, Nk,t,l)] .
with D, = {A;y1 = k}. First, the upper bound by 7' is trivial. Then, because the

base bandit is based on the UCB principle we have that if k&, = k then arm k has

the largest upper confidence bound among all arms. In particular, if B; holds then

UCBj,; > UCBy; > 1. We thus obtain that

{ki = k,UCBy; > m?xUCBN,Dt,Bt,Nk,t_l} C {k; = k,D;,UCBy 4 > UCBy ¢, By, Nis1—1}

C {kt = k, D¢, UCB) ;1 > p1, Be, Nipi—1}

log(t)
k= kD 08 BN
C{ki =k, Dy, +C Ne(t = 1) w1, Be, Nigi—1}
log(t)

= {kt = k,Dt, C 2 Ak7Bt7Nk,t1} 3

Ni(t—1)
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where we used Assumption 4.10 to upper bound UCBj; — . It is clear that the final

event cannot happen if Ny(t — 1) > CQloi#. Hence, C? loi(QT),

upper bound on the number of pulls due "Eo the base bandft, independently of the

provides the second

value of pj,. This result is standard for the analysis of UCB algorithms. Under N, ;_,
we can further prove that the base bandit will not cause pulls arm & after a large
enough time. More precisely,

2

_ N C
t > ty(pr) = sup {t EN: pt < A,%IOg(t)} = (ks = k, B, Dy, Niy—1) = 0.

3C2 log (3V11022)
Furthermore, using Lemma 4.14 we obtain that 4 (px) < Al ok , giving
the first part of Lemma 4.11. This concludes the proof. O

Lemma 4.12 (Sufficient sampling). Under Assumption 4.10, for any arm k € [K]|
there exists a problem-dependent constant 'y, such that if a policy = satisfies pf; , > ppy
at all time it holds that

3

400 * lOg (*13) —1 * 1
§:%<Nuw<iﬁ><rk=0 riri) ., ~loglwd) |, 1
t=1

*

Prbi Pk c

Proof. The proof is based on the following concentration result, that proves that the
sample size of each arm k is “close” to the sum of sampling probabilities with high
probability.

Lemma 4.13 (Application of Freedman’s inequality). For any §; > 0 and n € (0,1] it
holds that

t
Ni(t) = (1 —mn) Zpk,s — ;log(l/ét) with probability at least 1 — §; .  (4.10)
s=1

Proof. We apply Theorem 1 from [Bey+11] with the martingale difference (Xj),
defined by Vs < t, X; = I(As = k) — pi s, using that E[X?|F,_1] = prs(1 — pr.s)
Pk,s <L

N

t

A
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Using Lemma 4.13 with §, = t~(1*7%) and a parameter 1 € (0,1) (defined later) we
first obtain that

P (N < B0) < (Nk@) < (1= Y P - 7171og<1/6t>> +P ( Zpks - log(1/6) < Hhe )
s=1

1 ! *

L+ pk < Pi,
< t1+p* +P <( 77) Zpk,s - n log(t) X § .

s=1

Py

We then upper bound P, by analyzing different scenarios for the sequence (py, s)s<t-
We consider two events: & = {Nsc[r/4,4Bs} (ux belongs to the confidence intervals
for all rounds between t/4 and t), and the event {Ny(t/2) > n; == c log }. We
then obtain that

i 1+ pj s t
P, <P|(1-n) Zpk,s T log(t) < §t> Ny 5 = nyg, &
s=1

B

+P<M%é><m>+P@Q

We first upper bound _!_, P(&;) thanks to our assumptions on P(B;),

t=1

T 3 T t 3 +oo 1 12

YPE) <Y Y P(B)<12) < 4.11)
t=1 s:t/4 t=1

We then upper bound P;. We first remark that

EN{N(t/2) 2 ni}y = Vs € [t/2,t], prs 2 A’“( > % : (4.12)
log(s)
e +C Ni(s)

Using this result, we obtain the following deterministic upper bound
E < g ——((1-n)—-—""FIo <
t 4 n 1 g ]

T * & *
pit pit 14+p
<D I<§— (ZH 7 klog(zﬁ)) <0>
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We now optimize 7 to make this quantity as small as possible, obtaining n =

2 %. We can use this value only if » < 1, but remark that this check is
k

redundant with the indicator being 0. Indeed, we obtain that

Z ZT: (pkt VPR + pp)tlog(t) U2 (1+p,;)10g(t)>1>
t=1 —

pit
T
1
< I 1+ )) =1 .
=1 (10% ( Pk

Using Lemma 4.14 we further obtain that ¢t = O (7 108 (p) )

*

Py

It remains to upper bound 3.2, P (N (/2) < n;). We can use the exact same scheme
as before, with the significant advantage that n; scales in log(¢) instead of ¢, so we
can use a cruder lower bound on Zi/jl Pk,s to conclude the proof. We now define
e = {Nse[t/a,¢/2)Bs}, which provides

Usmg this result along with Lemma 4.13 for §; = T 1 —T3x; We now obtain that for any
€(0,1),

1 -
P (M (5) <m)<ai+p ( Zm = oy < nt,é};) +P(E).

Similarly as for 3" P(&;) we obtain that >2/_; P(£]) < &, and we also obtain by
choosing n = \/8%(/% + C'/log(t)) in Lemma 4.13 that

t
1+ A
Z P ((1 - 7’) Zpk,s - n b log(t) < nt,(‘:;)

<Zl(<1—n> A t—l“’“log@)@t)

px + C/log(t) 8 "

_ZI )\k E_ )\k(l—i-)\k)tlog() <n
= \ux + Cy/log(t) 8 2( k—l—C\/log =

T M t Ak (14 Ap)tlog(t)
< tzz:ll (Mk; + C/log(t) 8 2nt’> \/;l (uk—FC\/log 8 < 2\/2(Mk+0\/log(t))>
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that are both problem-dependent constants. Similarly to 9, an upper bound on
t and t7 can be derived explicitly thanks to Lemma 4.14, and again we used that
the value of n that we choose is valid for ¢ > ¢} V t7. We thus easily obtain that

3/2 32
th=0 (Aklu,i log (@) ) and t? = O (/\1 log (i) ) . A summary of all the

results obtained so far finally leads to

+oo *

t 1 1 20
ZP<Nk(t)<pk)gfk::tg\/t,lg\/ti+ —+— +=. (4.13)
= 8 Pr Ak c

N—_——

T
Doy (6e467)

If ¢ is not unreasonably small, the “characteristic times” (t,);c[3) dominate this bound
pj, and/or py, are small. Thanks to Lemma 4.14, we obtain the scaling

3/2 3/2
1 1 1 1 —log(p* 1
[y =0|—575log| 5 V——log | — \/%\/f ,
Pl Pty Prtok Prlk by c

and remark that the second term can be removed without changing the result.

Lemma 4.14. For any a > 1, the mapping f. : * € [(a+2)%V3, c0) + sup {t eN: 1ogft)a < x}
satisfies
fal) < (@ +2) x log(z)*s.

Proof. We start by remarking that the function g(z) = W is strictly increasing

for all x > e“. Now, consider a value s = Axlog(x)® for some A > 0, such that

s > 3V e®. By the monotonicity of m, we have that
t>s= > i =z X Alog(x)o‘
(log(t) = (log(s)~ (log(A) + log(x) + alog(log(z)))" -

Then, for z > A > 3, it holds that log(A) + log(z) + alog(log(z)) < (a + 2) log(z),
so we can simply choose A = (o + 2)® to obtain the result.

All that is left is to verify that for this choice, s = (a« + 2)* x log(z)%x > 3 V €%, but
this clearly holds for all z > 3 and « > 0. O
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4.6 Detailed Proofs

4.6.1

In this section we prove all the main results presented in this paper.

Proof of Theorem 4.4

We recall the theorem before detailing the proof.

Theorem 4.15 (Upper bounds for DOC). Under Assumption 4.3, the excess-regret of
DOC satisfies

RDIC i (Ak Ny —I—Fk))

alog(T) K maxy Ak
_|_
Ag 1+e¢

I

where a, m and T’y are respectively defined in Equations (4.5), (4.6) and (4.7). If
maxy, Ar, < AT for a fixed AT € R it furthermore holds that R2°¢ = O(\/KT log(T))
(pb. independent bound).

Moreover, there exists an absolute constant Cy such that the constraint violation DOC

K max
DDC k MUk
< Cy E \/piT log(T') + E ML + ———mm T1c¢

and V2% = O(K /T log(T)) (pb. independent).

satisfies

Proof. We divide the proof between the upper bounds on the excess-regret and
constraint violation, starting with the excess-regret. As for the technical results
of Section 4.5, we write the proof under the more general Assumption 4.10, and
instantiate the constants for Assumption 4.3 only when the final results are derived.

Upper bound on the excess-regret We consider the events N ; = {Nj(t) > pyt}

for some (pk)re(x), Br = {Vj € [K] : p; € [LCB;+,UCB;4]}, and Dy = {Ap1 = ki)

4.6 Detailed Proofs
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Ak

UCBy to

Let us fix a sub-optimal arm k. For any time step ¢, we use that pp’ <
obtain that

E[(

p Dt _pk) ]
E[(02% — pi)+ /(N p—1, Br)] + P(Niy—1) + E {pDOCKBt)}

( pZ) (Nk,t—h Bt)

UCBy.;

E[1(k = by Nii—1, By D)) + PWi1) + E [pR5F1(By)|
(ke = K, Nig—1,B1, D)) + P(Nig1) + E [0R%1(B))] -

We emphasize that due to the optimism under B, this equality holds for any choice

of (Pk)ke(k]-
Now, we first obtain the term %"’;Ak by upper bounding the following term,

T K

SN AGE [prgl(B)] < Z max AP(B)) (4.14)

t=1k=1

K maxy Ak
< K Ay =—""T"2 1
(; 5t> max Ay T+ e (4.15)

We then obtain the first-order term of the result by using Lemma 4.11 and Lemma 4.12.
We now consider two different choices for (pi)ic(x] to bound the two remaining
terms.

Case I: py, = %. We can use both lemmas and obtain that Vk € [K],

T

S (E NNk = b Nis 1,50, Do) + PRis 1)) < Vi + T

t=1

where N} and T, are respectively defined in the statement of Lemma 4.11 and of
Lemma 4.12.

Case II: pj, = 0. For this choice, (N},) always holds (P(/\_/'k7t) = 0), and we complete
the result by using Lemma 4.11 to obtain that, at the same time, this quantity is also

bounded by aloi(QT ), for some o = C? (with C defined in Assumption 4.10).
k

Moreover, this second upper bound by alog( ) also guarantees the standard O ( KT log(T))
problem-independent bound, which is dlrectly obtained by taking the maximum

between the logarithmic bound and the trivial bound by 7. We remark that the
K maXpg Ak

upper bound A™ on the gap is necessary to upper bound the term ="
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Constraint violation To upper bound V2°¢

, we consider any arm k € [K| for which
Ar > 0. We again use the events N, ; and B, that we used to upper bound R, so

that under B; the UCB allocation is feasible. We first write that

T T T T
>~ mE (i =%+ < ZNkE[pk; DR N1, B) |0 Y- P W) i Y E [piH (B
t=1 t=1

t=1 t=1

We upper bound the second order terms using Assumption 4.10 and Lemma 4.12,
obtaining (similar to the proof for the excess regret) S°K A\, T';, + % when
summing over the k arms. For the remaining term, we use Assumption 4.10 to write

that

T T
UCBg,+ — pk
< E E (N, By | < E ME I(Nei—1, B
t:1uk { pkt) ( kt—1 t] t:1Mk k l(UCBktxuk> ( kit—1 t)]

T

L
<D i Og;t

t=1

which concludes the proof for the problem-dependent bound, with Cy = 2/8C.
Under Assumption 4.10 we can define C' = 2,/6(1 + ¢), which further provides

Co = 16+/3(1 + ¢).

For the problem-independent bound, we take another path that do not use the
events N, since the scaling of I';, provided by Lemma 4.12 does not allow us
to recover the desired bound. We use that the value of UCB;; is determined by
(fikn)nen (empirical average with sample size Vi, (t — 1) = n), t and the confidence
level ¢;. Since the confidence level is increasing with ¢ and ¢;, we can claim that
there exists an absolute constant D such that

__ log(T . e 1
Vt € T ,UCBy; < UCB(Nj(t—1),T) == px+D ﬁ with probability at least 1_T .

Ni(t—1)
We denote by B the corresponding good event and pj,; = m, and write
k\t—1),
that
T
ZﬂkE [(pz _pkt } ZMkE { D, —25205) }
=1
T —
>~ mE |(0h = B)+1(B)] + TyuiP(B)
t=1
T __
UCBL(Ny(t — 1),T) —
e K By (Nt~ 1).7) uk> @) s
=1 UCB(Nk(t —1),T) X pus )
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Sk £~ UCB(Ny(t — 1),T) || Ni(t —1)

Zr

[(B)| +pu -

We further upper bound Z7 using a union bound on N (¢t — 1),

Lo [k log(T') _
Zr <E [;; T - A(Ni(t = 1) =n,B)

D log(T) _ [«
P END Nkt —1)=n,B)| .
“—= UCB(n,T) n p—
Without loss of generality, we assume that n > 1; the case of n = 0 is taken care of
by sampling each arm once at the beginning, which would not change any of the
results.

Notice that the sum in the expectation is the number of rounds since we get to
Nk (t—1) = n until we play arm k another time and move to Ni(t—1) = n+1, under
B. We use again that under B, for all time steps ¢ the sampling probability of k is
larger than ji;(t) = g2 when Nj(1—1) = n. Thus, E (L Ny (t = 1) = n, B)]
is smaller than the expectation of a geometric random variable with probability

2 We hence obtain that
UCB (n,T)

T
1225
Zr < —
2 G )

Multiplying Z7 by Dpj;, we then conclude that
T
>k [pf — ] < 2Dy/log(T)T
t=1

which gives the problem-independent bound of O(K /T log(T') when summing over
the K constraints. O

Proof of Theorem 4.5

We recall the theorem below.
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Theorem 4.16 (Upper bounds for SPOC). Under Assumption 4.3, SPOC satisfies

Ve L V2PC as well as

log p/\ \/e
V=0 ,/KD,\ "

log(eV(X;pu;)~1 .
where Dy, = max M. Moreover, there exists an absolute constant

JEIK]:A; >0 AjHg
C7 > 0 such that

27

SPOC us p;;T lOg(T) N
REC LI A | O £ Ny(T) + 20 |

where N (T) and T, are resp. defined in (4.5) and (4.7).

Proof. We decompose the proof in two parts, starting with the per-round constraint
violation. We again write the proof under the more general Assumption 4.10, and

instantiate the constants for Assumption 4.3 only when the final results are derived.

Constraint violation: By design, SPOC uses the UCB target allocation if the LCB one
is unfeasible. Hence, it directly holds that

Vk € [ ] pSPtDC pZDtC = VSPOC VDDC )

This gives a first part of the result. We now consider the refined upper bound
for problems with positive feasibility gap. Assume that p) > 0, and denote by
G = { jK 1 LC)]\?; < 1} the event that the LCB allocation is feasible, and by B; =
{Vj € [K]: p; € [LCB;;,UCB,,]} the event that all means are well concentrated. We
further define N; = NN, == N;{N;(t) > p;§}, and first write that for any arm &
with \; > 0 it holds that

T

t=1

We can upper bound the last two terms similarly as in the proof of Theorem 4.4.

Using Lemma 4.12 and Assumption 4.10 we obtain that

- S Y d 2 i Kmaxk K maxy, pi,
> <Ak > PN + i) E[pﬂ(Bt)]) SIDIPY Z Ty + . (4.16)
j=1

k=1 t=1 t=1
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Z,UkE Pk — Prt)+ Z/%E Ph = Pit)+ VN1, B+ A Y PN + g Y E[ppl(By)]
=1 =1
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where we used a union bound to derive the first term. We now consider the first-
order term of the result. Again, we use that by design p*’° > ppf for any k, t. The
result comes from using the same proof as for DOC up to a characteristic time ¢,
depending on p) and other problem parameters. We start by writing that

T

VE = 3 B [(pf = pra) 1M WNim1, Bo)] < 3 i [(0f = PENGY) + PREN(G0)) | (Ni1, By

t=1

-+
Il ~
—

=

m

I
Mﬂ

B [(0f = )11 (Ne1, B, G| -

I
I

Then, we use a simple property to introduce p, in the analysis: if Vj € [K] :
, 153 (t) = (1 — px)p , then the LCB allocation is feasible and G; holds. Combining
this property with B; and N;_1, we obtain that the events considered cannot hold
simultaneously when ¢ is larger than a problem-dependent constant, formally

1
t>tp:—sup{t€N: JjelK]: C SOpg(t) p,\,uj}. 4.17)

24C2
By Lemma 4.14, we furthermore obtain that ¢, < max;¢ g PADVALL We can thus
write that

7 < :f;uke (0 = PR%)+ 1 (Nim1, By)|
<C Z log (as in Theorem 4.4)
< 20\/m
2 * 2
< s (i)

Remarking that for (z,y) > 0 it holds that x + y < ((y V 1)(1 + z)), we can further
write that

FVy o (;2> x 11202
A
VE <5602 x — Y max J ;i (1 +log ( )) (4.18)

Ajitks
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and finally using that 3", \/pf < VK we get

log (Pli \% e>
<

K
vkt " 2 /KDy,
kgl T P A

where D, , is explicitly defined in Equation (4.18). This completes the proof
regarding the constraint violation.

Excess regret: Let us consider again the events B; = {V;j € [K]u; € [LCB;+,UCB, ]}
and NV, = {Ni(t) > %t}, Dy ={A441 =k}, and G, = {Zk:wk?tB < 1}. We re-use
our results for the LCB allocation, remarking that

K

REPOC Z ALE [(pi‘}“ — i)+ 1(Be, Nii—1, gt)}
k=1

SLCB
Ry

K
+ ) AE [(PZ?tC — i)+ (I(BtaNk,t—1>Dt) + |(Bt,Nk,t—1))] :
k=1

R0
With the same arguments as for the proof of Theorem 4.4, we first obtain that

K
jégpc < 2{: Ay (Zifk(i”) %—Ijk) .
k=1

It remains to upper bound the term ﬁLT‘CB. We first remark that if p, = 0 then the
LCB allocation is unfeasible under B; so R5®® = 0. Let us now consider the case
px > 0. Since lower bounding the number of rounds for which the LCB allocation is

feasible is intricate, we simply drop the event G; in the rest of the proof after using
that

ptr, — LCBy ¢
(R =) NG <pi |~ ) V1
LCBy,

so that we can now work with the confidence intervals. Under NV}, and B;, we
are sure that LCBy , > 4 if

8log(t
t>t,(1/2) ::sup{SEN: C Of()2'uk} .
it 2
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4.6.3

122

We remark from the proof of Lemma 4.12 that this term is one of the component
of I'y, so for simplicity we use ¢;(1/2) < I'; in the statement of Theorem 4.5. We
hence obtain that

T
Z 2E [pz <M€_LCB“) I(Btka,t—l)} .

K K
REP <D AT+ ) Ay
k=1 k=1 t=t,(1/2) Hk

Rt
Finally, using Assumption 4.10 we obtain that
K

T %
Ry < Z A, Z 20& 810§t(t)
k=1 t=ty(1j2) PRV Pk

KA
<40 > =E [8prTlog(T)
=

which concludes the proof, obtaining that C; = 4C'v/8. Under Assumption 4.3, since

C = 2,/6(1 + ¢) we obtain that C; = 32/3(1 + ¢). O

Proof of Theorem 4.8

We recall from Definition 4.7 that Iz denotes the set of R-targeting policies (R =
o(v/T)) and ITy denotes the set of V-targeting policies (V7 = o(v/T)). We prove the
following result.

Theorem 4.17 (Lower bounds). Consider A € RX and a bandit v € FX with means
(k) ke(x]- For any policy m € Ilg, it holds that

Y(v,A) € C, limsup Vi, A) > L

T— 00 /sz(y’ )\) = 2\/5 )

and, for any policy m € Ily it holds that

[l 1
Y(v, A) € C°, limsup RE(@ ) >

T—oo Hik Tpi(v, \) 2\/e

Proof. Let us fix a set of parameters (A1, ..., Ax)er+)x. We start by proving the first
statement, assuming that the bandit regret under the policy = € II is dominated
by VT asymptotically for all problems. We fix a bandit instance v € F and, for
simplicity, let us consider an arbitrary arm with constraint parameter A > 0. In the
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following, we assume w.l.0.g. that the selected arm is arm 1 (up to re-indexing the
arms and constraints).

Then, consider another bandit instance v/ € FX, where the distributions of the arms
in (v,) are the same except for arm 1. To keep simple notation, let us now denote
by v and v/ the distribution of arm 1 (only) under the two models.

Let u = Ex.~,[X] be the expectation of this arm under v. Then, choose v/ € F to
be absolutely continuous w.r.t. v and such that Ex..,/[X] = u + € for some ¢ > 0.
Assume that (A1, ..., Ax) are such that the problem is feasible under v (by extension,
it is feasible under v’). We further denote by p; the sampling probability of the
selected arm at time step t for a trajectory under 7, and use the shorthand notation
Py = % and p}, = o +E We consider the event

= {mm <)

The result follows from a standard change of measure argument. We first remark
that

T T -
€ holds under v = ; Dy — Pt)+ ; )\m )
and similarly that
T T -
€ holds under v/ :;pt ) Z:l > )\Q(M+5) (H‘F%) .

We use the Bretagnolle-Huber inequality (see e.g. Theorem 14.2 of [LS20b]),
=it

T
+ Eu’,7r [Z(pt - p;’)+|<8)‘|

t=1

T
Ez/,rr lZ(pZ — ‘| + Eyl

t=1

62

By Assumption 4.3, as v and v/ are sub-Gaussian it holds that D(v,v') > &
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T T —Eyx[N1(T)]5
A exp (—Eux[N1(T)]5
Ev [Z(PZ —Pt)+] +Evr [Z(Pt —Py)+| 2 52T ( 5 )
t=1 t=1 K 1+ 5)
I
B(T)

We now consider the properties of B(T,¢) for small values of ¢ and large val-
ues of T. Since 7 is an admissible policy (Definition 4.6), it must hold that
liminf E, »[N1(T)] > p,T. Hence, for T — oo and ¢ — 0 we have ¢B(T,¢) ~
ee_pzTé, which is maximized by choosing ¢ = (p’;T)_%. This choice provides
B(T,e) ~ e~'/2. To complete the proof of the first lower bound, we use that 7 is

B/ n [ZtT:l(pt —p3)+]
VT

‘R-targeting so — 0. Hence, the scaling in /T must come from

the contribution of arm 1 to V7 (v, A). Furthermore, we obtain an asymptotic rate of
1
ONGA /Tp%.

We omit the proof of the second statement of the theorem, since it consists in the

exact same steps. The only subtlety is that we now need to assume that v satisfies
pa(v) > 0 (as indicated in the statement), so that for ¢ > 0 small enough the
relevant alternative problem v/ (such that E X~w) = M1 — €) can be feasible for ¢
small enough. Furthermore, the event of interest for this part of the proof becomes
&= {Zthl Dt = ﬁT }, so that we can lower bound the excess regret suffered by
arm 1 under the assumption that 7 is V-targeting. O

Proof of Theorem 4.9

In order to make the presentation of the proof of Theorem 4.9 clearer, we detail in
Algorithm 9 the implementation of P-SGOC.

We then recall the theorem, before proving it.

Theorem 4.18 (Long-term excess-regret and constraint violation of P-SG0OC). Assume

that minge(r) A, > 0, that py > 0, and that maxye (g . < 1. If the distributions are
o-sub-Gaussian then P-SGOC satisfies

K 2
o
lim sup REF < 24 E — Ay, and  limsup VIF<o.
T—o00 k=1 Mk T—o0

Proof. We start by defining the favorable high-probability events that guarantee the
performance of the algorithm.
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Algorithm 9 Phased Safe Greedy-Optimistic Covering (P-SGOC)

Input: A\ = (A\q,..., \g), time horizon T’
Set Sk ={k € [K]: A\ >0}

Phase 1: (Initial estimation)
for k € Sk do
Collect N} = ’\T’CT samples (71, ... ,rkyNé) > Total phase duration < 7'/4 if
feasible e )
Compute pf = N% vajl Thi > Crude estimate
k
Store data in H;
end for

Phase 2: (Refined estimation)
for k € Sk do

P S PV T
ify >, (6;5\1 v 2’) T < 5 then
J

N2 = <6% M7 > Typically N2 = (;\TﬁlT
J k
else

Nz:% |>A1waysN,§>’\7’“
end if

Collect N samples (rg1,2, .-, 75 2 2)
) N? . .
Compute 417 = 1= D ity Thii,2 > Refined estimate
k

Store data in H.
end for

Phase 3: (Target allocation)
for k € Sk do

ifozl%glthen

N = <’\A: - W) T > Target total ’\T’;T
My + My

Compute UCB? such that P(UCB? < ;) < + forall j € [K]

N} = < Ap NliTrN’?) T > Optimistic fallback

UCBZ
UCB2 i

end if
Collect N} samples from each arm k € Sk via round-robin (stop if T is reached)
Store data in H3

end for

Phase 4: (Regret minimization)
Play UCB using H; U Ha U H3 until horizon T is reached > Final phase with base bandit
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Success events We con51der events that ensure that the algorithm goes to phase 3
with a good estimate 2. First, we use that if for an arm j the estimate ,u] is well
concentrated it is possible to collect Nf = Q(p;T) samples from this arm. More
precisely, we have that

G = {Vje[K}: il e [2§J QMJ}}:>VJ'E[K]: N?e szszjTl .

In particular, under G; the algorithm goes to phase 3 with a number of samples for
each arm that is a fraction of their optimal allocation. Furthermore, the number
of pulls of arm k£ in the third phase is positive if /T% < 2ug. Considering that we
also would not want the sampling probability in the third phase to be too high, we
naturally consider the second type of good events,

-5 1
Vk: Gi = {,u% € [2/11{,2/%}} ’
so that under G = G! N G? the algorithm collects %T samples for arm k, and
k

2 < P
N2 > BT

Before upper bounding the two metrics, we first provide an auxiliary results that
will be used to prove both statements. We upper bound the probability of the bad
event, as follows

<3 {p (e [2on]) oo (7 e o] 7 < (%))

< {r (0 Pon]) (e [pan] v )

Jj=

.

All the terms can then be upper bounded using Hoeffding’s inequality, so we obtain
that

2
AT (2 AT 2 P} 2 v}
5 ~ % ( 33) ~ 557 (215) “ 54,7 T(315) 240 T(25)°
J + J +e J +e

(4.19)
Then, before proving the statements we can also remark that (1) for the long-term
metrics the quantity of interest for the analysis is E |37, p}; SGOC] and (2) that for
deterministic algorithm we can consider the expected number of pulls of each arm
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instead of the sampling probabilities. Indeed, we can write a phase decomposition

as follows

T 4
E [ZPE}SGDC] = E[Ni(T)] = > _E[N}]
t=1 s=1

where N} denotes the number of pulls of arm k in phase i, for i € [4] (set to 0 if
P-SGOC does not reach this phase).

Upper bounding RY  Under G, the algorithm goes to phase 3 and plays the greedy
allocation obtained at the end of phase 2. Further using that G ¢ ¢’ .= {N}? >
%T, u3 > py/2} (as explained above), we can then upper bound S E[N]] as

follows,
4
S EIND)] < TE | 2 1(@) | +TP(G) + EINVHT)N(G)
s=1 M
= TPiE |5 < 1(¢) | +TP(G) + EINHTIG)] -
M
At

The upper bound of Equation (4.19) indicates that lim 7P(G) = 0. Then, by a
direct adaptation of the proof of Lemma 4.11 we can also obtain that, since Ay > 0,
Tlgl;o E[NA(T)I1(G)] = 0. Hence, for a large enough horizon T excess-regret can only
be caused by the term Arp.

We then rewrite At in the form of a bias and variance term as follows,

Ap =E 1+}i—#k><|(g/)
L Pk
o, () 2
S N = L N 1(G")| , since ! —l-z+-—forz> 1.
Mk 1+uiﬂ;kuk l+x

Then, we use that for any sample size n it holds that E [/Z,%I(/;,\% > /2, N = n)} >
. (the estimate is positively biased by G’), so the bias term is negative. We can thus
further upper bound A7 by
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o~

2
(;u'k 'U'Ic)
Ap <14+E|~21(G)

B =l
1 Pr R
T

2
<1+2E (M’“ uk) 1 (G') ,since@,)%
M

2 XE[@%—M)QI<N ngﬂ .

<1+ =
1,

Then, for the simplicity of notation we denote by ji; , the mean estimate corre-

sponding to N? = n. Using that the sample size and that the variance of the mean
estimate are independent, we obtain that

e [(@ - )1 (M2 = )] - S PV? =[G — )’

We then obtain the desired constant by multiplying this upper bound by 2’95—;, which
k

proves the upper bound provided on RY: P-SGOC suffers constant regret when

ming A > 0.

Lower Bounding VX We now lower bound E[Ny(T')], and consider the successful
event G;. Under this event, we are sure that the duration of phase 2 is no more than
T'/2 rounds, that the third phase occurs and that the mean estimate of each arm
j used in phase 3 is computed with at least T samples. We furthermore define

J = EJK=1 % < 1 the event that the greedy allocation proposed at the end of

phase 2 is feasijble. In this part of the analysis, we omit phase 4 for simplicity, as well
as the case when 7 holds. Indeed, since we assume that p) > 0 and we consider the
asymptotic problem-dependent bound, we can avoid considering the cases where
the UCB allocation is played. Hence, we simply consider the following lower bound,

E[NL(D)] > E [ (N} + N + N¢) 1(G..7)]
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>TE

ﬁl (J, gl)] .
T4

—~—1

In general, there might be a problem of definition for x2 ~ (that can technically be
negative or infinite, even though p,, is assumed to be positive). However under J
the greedy allocation is feasible, which is possible only if yi2 > A\, > /\—2’“ We can thus
use that

A A
%I(jagl):/'i )\k -5 I(jvgl)a
i Nk+(7k_ﬂk)+

which is a convenient re-writing because the right-hand term is now well-defined
even when ignoring the events .7 and G;. Using also that under G; it holds that
N? > 35T, we obtain that

A
E[NW(T)] > TE | =1 (. G1)
_“k+<7 :“k:)+
—TE Ak I(J,gl,N,bp’“T)
2 A 2 12
Mk+(2 Nk>+

Y 5 (32 = 1) -1 (720))
+

N> BT | o7 (P01 + P@GY) -

We then prove that the probabilities corresponding to 7 and G; are negligible
asymptotically. First, we can upper bound TP (Ql) by (4.19) (only the first two
terms of the r.h.s. are necessary). Then, we similarly upper bound

*

_ - K o
TP(J,G1) <TP (3j: A > 0and 2 < (1 - pa)py, G ) < TY ez’ g
j=1

Y
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which is again negligible asymptotically, because p) > 0. We can thus focus on lower
bounding Br, and use the independence of N? and fi; to write (using the same
notation fix,, that we used when upper bounding R%') that

ke
Br = piT Z P(N? =n)E N (7 - )
n:%T /-Lkn /'Lkn n
X 2 1 e
= pipT Z P(N;=n)|1- /TE [k — pr) — ﬁE o~ Hkn
nzﬁT "
12
1 Ak _
=piT Y P(Ni=n) (1 - ﬁE [(2 _Nk,n) D
n:QT -

* *
T (1 —P (N,? < ka» | Pkt
12 2
* *
T( -P (Nk I;ST) p2ke 960 QTV)) .

We finally upper bound P (N 2 < %T) < P(G1), that we can again upper bound
thanks to (4.19). We finally obtain that By ~ p;T when T' — +o00. Combining all
the results developed in this part, we finally obtain the second statement of the
theorem: when p) > 0, P-SGOC suffers no constraint violation asymptotically.  [J

Additional Experiments

In this section, we provide additional experiments to further support the results
presented in Section 4.4.1. We first consider different value for the feasibility gap px
on a synthetic experiment with fixed distributions. Then, we redraw the Figure 4.1
presented in the main text but look only at the performance of SGOC to illustrate
its behaviour with respect to the horizon T with better resolution. Lastly, we plot
the results we obtain with the approach of [SSF22]. All code is written in python.
Computations were run on a cluster with 10 cpus and 100 GB of RAM.

Impact of the feasability gap p)

In Figure 4.2, we study the impact of the feasibility gap p) on the performance of
SGOC, DOC, SPOC, BanditQ in terms of violation V; and excess regret R and the per-
formance of SGOC, DOC, SPOC, BanditQ, SGOC, P-SGOC in terms of long term violation
Vr and long term excess regret RE:T. We take K = 3 arms, p = (0.8,0.9,0.7) with
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the feasibility p, varying in {0, 0.1,0.5,0.9} and the horizon varying in [102, 105]. We
set A = (1 — py)/K. We take 200 seeds and report the mean value across seeds.
Error bars represent the first and last decile.

When p) = 0, SPOC, DOC and SGOC behave like DOC and therefore have low regret
but a constraint violation in /7. Looking at long term metrics, we see that all
algorithms have low regret and positive fairness violation. BanditQ seems to get the
best trade-off in this setting.

As the feasibility increases, SGOC, DOC, SPOC, and SGOC behave similarly as in the
experiment in Figure 4.1 in the main text. In particular, we observe when p) = 0.1,
the transition from optimism to pessimism of SPOC yielding a v/7T regret but constant
fairness violation. SGOC still has excellent performance with respect to long term
metrics. The difference is the behavior of BanditQ. When p) > 0, BanditQ seems to
have high long term excess regret but low long term violation. This is the opposite of
what was observed in the experiment in Figure 4.1 in the main text. Such behaviour
contrasts with the predictability of approaches like SPOC or DOC.

The regret and violation in /T of SGOC

We redraw in Figure 4.3 the plot in Figure 4.1 but displaying only the performance
of SGOC. We observe that the regret and constraints violation of SGOC evolve as /T
as expected from the analysis.

Results with LagrangeBwK [SSF22]

In Figure 4.4 we consider the same simulation setup as the one in Figure 4.1,
including the LagrangeBwK algorithm from [SSF22]. We observe a linear constraint
violation, showing that this implementation of the algorithm does not seem to
converge to an optimal allocation for the problem and time horizon considered. We
used the learning rates suggested in [SSF22], and for completeness we provide the
implementation that we used in the supplementary material.

4.7 Additional Experiments
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0-2_><103 Rr 3_><1(J3 Vr 1‘0-X103 RET x103 ViT
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0 50 100 0 50 100 0 50 100 0 50 100
Horizon (T) x10° Horizon (T) %103 Horizon (T) x10° Horizon (T) x10°

D O,

Fig. 4.2: Simulations with increasing feasibility gap p,. The plots in each row uses a
different value of p,, the plots in each column represents a different metric.

— SGOC
x10  Rr x10°  Vr <100 RE <100 Vg'
0.2 0.2
0.2
01 01 0.1
0.017 . 0.0, . 0.01; . 0.01, , ,
0 50 100 0 50 100 0 50 100 0 50 100
Horizon (T) x10? Horizon (T) x10? Horizon (T) %10 Horizon (T) x10°

Fig. 4.3: Reproducing the simulation setup from Sinha [Sin23] focusing only on SGOC for
better resolution
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Fig. 4.4: Performance of LagrangeBwK [SSF22] on the simulation setup from Sinha [Sin23]
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Prophet inequalities:
competing with the top-/ is
easy

Abstract. We explore a prophet inequality problem, where the values of a sequence
of items are drawn i.i.d. from some distribution, and an online decision maker must
select one item irrevocably. We establish that CR, the worst-case competitive ratio
between the expected optimal performance of an online decision maker compared
to that of a prophet who uses the average of the top ¢ items is exactly the solution
to an integral equation. This quantity CRy is larger than 1 — e~‘. This implies
that the bound converges exponentially fast to 1 as ¢ grows. In particular for
{ =2, CRy =~ 0.966 which is much closer to 1 than the classical bound of 0.745 for
¢ = 1. Additionally, we prove asymptotic lower bounds for the competitive ratio of
a more general scenario, where the decision maker is permitted to select k items.
This subsumes the k& multi-unit i.i.d. prophet problem and provides the current
best asymptotic guarantees, as well as enables broader understanding in the more
general framework. Finally, we prove a tight asymptotic competitive ratio when only
static threshold policies are allowed.
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5.1

Introduction

Decision makers are frequently confronted with the arduous task of making crucial
decisions with limited information. For example, when a seller wants to sell a limited
number of items to a stream of customers, potential future customers with a high
willingness to pay must be taken into account. How long should the seller wait
before finally lowering its expectations, and to what price? Is the current customer
likely to be the best we can hope to interact with? This common challenge is at
the heart of many online selection problems [BE98]. Two of the simplest and most
famous versions of this online selection problem are specific instances of optimal
stopping problems [Cho+71]: the secretary problem where inputs are adversarial
[Fer89], and prophet inequalities where inputs are random [Cor+19a]. In this work,
we focus on the prophet inequality problem.

A classical way of measuring the performance of an online decision problem is to con-
sider the so-called competitive ratio, the worst-case ratio between the performance
of an online algorithm and the performance of an oracle that usually has access to
more information than the decision maker. This has been the focus of many works, in
online matching [Meh13], scheduling [MPT94], or metrical task systems [Bub+18]
to name but a few, where explicit upper and lower bounds on the competitive ratio
were provided. This metric makes it possible to design robust algorithms, that are
able to always perform approximately well in any circumstances.

The classical prophet inequality dates back to the 1970s, with [KS77] famously
showing that a gambler allowed to select a single item using an optimal online
algorithm can always recover at least half of the item value chosen by an omniscient
prophet able to see the future, this 1/2 factor being the best possible. Following
this, [Sam84] proved that a simple threshold algorithm can actually achieve this
competitive ratio of 1/2. A refined prophet inequality was proved in [Hil83], who
showed that if V' is the maximum expected performance of an online algorithm,
then the expected maximum value is always smaller than 2V — V2.

Following these works, variations with different assumptions on the item distribu-
tions were considered. If there are no assumptions on the joint distribution of the
sequence of values, then [HK83] showed that the worst-case comparison between
the gambler and the prophet can be arbitrarily bad in the number of items. Con-
versely, assumptions on the joint distribution can be strengthened: [HK82] are the
first to consider the i.i.d. setting, in which the values of all items are independently
drawn from the same distribution. An implicit upper bound of approximately 0.745
on the competitive ratio was proposed by [Ker86a] who reduces the computation
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of the worst-case competitive ratio to a finite dimensional optimization problem.
This upper bound was proven to be tight by [Cor+17] through the construction
of an explicit adaptive quantile algorithm that achieves this bound, showing that
the worst-case competitive ratio in the i.i.d. setting is exactly the solution to an
integral equation (with a numerical value of around 0.745). Some other works have
further investigated the i.i.d. case: [PST22] show that this optimal competitive ratio
can be approached with fewer different thresholds, and [JMZ22] show that the
competitive ratio for a finite number of items can be computed as the solution to a
linear program.

One important observation is that the worst-case instances tend to involve distribu-
tions that depend on the number of items and have a particularly heavy tail. This
worst-case distribution does not correspond to the most commonly encountered
distributions. In particular, for most distributions, the optimal online algorithm tends
to perform better than what the worst-case instance suggests. As a result, some
authors propose to use a different benchmark. [Ken85] and [Ker86b], for instance,
studied the competitive ratio when the comparison is made with respect to a weaker
prophet that receives the average reward of the top ¢ items. They prove that, in the
case where valuations are independent but not necessarily identically distributed,
the competitive ratio of any online algorithm cannot be larger than 1 — 1/(¢ + 1),
and that this bound is attained. In this work, we consider the same benchmark of
[Ken85; Ker86b], but with i.i.d. valuations as in [HK82; Ker86a; Cor+17]. We prove
a lower bound on the competitive ratio and provide a quantile algorithm to solve
the problem.

Contributions We consider a setting with n € bN items whose valuations are
(X1,...,X,). The variables (X;);>; are i.i.d. non-negative random variables with
finite expectation drawn according to some distribution F', and we denote by X ;) >

. 2 X(y) their order statistics. The finite expectation assumption implies that the
expectations of all order statistics are also finite. We consider online algorithms
that observe valuations sequentially, and upon seeing the valuation X; of an item
i irrevocably decide to select the item and receive the value, or move to the next
item. As a result, a valid algorithm induces a stopping time 7 that corresponds to
the selected item, and the expected performance of the algorithm is E[X]. We will
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compare the performance of an algorithm to the average valuation of the top ¢ items,
Ex~r[l! Zz‘e[e] X(;)]- For n and ¢, we define the competitive ratio as:

CRy(n) = inf — P Exr[Xr]

. (5.1)
F Exer [§ Yielg X0

This corresponds to the competitive ratio achievable by an algorithm that knows
the distribution F'. Note that we always have CR,(n) < 1 by taking a constant
distribution X; = 1. We also define CR; := inf,~; CRy(n) as the worst-case com-
petitive ratio over all possible number of items. To better illustrate the practical
implications of the model, consider the following two concrete interpretations. This
competitive ratio can correspond to competing against an imperfect prophet who
makes mistakes with some probability: the prophet can identify the top-/ items, but
instead of selecting the maximum she selects one of the top-/ items uniformly at
random. This competitive ratio could also correspond to a multi-unit setting with a
budget of / items, where a stronger agent competes against a regular prophet: the
agent is allowed to re-select the same item multiple times. At least one optimal
policy ends up selecting ¢ times the same item. This is immediate from the linearity
of expectation: sup,, . -, E[> ;ciq Xr] = Xicpq supy, E[Xr] = €sup, E[X/].

Our first result is the following exact characterization of the worst-case competitive

ratio:

Theorem 5.1. For all positive integers ¢, we have that CRy, is the unique solution in
[0, 1) to the integral equation

1 0o /—1
E/ 1 v v =1, (5.2)
- JO eV (07}{[_1)—’_21:0?

Our analysis is based on a non-trivial generalization of the quantile algorithm pre-
sented in [Cor+17], where this algorithm provides a lower bound on the competitive
ratio. We show that maximizing the parameters of the proposed quantile algorithm
(Algorithm 10) is equivalent to solving a non-linear discrete boundary value problem.
We then show that this discrete boundary value problem corresponds to a contin-
uous boundary value problem in the limit where n goes to infinity. This limiting
competitive ratio lower bound yields the integral equation (5.2). Finally, we prove
that the competitive ratio for a finite n is lower bounded by its limit as n grows,
hence the limit performance of the algorithm is a lower bound on CR,;. We obtain
the matching upper bound by adapting a worst-case instance from [Liu+21a] to our

setting.
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l 1 2 3 4 5
CRy | 0.745 | 0.966 | 0.997 | 0.9998 | 0.999993
Tab. 5.1: First digits of CR,.

There are no explicit solutions to the integral equation (5.2), but this equation can
be easily solved numerically. We report the first values of the competitive ratio CR,
in Table 5.1. In the special case ¢ = 1, we recover the integral equation of [Ker86a;
Cor+17] that yields the competitive ratio of 0.745 for the classical i.i.d. prophet.
What is striking is that for ¢ > 2, the competitive ratio increases extremely fast
towards 1. In particular, for ¢ = 2, the competitive ratio is larger than 0.966, which
is much closer to 1 than 0.745. For any distribution F, one has:

sup  E[X;] > 0.745 E[X ()] (result of [Cor+17])

T stopping time

sup  E[X;] > 0.966 E[%(X(l) + X(2))] (our bound).
T stopping time

The main reason for this difference is that the worst-case instances for ¢ = 1 rely
on the first and second maximum being very different. In fact, such an instance is
relatively easy when using the benchmark (X ;) + X(2))/2. We observe numerically
that CR, grows exponentially fast to 1 (roughly of the order of 1 — 10~). Our
second main result is to show that indeed the competitive ratio provably converges
exponentially fast to 1 as £ grows:

Theorem 5.2. For all positive integers ¢, we have:

CR;>1—¢" (5.3)

Note that this bound is loose as can be seen with the values in Table 5.1 but still
provides the exponential convergence rate to 1. Compared to the tight competitive
ratio of 1 — 1/(¢ 4+ 1) in [Ken85] without the i.i.d. assumption, the convergence
towards 1 is noticeably faster. This exponential convergence rate explains why the
jump from ¢ = 1 to ¢ = 2 was so marked.

All of our results are obtained through a quantile algorithm which is known to have
additional benefits, such as being usable in a learning setting [RWW20]. Moreover,
the algorithm only needs point-wise access to the quantile function, compared to
the backward dynamic programming method that needs to compute an integral for
each threshold.
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There are multiple variants of the original setting of Theorem 5.1 that can be studied.
A first possible extension is to consider a prophet that does not use the average of
the top / items, but instead uses a convex combination of the top £ items. Another
possible variant is to compute the worst-case competitive ratio for the prophet. We
prove some results for both of these extensions.

We also show that our algorithm can be extended with provable guarantees to a more
general setting introduced by [Ken87] for the non i.i.d. case, where the decision
maker is allowed to select k items. This setting encompasses the & multi-unit [Alall;
JMZ22] i.i.d. prophet problem when ¢ = k. An algorithm that sequentially selects
k items will induce a sequence of stopping times (7;);c(x), for which if 7; < oo then
7; < Ti+1. We thus consider the following competitive ratio:

SUP7 <...<ry, Ex~r [% Zz’e[k} Xn}

CRy(n) = inf (5.4)
F Ex~r {% 2 il X(z’)}
We prove asymptotic guarantees on CRy, ¢(n).
Theorem 5.3. For all positive integers k and ¢, we have:
1
lim inf CRy, ¢(n) > CR . (5.5)
n—00 Pyt HtE[j} .0
where 0,y = 1 and 0y, ...,0; ¢ are the unique parameters such that the following
boundary value problem admits a solution,
db*(t) ¢ ,
=— /(- b (t
dt CRy Yer1 0 ve(V (1)),
v (t L . .
O (03001097 O ) ~ e 0 WE) . for2<i <k (5.6)
V(0)=0, ¥(1)=1, for1<j <k,

where ~,(t) and v, ' (t) are respectively the cumulative distribution function and the
quantile function from a Gamma(z, 1) random variable evaluated at t.

Remark that the first differential equation admits a solution if and only if CRy is the
unique solution to the integral equation of Theorem 5.1.

Finally, we extend the analysis to the setting where the decision maker is restricted
to use static thresholds policies. A static threshold policy T' € bR accepts items
whenever X; > T and less than k items were already selected. More specifically,
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a static threshold 7" induces stopping times 71 (7)) = inf{i € bN | X; > T} and
7,(T) =inf{i e bN | X; > T,i > 7,_1} for ¢ > 2. When the decision maker and the
prophet must select k£ and ¢ items respectively and the decision maker is restricted
to static threshold policies we define the competitive ratio as

SUPrepr Ex~F [% 2 ik sz'(T)}

CRy ,(n) = inf
r Ex~r {% 2ielq X(i)}

(5.7)

Using intermediary results derived for Theorems 5.1 and 5.3 and extending some
of the analysis from [Cor+19a] and [AM21], we nearly characterize the exact
competitive ratio for static thresholds:

Theorem 5.4. For all positive integers k and ¢, and n > max(k, ¢), we have:

¥ P(Gamma(j,1) < ¢)
k

CRj 4(n) — <O (i) . (5.8)

This result recovers a special case of the tight static threshold competitive ratio
provided in [AM21] when n — oo and with i.i.d. valuations, but is on other aspects
more general by allowing for ¢ # k.

Roadmap The rest of the paper is organized as follows. In Section 5.3, we present
the quantile algorithm and the analysis of the competitive ratio for finite n. In
Section 5.4 we show how to use the limit performance guarantees (as the number
of items n goes to infinity) to construct the ODE and derive Theorem 5.1 and
Theorem 5.2. We prove the matching upper bound of ¢/¢, on the competitive ratio
in Section 5.5. In Section 5.6 we show how to extend our algorithm to the selection
of k items and construct a corresponding system of k£ ODE to obtain Theorem
5.3. Section 5.7 deals with the static threshold setting and proves Theorem 5.4.
Section 5.8 deals with some direct extensions to the setting considered, namely non
uniform distributions for the imperfect prophet, and worst-case distribution against
a prophet. The detailed proofs of all results are presented in Section 5.9. Finally,
some additional related works are presented in Section 5.10.
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5.2 Connection to fairness in allocation problems

While the present work treats a pure prophet inequality problem, the original
motivation for the questions tackled in this article came from fairness considerations.
This subsection is not present in the original publication and is only added to this
thesis.

Now, to each item (or individual) ¢ € [n], we associate for p € [0, 1] the 7.7.d. random
variable A; ~ Ber(p), which corresponds to a sensitive attribute. For instance, A; = 0
could correspond to a young person, and A; = 1 to an older individual.

Say a company desires to hire 2 applicants among n agents, where hiring an em-
ployee corresponds to selecting the item (X;, A;) and receiving value X;. We further
require that the hiring has to be fair with respect to A;, which we encode for some
A > 0 as receiving a penalty —\ - 1[(A;, = A,,) N (max(71,72) < oo)], which can be
interpreted as having to pay a fine —\ is two agents are selected and they have the
same sensitive attribute (if only one is selected, we do not penalize the reward).

We now define the following competitive ratio with respect to A, when the penalty is
known to the decision maker:

, E[ X, +X,,— A 1[(A, =A,)N(max(11, 72) < 00)]]
CR(\):= inf ! 2 ! 2 : . 5.
(A):= inf sup max;; E[X;+ X; — X - 1[(A; = A;) N (max(i, j) < o0)] (5.9
A first remark is that the prophet objective is now harder to evaluate, as the penalty
needs to be taken into account.

For A = 0 and A\ = oo, we can actually reduce the value of CR(\) to specific values
of CRy,¢ which are studied in this paper.

Proposition 5.5. If \ is known to the online decision maker, we have CR(o0) = CRy 3,
and CR(O) = CRQQ.

Proof. The equality CR(c0) = CRy 9, is immediate from the fact that without the
penalty A, this is simply a 2-unit i.i.d. prophet inequality problem.

For CR(o0) = CR; 1, this is not as straightforward as it seems. Indeed, ideally, we
would like to just run the algorithm which achieves CR; ; twice in parallel, one
accepting items with A; = 1, and the other accepting items with A; = 0. While
the values X; are still drawn from F', the number of occurrences of A; = 0 and
A; = 1 are unknown in advance. But the original algorithm from [Cor+17] requires
knowledge of the number of items faced. For the algorithm selecting items with
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A; = 1, we artificially assign the value of 0 to items with A; = 0, and vice versa.
Instead of running both quantile algorithms with F', we use them with the mixture
pF + (1 — p)dy for the first algorithm and with the mixture (1 — p)F + pdp, which
is still i.i.d.. Because items with value 0 will be ignored, the two algorithms do
not conflict and will not select the same item. Hence, by the main Theorem of
[Cor+17], each modified online algorithm guarantees CR;; of their respective
expected group maximum. That is to say E[X,] > CRi; E[max; 4,—1 X;] and
E[X:,] > CR1,1 Elmax; a4,—0 X;]. Summing these inequalities, we immediately get
CR(c0) > CRy,;. The usual upper bound still applies to each individual algorithm,
hence we do have CR(o0) < CRy,1, and the inequality holds. O

Hence, CR(\) can be seen as an interpolation between CR; ; and CRg . But while
CRy 1 is known to be approximately 0.745 from [Cor+17], the value of CR; > was
unknown. Hence, before even studying CR(\), we needed to study CR3 9, and in
Theorem 5.3 we provide asymptotic lower bounds which are the state of the art,
and which we conjecture tight.

What if )\ the penalty is unknown, in that it is revealed only at the end of the process?
Let us define by CRy the worst-case competitive ratio, when \ is revealed at the
end of the process.

Proposition 5.6. We have that CRyy = CRy 2 /2.

Proof. The penalized prophet objective is always smaller than the unpenalized one.
For the online agent, let us select a single item using the quantile algorithm which
yields the lower bound CR; 2. Because a single item is collected, no penalty is
incurred regardless of the value of A. Therefore

EX()+X(2)]
2

)

ALG ALG _ E[X,] >CR12 ~ CRyp

> > = )
OoPT E[X(l) + X(g)] E[X(l) + X(g)] E[X(l) + X(g)} 2
which yields the lower bound.

For the upper bound, consider the sequence of worst-case distributions F}, which are
tight for CR; 2, and let p = 0. If A were to be equal to oo, because the online agent
is only faced with agents such that A; = 0, only a single item can be selected. As A
is unknown and it could be oo, this means that only a single item can be selected. If
A = 0, then the prophet objective is exactly E[X ;) + X (2)]. Hence, in the worst case,
with p = 0, A unknown reduces to the CR; » benchmark, and inherits its competitive
ratio from the minimizing sequence of the F,. O
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In Theorem 5.1, we completely characterize CR; 2 and show that it is approximately
0.966. Hence, by the above proposition, we show that CRy; ~ 0.966. This highlights
that while the results presented in this paper do not seem directly related to fairness
considerations, they are actually deeply linked and are necessary as a stepping
stone.

The characterization of CR(\) for arbitrary A is still a work in progress.

Competitive ratio guarantees for a given number of
items

Because the optimal online algorithm depends in a complicated fashion on the
distribution, the direct analysis of the competitive ratio is hard. In this section, we
construct an explicit simpler algorithm, and we derive an analysis of the competitive
ratio of this algorithm. This algorithm builds on quantiles of the Beta distribution.

For the remainder of the paper and for simplicity of notations, we will consider that F’
is absolutely continuous! with respect to the Lebesgue measure and admits a density
f = 0. The function F is the cumulative distribution function F'(z) = P(X < z), and
we denote by F~! its quantile function: for each p € [0,1], F~!(p) = inf{z € bR |
p < F(x)}. Most quantities depend on n and this will be omitted, except punctually
when this makes the understanding clearer and will be denoted as x(n) for some
quantity .

The quantile algorithm

We define the quantile algorithm Algorithm 10, which takes as an input the known
distribution F, and an increasing sequence 0 = ¢y < --- < &, = 1. For each item
i, this algorithm samples a quantile ¢; from a Beta(¢,n — £) distribution truncated
to g;,_1 and ¢; and selects item ¢ if and only if F(X;) > 1 — ¢;. We denote by ALG,,
the algorithm’s expected performance for a sequence of n items. This algorithm
generalizes the quantile algorithm described in [Cor+17] for the special case ¢ = 1,
and no mentions of Beta distributions were made.

This assumption is standard for this type of analysis and simplifies the exposition. The proof can
be adapted to general F' by adding randomization between ties when the distribution has atoms, as in
[Cor+17].
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Algorithm 10 Quantile algorithm for ¢

Input: Partition (&;)o<i<n 0f [0, 1], distribution F' of the Xj.
for i € [n]: do
Draw ¢; from Beta(¢,n — ¢) truncated between ¢;_; and ¢;
if X; > F71(1 — qi): then
Accept item ¢ and stop
end if
end for

Before showing a bound on the performance of the algorithm, we introduce some
notations regarding the Beta distribution. We recall that the density of a Beta(¢,n—/¢)
random variable is equal to

xé(l _ x)n—é

Bl (5.10)

Yon—o(r) =
where B(¢,n —¢) := ({ — 1)/(n — ¢ — 1)!/(n — 1)! is the normalization constant.
As ¢; is drawn from a distribution truncated between ¢;_; and ¢;, we denote the
normalizing factor of this 1)y ,_, truncated distribution by «; = f;ﬂl Y p—e(x)d.
Finally, we define a; := o;E[(1 — ¢;)], where E[(1 — ¢;)] is the expected probability of
not selecting item ¢ when observing it.

Our first result provides a bound on the performance of Algorithm 10 (valid for any
sequence of ¢;s), as a function of the quantities «; and a; defined above.

Proposition 5.7. For OPTy,, = E[X ;¢ X (5] and p; = a;?t ;;11 aj/o, we have the

inequality

min;e(y) Pi aXien]

m Pi
OpPT,, <ALG, < OPTy,, . (5.11)

Sketch of proof. The proof decomposes in two steps. First, we compute an expression
of ALG,,: remarking that the quantiles ¢; are independent, we can show that the
performance of ALG,, is equal to Zie[n} Di f;ﬁl Yrn—e(q)dg. Second, we derive an
expression for OPT,,, as an expectation of the function R(Q), where R(q) is the
expected reward of accepting an item with threshold F~!(1 — ¢) and Q is some
random variable. In [Cor+17], the distribution of () was shown to be the density
(n — 1)(1 — ¢)"2 in the special case £ = 1. We prove by using the density for a
general order statistic, that the right density in the case ¢ > 1 is 1,,,_,. Because
OPTy,, = nEgy,,,_,[R(q)], we can take the minimum or the maximum over the p;
to obtain (5.11). A full proof is provided in Section 5.9.1. O
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To obtain bounds on the competitive ratio of the algorithm, we can divide the above
inequality by OPT,, /4.

Optimizing the parameters of the algorithm

Looking at Proposition 5.7, we see that the p;s are functions of ;. A lower bound on
the performance of the algorithm is therefore obtained if we can find the sequence ¢;
which maximizes min;¢|,| p;. A natural choice of &; would be to find a sequence such
that all the p; are equal, this would lead to an algorithm whose performance is exactly
(max; p;/n) OPT,,. This would entail a lower bound on CRy(n). It is, however, not
clear whether such a sequence of ¢; exists. Moreover we need this sequence of ¢;s to
be increasing (i.e., ;1 < ¢;) for the algorithm to be well defined.

We will first see that finding the ¢; such that p; = p;;+1 is equivalent to solving
a discrete boundary value problem on a non-linear transformation of the ¢; by
an incomplete beta function. We then use this transformed problem to prove the
existence of such an ;.

We introduce the variables b; = (;,,—(¢;) which is a nonlinear transformation of ¢;,

where et o
YA — ) e
_ Jo
Ben—e(x) = Bln—0) : (5.12)

is the cumulative distribution function of 1)y ,,_,, also called the regularized incom-
plete beta function.

Because [, is strictly monotone as a distribution function with an associated
positive density, it has an inverse, and we can recover ¢; with ,6’2 le_g(b,-). We also
define the discrete difference operator A, with A[b;] = b1 — b;. It is the discrete
analogue of the continuous differentiation operator. Similarly, we define A2%[b;] =
A[A[bi]] = bito — 2biy1 — by

Lemma 5.8. All the p; are equal if and only if the following difference equation holds

for all b;:
14

n

Alb] = ——=Bey1n—rvo 5[7;_@(57;) + b1. (5.13)
Sketch of proof. The main idea is that we can actually express «; and a; in terms of
Ben—¢- Indeed o = Brn—v = Ben—e(€i) — Ben—e(ei—1) = b; — b1, and after some
computations it can be showed that a; = (n — €)(Bent1-e(€i) — Ben+1-e(€i-1))/n.
Then using that there is an exact recurrence relationship between 3,1, and 3 ,—¢,
as well as between /3,1, and f3;,,—¢, we can obtain a non-linear second order
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difference equation. Then, for every i > 2, it is sufficient to sum these difference
equations for all j < ¢, to obtain a recurrence relation directly on the b;. The full
proof can be found in Section 5.9.2. O

Remark. Note that obtaining an explicit recurrence relation of ¢;;, with ‘simple’
functions of the previous ¢; is difficult: developing the integrals a; and «; in ¢;
and ¢, yields an implicit polynomial equation in ¢;,; parameterized by ¢;. This
would entail finding roots of a sequence of polynomials of degree n — ¢ + 1. The
approach that we use here is to obtain an explicit recurrence relation on a non-linear
transformation of the ¢; (the b;), and not on the ¢; themselves. This non-linear
transformation has no inverse expressible with ‘simple’ functions exactly whenever
¢ > 2; this explains why the task is considerably more difficult than for the case ¢ = 1
studied in [Cor+17]. This difficulty is one of the core obstacles to an extension of
the work of [Cor+17].

It is quite remarkable that the recurrence relation is ‘almost’ linear, in that if 541 ,,—¢
were to be replaced with 3, ,,_, we would have recovered the identity when com-
posing with 3, 1 ,. We will see below that when n goes to infinity we recover the
Gamma distribution in the limit. As an aside when ¢ also goes to infinity we can
recover the Normal distribution.

By using Lemma 5.8, we can therefore focus on proving the existence of the correct
constant b; which will imply the required condition p; 11 = p;.

Proposition 5.9. There exists an increasing sequence 0 = ¢g < €1 < +++ < €1 <
en = land co(n) € [¢, ¢ + 1] such that all the p; are equal to n/c,(n).

Sketch of proof. Because (3, is a bijection from [0, 1] to [0, 1], 8;,—¢(0) = 0 and
Ben—e(1) = 1, finding the right partition ¢; partition is equivalent to finding the right
b; partition. Due to the continuity of the recurrence relation, b, is a continuous
function of b1, and the intermediate value theorem proves the existence. We must
ensure that there is a solution in [¢/n, (¢ + 1)/n] to guarantee the monotonicity of
the b; and thus of the ¢;. The full proof is provided in Section 5.9.3. O

Proposition 5.9 shows that there exists a sequence of ¢;s such that our algorithm is
well-defined and satisfies that n/p; = c¢(n) for all 7. In particular, such an algorithm
has a competitive ratio of ¢/c;(n). This shows that for all n, CR¢(n) > £/c¢(n).

In the remainder of the paper, we improve this result in two directions. First, the
quantity ¢,(n) depends on n. In Section 5.4, we show how to obtain a guarantee
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5.4.1

that does not depend on n, by studying the limit as n grows. Second, the fact that
ce(n) € [¢,¢ + 1] implies a competitive ratio of at least ¢p;/n = £/cy(n) € [Hil, 1].
The bound on ¢/(¢ + 1) is the same as the result from [Ken85; Ker86b] for the
non-i.i.d. case. We then show in Section 5.4.3 that, in the i.i.d. setting, CRy is
actually exponentially close to 1 when / is large.

Competitive ratio guarantees as n grows

Until now, we have proven how to obtain guarantees that depend on the number of
items. In this section, we first show that the worst-case for the competitive ratio is
for large n. Then, we use a limiting ODE to characterize the competitive ratio given
by our quantile algorithm when n goes to infinity.

CRy(n) is minimized for very large n

By using our analysis of the previous section, we cannot directly conclude that
CRy(n) is a monotone function of the number of items 7, nor that the competitive
ratio might be small for large n. It might be possible that the value of CR is actually
reached for some n* such that CR/(n*) = CR, (we know that this is not the case
for ¢ = 1, see [Cor+17]). Our Lemma 5.10 generalizes Lemma 3.2 from [Liu+21a]
(that deals with the special case ¢ = 1) and shows that we can always transform an
instance with n items (F, n) to an instance with 2n items (F,2n) that is at least as
difficult as the (F, n) instance.

Lemma 5.10. For any n > {, let (X1,...,X,,) i.i.d. distributed according to F, and
(Y1,...,Ys,) iid distributed according to /F. We have for tx and 1y the optimal
stopping for respectively the X; and Y; that

E[X ] S E[Y ]
OPT;,(F) ~ OPTy0,(VF)’

Sketch of proof. The original Lemma proves this for / = 1. They remark that for
each X;, we can simulate a draw of Y5; and Y5;,1 conditionally on their maximum
being equal to X;. The item X is then accepted whenever Y5; or Y5, is accepted
by 7. This proves that E[ X, | is at least E[ X, |. This property holds for ¢ > 1 as we
are still only allowed to select a single item. What changes, however, is OPT,. We
show that E[Y(,)] > E[Xy]. It is sufficient to prove that Y, stochastically dominates
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X(¢), which will imply the inequality for the expectations. This can be proved by
looking at the difference of the respective cumulative distribution functions and
looking at the monotonicity of the derivative of the difference. The full proof can be
found in Section 5.9.4. O]

Note that this lemma implies that CRy(2n) < CRy(n). In particular, this implies
that

CRy = nlerll:)fN CRy(n) = lgélbljr\lff CRy(n). (5.14)

This explains why, in the rest of the section, we focus on the limiting behavior of the
quantile algorithm as n goes to infinity. Note that this does not imply that CR,(n)
decreases with n.

Limiting ODE as n goes to infinity

We can now focus on analyzing the limit (as n — oo0) of our discrete boundary value
problem described by the recurrence relation in Equation (5.13). Let us first recall
this difference equation using that by = ¢y(n)/n:

Alby] = —Petnt® Bin-eb) + ce(w) (5.15)

n

We show below that this difference equation converges to an ordinary differential
equation as n goes to infinity, by using the property that the limit of a Beta random
variable is a Gamma random variable. Recall that the cumulative distribution
function of a Gamma(k, 1) random variable is

z 40—1 7td
Ye(z) = Jot —eTdt tr(;) L (5.16)

where I'(¢) = (¢ — 1)! is the normalizing constant. This function is also called the
regularized lower incomplete Gamma function. Because of the integral represen-
tation I'(¢) = [ t‘"le~!dt, it is clear that y4(co) = 1 and thus this is a proper
distribution.

Lemma 5.11. The sequence of functions x + —£Bs41.n—¢ 0 B4, (), defined on [0, 1],
converges uniformly towards —{~p,1 o fy[l(a:) as n goes to infinity.

Sketch of proof. We can prove the point-wise convergence by using the property that
Beta random variables converge in distribution to Gamma random variables. Then
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to show that the convergence is uniform, we first show the monotonicity of the
sequence of functions through usual formulas for beta functions. We can conclude
by Dini’s convergence theorem as the input space is compact. The full proof can be
found in Section 5.9.5. O

Remark. The concise representation of the function of interest through Beta functions
enables us to easily prove uniform convergence. Indeed, if we attempt to prove
uniform convergence of first By, rlhl, and then Sy, ,,—¢, this does not suffice as the
output of the inverse of +, is unbounded, so the input space of the last function is
non-compact. Looking directly at the composition enables us to skip this difficulty,
thus avoiding tedious technical computations, and piece-wise analysis.

Before stating formally the result, we start by giving the intuition on how to con-
struct the limiting ODE. Lemma 5.11 suggests to approximate the difference equa-

tion (5.15) by
db(t)
dt
where the solution b satisfies the boundary conditions 5(0) = 0 and b(1) = 1, and

= —ye41 077 (b(0) + et (5.17)

where the constant ¢, is an unknown value that replaces cy(n).

As ¢y(n) > ¢, we also consider that ¢, > ¢. This implies that b is strictly increasing
until at least the first ¢; for which b(¢;) = 1. So b is a bijection over [0, ¢;], and we
can consider the inverse function ¢(b) with #(1) = ¢; and #(0) = 0. Requiring that
t(1) = 1 leads to the following integral equation:

! db
/ - — (1) —t(0)=1-0=1.
0 —yer107, (b) + e

Using a change of variable v = v, ! we define ¢, as the constant which satisfies the
following integral equation:

1 oo pl-lemv 1 ©© pi-1
1= / dv — / v, (5.18)
L) Jo co—Lyesa(v) L) Jo ev(cp—0)+035 Y

=0 31

Note that this last integral equation implies that ¢, > /¢, as otherwise when v goes
to oo the integrand becomes equivalent to v~ /v = 1/v which integrates to log(v)
and diverges.

The next proposition formalizes the intuition, and shows the limit of ¢;(n) to indeed
be the ¢, defined as the solution to this integral equation. The proof uses the
same arguments as that in [Ker86a; JMZ22], with the main difference being the
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actual value of the limit, and proving the uniform convergence in Lemma 5.11,
which has already been detailed. We defer the actual proof of the convergence to
Section 5.9.6.

Proposition 5.12. For ¢, the solution to Equation (5.18), we have

rblggo ce(n) = ¢y

Combining this result with Equation (5.14) implies CR; > ¢/¢,. Remark that if ¢,
is solution to Equation (5.18), then ¢/¢, is solution to Equation (5.2). This proves
the first part of Theorem 5.1, namely that CRy is greater than the solution to the
integral equation (5.2).

Asymptotic competitive ratio as ¢ grows

While the above integral equation does not lead to a close form expression for ¢y, it
can be used to provide an easy characterization for the behavior of CR, as £ grows.
Here, we recall and prove Theorem 5.2, which states that for all ¢:

CRy>1—¢". (5.19)

This result confirms what we observe in Table 5.1: the competitive ratio goes
exponentially fast towards 1. To push the comparison deeper, we plot in Figure 5.1(a)
the value of the 1 — ¢/¢, as a function of ¢ with a y-axis in log-scale. We observe
that numerically ¢, ~ 1 — 107, This is closer to 1 than 1 — exp(—¢) predicted by
Theorem 5.2, but still of the correct order. This does not tell us whether ¢/¢; is the
best possible lower bound on CR, but shows that the competitive ratio must lie
between 1 — exp(—/) and 1 for all /.

Proof of Theorem 5.2. For ¢ > /, let us consider the integral in Equation (5.18):

1 o0 [t 1 oo l—lg—v
/ 7 1dV< / 71 idV
L) Jo ev(c—0)+LX Y T Jo (-1 +evyie

=0 3T i=0 5T

Let h(v) := e~¥ X' v /i), then b/ (v) = —v/~'e~"/T(¢). Hence

1 /OO pi-le—v -1 [ <c )]OO
—dy = — |log | - — 1+ h(v
EF(E) 0 (% — 1) _|_ e*l/ Zf*l vt g g g ( ) 0

1=0 4!
11 ( (& )
4 c—/ '
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5.5

For & such that log(éy/(é — ¢))/¢ = 1, then & = £/(1 — e~*). Moreover, because the
integral in Equation (5.18) is decreasing in ¢, we have that ¢; < ¢&. Finally

A
CRy=—>—=1-¢". O
C

101 4

1073 4

10-5 4

CR;

10-7 4

10-9 4

10-11 4

Fig. 5.1: CR, as a function of ¢: the competitive ratio converges exponentially fast to 1.

Tightness of //¢,

In this section, we show that the lower bound is actually tight, proving the result of
Theorem 5.1. To do so, we adapt the worst-case instance for / = 1 from [Liu+21a]
to an arbitrary /.

In [Liu+21a], an equivalent random arrival model is used, where each item is
assigned independently a uniform arrival time in [0, 1], and the decision maker
observes the items in order of increasing arrival times. The optimal online policy
ry(t) then corresponds to accepting an item with value X at time ¢ if r,,(¢) > X. The
limit policy lim,,_, 7, (¢) is then studied, and the competitive ratio on an instance
constructed from a differential equation is computed. Here, we similarly construct a
worst-case example by leveraging the ODE Equation (5.17). For b(¢) the solution to
the boundary value problem Equation (5.17), let y(¢) = 1 — b(t). The function y(¢)
satisfies for all ¢ € [0, 1] the ODE

y'(t) = lyes1 07, (1 —y(t) — e

with initial conditions y(0) = 1. Let ¢ € (0, 1) a parameter, p = exp(—, (1 — y(q))),
and

5.5 Tightness of /¢,
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We define a threshold policy r(t) as
() / "5 vt e g 1] and r(t) = H fort € [0, )
r = — s T — 5 .
t Y(s) ! !

Finally, we define F} the distribution of the maximum as

exp(—’y[l(l —y(r~Y(z))) forte [0,7(q)]
Fyx)=4q p forte (r(q), H| (5.20)
1 fort e (H,o0).

This distribution is constructed such that r is optimal in the limit. The X; are thus
distributed according to F,/".

Proposition 5.13.

E ~pL/m [X‘r]
lim lim sup X~Fy ¢ (5.21)

0n—o0 e 1 e T
q— T stopping time EX~Fql/" [? D1 X(i)} Cy

Sketch of proof. The first step is to show that the threshold policy r(t) defined above
is indeed the limit online optimal policy as n — oo, for this particular instance
F,. Then, we compute the value of the competitive ratio as ¢ goes to 0, and show
through integration by parts that this ratio equals ¢/¢,, using the characterization of
c¢ with the integral equation (5.18). The full proof can be found in Section 5.9.8 [J

The above property implies that CR; < ¢/¢;, which concludes the proof of Theorem
5.1.

Extension to the selection of k items

Until now we have assumed, that the number of items that can be selected by the
decision maker is only 1. Here, we consider an extension of the problem where
the decision maker sequentially selects & items, and where all the items can be
selected at most once. This corresponds to the more general setting of [Ken87],
which encloses the previous model.
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5.6.1 General algorithm and guarantees

This section focuses on giving guarantees on CRy ¢(n) for £ > 1. This time, the
algorithm needs to be adaptive not only in n but also in k. We define the quantile
algorithm Algorithm 11, which takes as an input the known distribution F’, and for
j € |k], the increasing sequences 0 = 5§ 1 < 8? < --- < ¢} := 1. The algorithm is
the direct extension of Algorithm 10. The only difference is that, in this new version,
the algorithm uses thresholds that depend both on the number of items already

observed (i — 1) and on the number of items already selected (j — 1).

Algorithm 11 Quantile algorithm for (%, ¢)

Input: Partition (e ) j—1<i<n Of [0,1] for all j € [k], distribution F' of the X.
j+1 // We are currently selecting the jth item.
for i € [n]: do
Draw ¢/ from Beta(£,n — () truncated between e/, and €
if X, >F1(1- qi) then
Accept item ¢
if j = k then
Stop // because we selected k items
else
jg+1
end if
end if
end for

Similarly to earlier, we define ai = f] Wn (z)dx = Bop—i(e ) Ben— g( 1)

and a{ = ozg E[(1 - qf )] where E[(1 — ¢] )] is the expected probability of not selecting
item ¢ when we are observing it and have currently already selected j — 1 items.
Similarly to Proposition 5.7, we can obtain a guarantee on ALGy,,, := E[>° Elk] X1,
the performance of Algorithm 11, with respect to OPT,,,.

Proposition 5.14. We have the inequality

k . ] k J
Zj:l MINie 5. n} O Zj:l maXie{j,..n} P;

OPTy, < ALGyn < OPTy,, (5.22)

n n
where
j—1 t1—1 1 i—1 7
. 1 J al a Q..
t T Tj
pl== -t L= I 2. (523)

o . o ozt L Q _ O .
1 1<t < <tj_1<i—1 | s=1 s/ ri=1"T1 ri=tj_1+1 =7;j
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Sketch of proof. This is similar to Proposition 5.7, the main difference being that the
performance of the algorithm conditionally on the ¢; being already drawn is more
difficult to express. See Section 5.9.9 for the proof. O

Remark that the p{ are only defined for ¢ > 7, as time j is the first possible time for
the j-th item to be selected. If for all j € [k], we have that the p{ are all equal in 7,
meaning that p{ = p;, then this readily implies from the previous proposition that

2

J
ALGy,, = =<5 OPT,,,, and that

0y

CRp(n) = z

Tiew 7y OPT,,, (5.24)
n

For all j € [k], we want to find the &/ that equalizes all the p/ across the different i.
Here, looking at the expression of p{ , finding any meaningful recurrence relationship
might seem hopeless. However, remark that the probability of reaching item ¢ while
waiting to select item j only depends on the €. for ¢ < j, and thus so does pj This
implies that in order to equalize the pi across i, it must be done inductively over j:
first select the e} such that p/ = pJ, then select the 2 such that p? = p, and so on.
We show that, this is equivalent to a system of k difference equations in a non-linear
transformation of the &/,

Lemma 5.15. For b7 Ben—i(e ) the condition that for all fixed j the p are equalized,
is equivalent to the following system of difference equations over the bg :

i1
. Y/ _ . p]; _ . . ) ) )
Alb] = —— <5e+1,ne o Bym_o(b]) — 37]-15“1,714 © Bym_(b] 1)) +bj,  forjz2iz]
Pj
(5.25)
n_ ¢ 1 1 1 :
Alb;] = - (BZJrl,nfE ° Bﬁ,n—e(bi)) + b1, fori>1
(5.26)

Sketch of proof. The most difficult part, is to actually identify the recurrence rela-
tionship between the aj and aj that the equality of the p{ imposes. While it was
immediate for j = 1 as we simply had «} 1= = a}, it is not clear what relationship
can be obtained for j > 2. Fortunately, a simple relation is obtained by incorpo-
ratlng for j the previous constant Pj _i Indeed, this is equivalent for j > 1 to

al,y = al + (" —al” 1)(pj /o pj. From there, obtaining the recurrence rela-
tion is as before based on the properties of the Beta function. For the proof, see

Section 5.9.10. O
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We define 0;¢(n) = pgj / pj From this recurrence relation, we can prove the
existence of the solution to the system of boundary discrete value problem by using
the exact same continuity argument as in Proposition 5.9. The proof is however
much more technically involved, and requires using several estimates of bj: and
6;.¢(n) when n grows large.

Proposition 5.16. There exists some ng € N, such that for n > nq, there exist k

increasing sequences 0 = 51_1 < 5§ < -+ <&l =1forj e [k] and c;j,(n) such that:

j .
for a given j all the p! are equal, b;: = cjo(n) - n=CEEDO =D with ¢; )(n) being

bounded between two positive constants independent of n.

Sketch of proof. The quantities b/, are still the composition of continuous functions
(yet different functions for each i > j + 1), so the same intermediate value argument
can be applied to prove existence. If 6, ,(n) is too big or too small compared to some
constants, so is b/, compared to 1. Regarding the exponent in n, it can be proved by
induction using the relation between c;¢(n) and 6; ¢(n). The monotonicity comes
from the requirement that all the p{ are equal and thus must be of the same sign.

See section 5.9.11 for the full proof. O]

This proposition suggests that the discrete boundary value problem can be approxi-
mated in the limit by the continuous boundary value problem in Equation (5.6). By
Proposition 5.12 and Theorem 5.1 we already have that lim,, o ¢ ¢(n) = ¢/ CRy.

The goal is then to find (624, . . ., 0x¢) such that this non-linear ODE system admits a
solution b = (b!,...,b*) over [0, 1], which will be unique. Note that these constants
can be found by sequentially solving the j-th ODE and finding the j-th relevant
constant.

Through Proposition 5.14, solving the discrete boundary value problem for a finite n
directly translates to a lower bound on the competitive ratio CRy, ¢(n). To show that
the limiting competitive ratio can also be lower bounded, we must show that the
solutions 6;(n) to the discrete problem converge, which naturally ends up being the
solution to the above continuous boundary value problem.

Proposition 5.17. There exists unique 65y, . .., 0y ¢ constants such that the boundary
value problem in Equation (5.6) admits a solution. We also have that lim,, ., 0;¢(n) =
6 and 6;, > 1. Moreover, this also implies the convergence of c¢;,(n) toward a
constant c; ¢, and for all j > 2 the relationship:

(L +1)cj

S et U (5.27)
o ety

0.0 =

5.6 Extension to the selection of & items
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Sketch of proof. The main idea is to couple the convergence of the Euler scheme
with the uniform convergence of the drift function, as the difference equations
are Euler schemes that use /3, _, instead of 7,. The sequence 6;,(n) is bounded,
and thus admits at least one accumulation point. If we prove the convergence,
on a subsequence if needed, of the discrete solution towards the ODE with # an
accumulation point of §; ,(n) then this shows the existence of a constant such that
the continuous boundary value problem admits a solution. This constant is then
shown to be unique, which proves that there is only a single accumulation point,
and the sequence must converge. However, a key technical difficulty is that the
Euler method requires Lipschitzness of the drift function, which is not true for
Ye41 © fyg_l over [0, 1]. Thus we must use refined arguments proving the convergence
on [0, 1 — €] to then extend the convergence over [0, 1]. The full proof can be found
in Section 5.9.12. O

We now combine the above results to prove Theorem 5.3. Letting 6; , = 1 for ease
of notation, we have that pg = p; = 1/(c1,¢ - [Tsep 1.0), and therefore applying
lim inf on the inequality from Proposition 5.14 and using that the 6; , converge from
Proposition 5.17,

. J
lim inf CRy, ¢(n) > lim inf M = lim L1 Z ! _ SRy
n—00 n—0c0 n n—oo k ¢ 4(n) o [T 010(n) k eyt

tej]
(5.28)
which concludes the proof.

Numerical results for general setting

Using numerical optimization, we compute the constants ¢, , and provide in Table 5.2
the numerical value of the asymptotic lower bound on CRy,¢(n) from Theorem 5.3.
We also display the solution to the continuous boundary value problem for &k = ¢ =5
in Figure 5.2.

We do not have a proof of the asymptotic tightness of Equation (5.28), nor do we
have a proof that CR;, ¢ = lim inf,,_,o, CRj ¢(n), although we conjecture that both
statements are true. The asymptotic tightness is harder to show due to the lack
of simple integral characterization, and the same strategy as Lemma 5.10 cannot
be used for a selection budget greater than 1. Nevertheless, we still show that the
infinite-dimensional optimization problem of computing CRy, ¢(n) is simpler than it
appears, and can be reduced to a finite-dimensional optimization by applying the
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14
I 1 2 3 4 5
1 0.745 0.966 | 0.997 | 0.9998 | 0.999993
2 0.486 0.829 | 0.964 | 0.995 0.9995
3 0.332 0.645 | 0.864 | 0.964 0.993
4 0.24997 | 0.498 | 0.724 | 0.885 0.964
5 0.19997 | 0.3998 | 0.596 | 0.772 0.898

Tab. 5.2: First digits of (CR /k) > ;¢ [l 00

1.0 A

0.8 1

0.6

0.4 4

0.2 1

0.0 1

0.0

0.2

0.4

0.6 0.8 1.0
t

Fig. 5.2: Solution to the continuous boundary value problem for k = ¢ = 5.

balayage technique from [HK82]. Solving this optimization problem numerically

would then provide valid upper bounds on CRy, ¢(n).

Proposition 5.18. The value of CRy,¢(n) is attained by a discrete distribution with a

support of 2+ k(k — 1)/2 + k(n — k) points on [0, 1].

See section 5.9.15 for the proof. This proposition is actually stronger than a similar
result of [JMZ22] (Lemma 7.2), who show that for the (k, k) case, using an increas-
ingly finer discretization over values to solve the optimization problem CRy, ;(n)
approximates well the optimal value. Here we have shown that not only can this
be extended to any general (k,¢) setting, but mainly that at least one minimum
distribution must lie in a discretization linear in n, and it is unnecessary to make the

discretization any finer.

5.6 Extension to the selection of & items
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5.7 Static thresholds

We now restrict the competitive ratio analysis to the set of static threshold policies.
Similarly to previous works [AM21], we allow for random tie breaks when the distri-
butions are discrete. For simplicity, the exposition will use continuous distribution.

In the i.i.d. single item setting, it has been known that the threshold F~!(1 — 1/n)
achieves a competitive ratio of 1 — 1/e. A simple alternate proof of this fact was
presented in [Cor+19a] using the representation of E[max; X;] as the expectation of
nR(Q) for @ distributed according to some distribution, and the Jensen inequality.
As we have generalized this result and obtained that OPT,,, is equal to nE[R(Q)]
with @ distributed according to Beta (¢, n — ¢), we use the same method to prove the
following lower bound:

Proposition 5.19. The performance of the algorithm that uses static threshold T' =
F~Y(1 — ¢/n) is greater than

S0 1 (et 1
]T - (1 —v;(0) = (3—1)'> -0 <n2) . (5.29)

For the full proof see Section 5.9.13. Compared to the proof of 1 — 1/e in [Cor+17],
multiple additional algebraic manipulations are necessary. This result is actually
even more precise, in the sense that the expected reward of the j-th item is up to the
error term exactly v;(¢)/¢. One aspect of this result that is remarkable, is that the
threshold only depends on ¢ and not on k. This is quite surprising as this suggests for
the decision maker to target the expected demand of the prophet in order to achieve
a good competitive ratio.

To obtain an upper bound, we can adapt results from [AM21] which deals with the
k multi-unit static threshold prophet secretary problem. It so happens that their
worst-case instance is i.i.d.. We use the following modified example: Let F* be
the distribution such that X = 1 with probability 1 — 1/n?, and X = nWiy e with
probability 1/n? where

%2 P(Poisson(¢) < k)

= — . 5.30
Wit k P(Poisson(¢) > k) (5.30)

This example provides an asymptotically tight upper bound.
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Proposition 5.20. For (T*,p*) the optimal static threshold and random tie-break
under F*, we have

. Ex~r {% D ic[k] Xn(T*)} _ Sr ()

(5.31)
" Exer [% >ielq X(i):| k

The full proof can be found in Section 5.9.14. The combination of these two results
immediately yields Theorem 5.4.

Remark. For the special case k = 1, the same arguments of Lemma 5.10 can be
applied. For any threshold T, the expected performance of this threshold over an
instance X1, ..., X,, ~ F will be greater than for an instance Y3, ..., Y, ~ V/F, as
playing on the first instance with a static threshold is equivalent to playing against
(max(Ya;, Y2i+1))ie[n)- Therefore, CRJ := inf,>¢ CR} (n) and thus CR} = y1(¢) =
1—e "

A direct consequence of the previous remark and Theorem 5.2, is that for £ = 1 there
is a positive gap between the worst-case performance of static threshold policies
compared to dynamic threshold policies:

Corollary 5.21. For ¢ € N, CR, > CR?.

We compute Zle 7v;(€)/k for different & and ¢ and represent them in the left plot of
Figure 5.3. We observe that when either %k or ¢ or both grow large, the competitive
ratio goes towards min(¢/k, 1). In addition, the convergence to min(¢/k, 1) seems
to be the slowest for £ = ¢ and otherwise exponential, away from k = ¢, as can be
observed on the right plot of Figure 5.3.

This result is intuitive, and we present a simple explanation for £ = 1 and k arbitrary.
For the single item i.i.d. worst case instance, the first maximum is very far from the
second maximum, and thus all other order statistics. For this specific distribution,
while having a large k allows a greater probability of selecting the actual maximum,
all the other selected values will be negligible compared to the maximum. Hence
the expected reward of the decision maker will approach E[max; X;], and the mean
reward E[max; X;]/k which leads to a competitive ratio of order 1/k.

An interesting open question is whether similar guarantees extend to the prophet
secretary setting, where distributions are not identical anymore and arrive in random
order. In [AM21], the k = /¢ case is studied, which proves that expected demand

5.7 Static thresholds
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0.80

0.70

0.65

Fig. 5.3: For k, ¢ € [15]: on the left CR?Z, on the right CRf’@ -min(¢/k, 1)

policies are not tight for & < 4, but are tight whenever k = ¢ > 4. The proof of the
general k # / setting presented here relies heavily on the i.i.d. assumption, but it is
likely that the values of the competitive ratio in the prophet secretary setting remain
similar to the i.i.d. setting

Extensions

Selecting order statistics with decreasing distributions

In this subsection we will only consider the case k = 1 for exposition purposes, the
case k > 1 can be treated similarly.

Up until now, we have assumed as a benchmark E[3",.( X(;)/¢], which can be
reformulated according to our imperfect prophet as E[X g)] where S ~ Unif([(]).
Can we say anything when the probability distribution of S is not uniform? We can
generalize this benchmark to any decreasing probability mass function P(S = s) = p;
for s € bN, where p; > p2 > ... > p; > ppr1 = 0 and such that Zse[e]ps = 1.
Remark that this implies p; > 1/¢. Let p = (p1,...,ps,...), and CR(p) be the
competitive ratio with the benchmark E[X | where S is distributed according to p
over bN. Clearly, CR, = CR((1,,0,...)/¢). For simplicity and to avoid convergence
issues in n, we only allow for finite distributions, i.e. sup{i | p; > 0} < oo, but the
model could still be defined even for a countably infinite distribution by setting
X(s) =0if s > n.
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CR((1 - a,a))

T T T T T T
0.0 0.1 0.2 0.3 0.4 0.5
a

Fig. 5.4: Competitive ratio for p = (1 — o, @), for a € [0,1/2].

Proposition 5.22. For p = (p1,...,pe,...) € bRPN, with p non-increasing, ¢ :=
sup{i | p; > 0} < oo and > ;cpn Pi = 1, we have

1
CR(p) > i) (5.32)

where c(p) is the unique solution in [1/p;, o0) to the integral equation

s—1

vl Ps—ps
1 /OO e Yt p]i - (Z—l)! d
= — v.
0 c(P) = Lseig B 5 Y1 (V)

Proof. The core difference compared to CRy, is that ¢ ,,_, is replaced with a mixture
of Beta random variables of weights proportional to ps — ps+1, which explains the
monotonicity condition on the ps. The rest of the proof follows similarly to the
previous section. Because the quantile function of mixtures cannot be directly
expressed nicely, the final integral equation is messier. Nonetheless, the mixture
inherits the monotonicity in n from {3, ,_s, and thus the uniform convergence
follows. See the full proof in Section 5.9.7. O

As a special case, when the distribution p is only supported by 1 and 2, we have
CR; < CR(p) < CRg, and CR(p) interpolates between those two values as a
function of p as can be seen in Section 5.8.1. This also corresponds in this special
case to the comparison against a fractional order statistic.
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Worst-case for the prophet

The competitive ratio CRy, , can be interpreted as evaluating the worst-case relative
loss of the online agent having less information compared to the prophet. In most
settings, the prophet performs always strictly better than the online decision maker.
However, here we have a prophet which, while she has more information, can be
more limited in taking decisions. Hence, the worst-case distribution for the prophet
could be of interest. Let

SUPr <7y, Ex~r [% Zle[k] XTI:|

Dyo:= sup sup N (5.33)
n>max(k,l) F Ex~r [z Zie[é] X(z)}
We can exactly compute Dy, :
Proposition 5.23. For (k,/) € bN?, we have
Dk,f — max {Ii, 1} . (5.34)

Proof. For the upper-bound, if ¢/ < k:

k L 1 L

k 1
2 Xn <2 X+ (k=072 Xoy =52 X

=1 =1 =1

which yields Dy, < 1 by taking the expectation. If k£ < /, then Ef’:l X; < Ele,
hence Dy, < ¢/k. Overall Dj, ; < max{{/k,1}. For the matching lower bound, take
F the distribution such X = 0 with probability 1 — 1/n? and X = 1 otherwise. The
probability for at least one X; to be equal to 1 is of order 1/n, and the probability for
strictly more than one X; to be equal to 1 is of order 1/(2n?). Therefore the chance
that a second non-zero variable appears in the sequence is negligible in front of only
one appearing. The optimal policy is to select a non-zero value when it appears.
Thus lim,, 0 E[XF, X, ]/E[XL, X ()] = 1, and normalizing by k and ¢ yields the
worst-case instance for the prophet when k < ¢. For k > ¢ simply take a constant
distribution. O
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5.9 Detailed proofs

5.9.1 Proof of Proposition 5.7

Let R(q) := ¢E[X | X > F~!(1 — q)] be the expected reward when rejecting values
below the 1 — ¢ quantile of F'. Through a change of variable, it can be shown that
R(g) = J§ F~(0)do.

The first step is to express the performance of ALG,, using the fact that the ¢; are
independently drawn from )y ,,_, truncated between ¢;_; and ¢;. This specific step
is the same as in [Cor+17]. The expected probability of not selecting any item up to
i is simply E[[];¢;)(1 — ¢;)], and using the independence of the ¢; it can be expressed

E[Hl_% HEl_qJ HZZ

JEld] Jeld] Jeld]

as

Then, using that R(g;) is the expected value of selecting or not item ¢ with threshold
qi, we have for ALG the expected performance of the algorithm that

ALG = ZE ) T @—a)]

je[z 1]
a;
:ZE[R(%)] H o
i=1 jeli—1] 7
:Z Wn (@) I aj
—17/€i-1 & jeli-1]

— Zpi /8i R(qi)Ven—e(ai),
i=1 i1

where p; := ;! [L;eji—1) @j/ ;. Hence, we obtain that

ALG, =Y pi /  R(@)Yen—i(g)dg

=1

mlnpzz B R(q)Yen—e(q )dQ—mlnm/ R(q)Yen—e(q)dq.

’LE[TL -1 Ei—1

We now show that this last integral is actually equal to OPT,, /n. This was done as
a special case in [Cor+17], but for ¢ > 2 this requires the use of the distributions of
order statistics.
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We recall the distribution of order statistics: the density of X(;) for i € [n] is

n!

—  _f(x xnfi o T ifl.
i @F @ F@)

Hence because OPT,, = Zle E[X(;)] we can express OPT,, using those order
statistics distributions. Using the change of variable ¢ = 1 — F'(¢) and doing integra-
tion by parts, we obtain

oPT,, =Y [ mf( DE()" (1L~ F() e

1€l

=2 / oot (o -a)" e g

iclf]

=2 / " (== - D) - a) /Oq F(0)dbdg

1€l

- Z/ ﬁ(l — )" (0~ 1)g — (i — 1)(1 — 9)) R(g)da,

iclf]

Exchanging sum and integral, we can observe that the sum is actually telescoping:

> (n_i;(!i_l)!(l — )" (n = i)g — (i - 1)(1 - q))

i€ll]

Z n 1 -1 ! ;i
Iy A ;;m(l—q) q

2 n! —i—1 _i—1 = n! il i
:;(n_z_l)(z_l)!(l_q) q ;(H—Z—l)(z—l)!(l_(ﬁ q
= nl n—t—1 -1
7(”—6—1)!(6_1)|(1_Q) q

n—1)! b1 f—
_”(n—e(—u!()z—n!(l_q) T

qéfl (1 _ q)nféfl
B(t,n—1¥)

= gy

Therefore, given this algorithm, we can already deduce that for a given n € bV,

CRy(n) > w

n
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5.9.2 Proof of lemma 5.8

We first recall a property of 3, ,,_, which can be obtained by integration by parts.

B zg(l — z)”_g
kEB(l,n —£)

B 241 — 2)n ¢
Ben—141(2) = Ben—e(2) + (n—0B(l,n—1)

Besi,n—e(2) = Pen—e(2)

First we remark that we can express «; as fn—¢(€i) — Ben—i(€i—1) = b; — bi—1.

Similarly for a;,

e fEIi qffl(l o q)nJrledq
;= 1 _ . d — Ei—1
o= [ (- adadg B D
CB(n+1-0) 5 a1 — g g
~ B{,n-1Y) Bl,n+1-14)
D(O)T (nt1-0)
I'(n+1
= %(ﬁe,nﬂfe(&) — Bent1-0(€i-1))
I'(n)
n—~{

= T(ﬁgmﬂ_e(é‘i) — Bent1-e(gi-1))-

The quantities p; always satisfy a simple recurrence relation, namely that p;11 =
a;pi/ai+1. So imposing the equality of the p; is equivalent to the relation ;11 = a;.

Now, using this relationship:

Q12 = Qiq1
n—/{
& Bon—t(€ir2) — Bon—r(civ1) = T(ﬁz,nﬂ—z(ﬁiﬂ) — Ben+i1—e(€4))
n—1/{

& bijo —biy1 = (ﬁe,n—e(&;ﬂ) — Ben—e(€i)

el —eir)"" el —e) )

(n—0OBW,n—2¢) (n—0B{,n—1{)

¢ b (1 — i)™

- A[bz—l—l] - A[bz] - (gﬁﬂ,nfé(gz—i-l) - TLB(E, n— f)

¢ epa (1 —eip)" "
- Eﬁﬁ,n—€(51+l) + nB(ﬁ,n — f) )
55(1 — ei)”_g
(B(l,n—¥)

& A%y = —éA [,Bé,n—é(Ei) -

& A%y = —gﬁ[ﬂzﬂ,n%(@i)]
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5.9.3
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ALy 1n—t(Bp_o(bi))] .

n

<~ AQ[bZ] =

By summing those equations, we can hence obtain an explicit recurrence relationship

on b;. Indeed, for i > 2:

A2[b} _ Zi A[_Eﬁﬁ+l,n—€(ﬁg_’$,£(bj))]

j=0

[\

.

.
Il
=)

~U(Bes1n—e(Brn_o(bi)) = Brn_(0))

n

& (bi —bi—1) — (b1 — bo) =

¢ -
< b =bi—1 — ﬁﬁeﬂ,n—e ° /34714(5@') + b1

Proof of Proposition 5.9

Because f¢,,—¢(0) = 0 and 3, ,—¢(1) = 1, the problem of finding an increasing parti-
tion of ¢; which satisfies p;11 = p; with g = 0 and ¢,, = 1 is equivalent to finding a
partition of the b; which satisfies the recurrence relation in Equation (5.13); this is a
specific instance of a discrete boundary value problem. We now prove that there
exists a b; such that b, = 1, b;11 > b;, and it solves the discrete boundary value
problem. Remark that these conditions constrain b; to belong to the interval [0, 1]:
this is crucial to recover from the b; a valid sequence of ¢; as the domain of 52 7}# /18
[0, 1].

First note that for b; > ¢/n and because 541 ,,—¢(x) < 1, we have that

¢ A
b1 — b = —— net0 B (b)) +b = —=+—>0.
+1 nﬁe+17 00 Bgp_o(bi) +b1 - + "

This implies that any b; > ¢/n yields an increasing sequence of b;, hence an increas-

ing sequence of ¢;.

Second observe that b,, can be expressed as n — 1 times the composition of the
recurrence relation, which is continuous, so b,, is a continuous function of b;. We
will show that for by = ¢/n and by = (¢ + 1)/n, we end up with b, < 1and b, > 1
respectively. Then by intermediate value theorem this proves the existence of a b; in
[¢/n, (£ + 1)/n] such that b, = 1, and b; 1 > b; by the first remark because b; > ¢/n.

For b; > (¢ + 1)/n, bounding the difference b;.1 — b; as done above for the mono-
tonicity yields A[b;] > 1/n, meaning that b,, > 1.
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5.9.4

The analysis for b; = //n uses a simple argument, but needs to be treated care-
fully. Note that if a by is selected such that b; is increasing and for some iy < n
we have b;, > 1, we can disregard the recurrence after iy and fix in the algorithm
e; = 1 for i > ig. This simply corresponds to ignoring any item that comes after
i0, and still produces a valid algorithm with competitive ratio lower bounded by
lp1/n=1L/(ain) =£/(bin). Take by = (¢ — §)/n, with 6 > 0 small enough such that
the sequence remain increasing. Then if the corresponding b,, is greater or equal to
1, we can recover a valid sequence of ¢; discarding items after some time if necessary.
This leads to a lower bound on the competitive ratio of //(¢ — 6) > 1. However by
considering a constant distribution, it must be that the competitive ratio is smaller
than 1 in the worst case. Therefore it must be that b,, < 1. By taking the limit as §
goes to 0, we have b, < 1 for by = ¢/n.

Proof of Lemma 5.10

For the detailed proof of E[ X, | > E[Y;, | we defer to Appendix A.1 of [Liu+21a]
(note that their notation of OPT corresponds to the optimal online algorithm).

We recall that the distribution function of the /-th order statistic for a random
variable with distribution F is simply 3,,41-¢¢ o F. If we show that 3, ,1_¢¢0 F >
Bont+1—e40 0 VF, then Y{y) stochastically dominates X ;), which implies the desired
result of E[Y{y)] > E[X(y] (this is immediate from writing the expectation of a
positive random variable as [;°1 — F).

Let us look at the function h(x) := Bp41-r0(x) — fan+1—e(y/x) for z € [0, 1]. Clearly
if we show that this function is non-negative over [0, 1], then so is h o F over bR™*.
Let us consider the derivative of h using the density of the beta distribution:

dh(x) 2" f(1—a)t VTN - )

dr  B(n+1-1¢0) 2B(2n+1—4,0)
For simplicity, let /= = y € [0, 1] then we can rewrite the above derivative as

dh(l‘) y2n—2£(1 _ y2)£—1 y2n—£—1(1 _ y)é—l

dr B(n+1-101) 2B(2n+1—14,¢)
_ y2n—2€(1 _ y)é—l(l 4 y)é—l B y2n—£—1(1 _ y)f—l
B(n+1—10,0) 2B(2n+1 —¢,4)

P -y (ATt Bt 1-40)
B(n+1—4,n) yt-1 2B2n+1-14,0) "
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5.9.5

170

Hence over [0, 1], h'(x) > 0 is equivalent to

( 1)“ L Bnt+1-¢60)
~ 2

1+ - .
+y B@2n+1-1¢,0)

The function on the left is equal to co at y = 0, and is decreasing in y: this
implies that the derivative is positive until some yy = /7o, and then possibly
negative. If a function is increasing then decreasing over an interval, then its
minimum is at the endpoints of the interval. And we have that 4(0) = h(1) =0, so
h(x) = mingcp 1) h(z') = 0, which concludes the proof.

Proof of Lemma 5.11

We first recall a limiting relationship between incomplete Gamma and Beta functions.
We have for X,, ~ Beta(?, n) that the random variable Y;, = nX,, converges in law
to Gamma(¢) as n goes to oo.

In particular this means that

. z . z .
Jim Bpn <n> = lim P(Xn < ) = lim P(nXy < 2) = 7e(2),
where the last equality stems from the equivalence between limit in distribution and
point-wise limit of the distribution function (we also indirectly use that /X,, goes to
0 for k fixed).

Let us show the point-wise convergence. The inverse of f¢,,—¢(-/n) is simply n3, ! ,.

Because [, is continuous, the point-wise limit of the inverse is the inverse of

the point-wise limit. Hence lim,, .« 3, ;75 =, !, Rewriting the main function as

—Bry1p—¢oid/non-ido 5[7 é_ , we have by composition that this converges to
—1

—LYer10 By

Now for the uniform convergence. First, note that because of the expansion formula,
we have that 5/ ,,11-¢ > (n—¢ which means that 5[7;“_4 < ﬁ[ﬁ_z (interpolating
over n if necessary) so ,6’[7%_5 decreasing in n, and By41n41-¢ = Ben—r SO 5@11’”“_[
increasing in n. This implies that 8,4} ¢ 0 ,BZTL@ is decreasing in n, and finally
—lBos1n—r0 BZ 7}0_ ; is increasing in n. Because this function is continuous and takes
values in [0, 1] which is compact, we can apply Dini’s Theorem which guarantees

uniform convergence.
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5.9.6

Remark. Note that we can similarly express this ODE using v = v, *(b) € [0, 00) to
avoid the use of an inverse functions:

(e (v)) = 0% (e ().

dt? dt

It is not immediately clear what v represents compared to the ¢;. Indeed, we had
that 3, é_g(bz-) = ¢;, but v cannot directly translate into ¢; as v € [0,00) whereas
€ [0,1]. Actually, we can definite v; = ne;, which implies that
viy _ Al (%
AQ[BZ,nfé(i)] _ [ + n(n)}’

n

which converges using the exact same limiting argument for the pointwise limit
as above to the second order ODE which v(¢) obeys. So v is the limit of ne;. This
is to put in perspective to the limit in [Cor+17] where the ODE concerned used

yi = (1—&)" L

Proof of Theorem 5.12
Let &pn () = —CBrs1n—t 0 Byp_o(x) and &(x) = —lypy1 0y, ' (). First

bi B n bz - bz
bi+1 _ bz — 5@( ) + Cl,@ + Cl[(n) CLg + 6& ( ) §£< )
n n n

Now let us divide both side by &,(b;) + ¢, (which is strictly positive as ¢; , must be
strictly greater than ¢)
cie(n) —ciyp 1 biv1 —bi  Eon(bi) — &(bi)

nEeB) terg) | n o Eb) + e nEeb) Feig)

Remark also that for = € [0, 1], x — —fx+(;(x)+c1, is bounded between ¢; o —£ > 0
and ¢, 4, therefore,

n—1

3 cie(n) —ciye

20 —ciel, 0>0.
— n(f@(bz) —+ CI,K) ’cl,é(n) CLZ’

Now using the previous equation,

n—1

cre(n) —ciy
Z n(&e(bi) + c1,0)

Zlﬁen — &e(bi)|

—|—C1e 012

| 1+ Z 1+1
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1
—1+ § ’“ + — &lloo-
+ Cl Z (CL[ _ Z) ”ff,n ngoo

The last term goes to 0 by uniform convergence, and the first one by Riemann sum
and the integral equation condition, as due to ¢; ¢(n) being bounded independently
of n we have b;1+1 — b; = O(1/n).

All in all limnﬁoo C1,0 (n) =Ci1e-

5.9.7 Proof of Proposition 5.22

For this proof, we will only detail the parts which need special care compared to the
original setting. Most arguments follow through identically.

First we will show that

1
EE[X(S):I = nEqNQDn,p [R(q)] ’

with ¢ a mixture of beta random variables with distribution

Ps — Ps+1
Onp = Z ts — Pstl Bosm—s,
scg Pt

where pyi1 = 0. This is a proper mixture as 3¢ (ps — ps+1)/p1 = p1/p1 = 1. This
result is immediate from following the final computations of Proposition 5.7 and
including the p;:

> - (- s)a - (s - D1 - )

s 1 (

l

Z% n—s—ri!)( _1)!(1_q” e gij 71—5)7?(!(5’—2)!(1_q)niqs2
iz n—s—q!) (5—1)!<1_qn e Sz:lp;:l n—s—q!)!(s—l)!(l_q)n31q81
zzlp — Ps+1 n_s_fi!)!(s_l)!(l_q)nslqsl

— Ps+1
Z == s = NP p,
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/
s,n—s

as we have /3 = 1)s n—s. The condition ps > psy is clear from the above compu-

tation.

We now derive the new difference equation. First, o; = ¢y, p(€i) — ¢np(€i-1), and
second

€
a= [ (1= 0¢nploda
€i—1

¢ .
Ps — Pst1 [
=) == / (1 = @)¢sn—s(q)dq
s=1 D1 €i—1

‘
Z Ps —Ps+1M — S
— Ps — Pstl (Bstrlfs(Ei) - 5s,n+175(5i71)
-1 P "

Let b; = ¢, p(e;). Because f; ,,—; is an increasing bijection from [0, 1] to [0, 1], so is
the mixture ¢, ,, therefore ¢, |, is well defined, and the boudnary conditions on ;
translate to the same boundary conditions on b;. The equation «; 5 = a;+1 which
equalizes the p; yields

l .
Ds = Ps+1M — 1
Abj1 = Z m et o (Bsnt1-s(€iv1) — Bsn+1-s(€i)

-1 P
0 s n—s s n—s
Ps —Ds+1M — S €¢+1(1 — €it1) ef(1—¢;)
Abz = - s,n—s\Ci — Ps,n—s\&i -
& by =3 B B (Bens(Ein) — Bans@) + o SR G B =)
¢
Ps = Ds+1 S
& Abit1 = Apnple) — Z TJFEA [Bst1,n—s(gi)]
s=1

4

1 Ps — Ps+1 —
& AQbZ’ = _EA [Z T *S /Bs—&-l,n—s(SOni)(bi))

s=1

This function, and the inverse of ¢,, ;, as a mixture inherit the monotonicity properties
of Bsn—s in n, thus the point-wise convergence towards a mixture of Gamma(s) and
its uniform convergence can be proven all the same. Let ¢, be the rescaled limit
mixture:

l
Ps — Ps+1
op = Z #7&
=1 p1

The difference equation yields in the limit as n — oo the differential equation

/
DPs — Ps+1 _
V(t)=c— Z T s Y10 ¢p1(b(t))~
s=1
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The rest of the proof is identical and uses the same arguments as for the case
p = 1,/¢. Therefore the ¢(p) which satisfies the integral equation will yield the
lower bound on the competitive ratio of 1/(py - ¢(p)).

5.9.8 Proof of Proposition 5.13

The skeleton of the proof is the same as in Section 3.5 of [Liu+21a], so we defer to
it for some technical details and focus here on the main differences.

We know from [Liu+21a] (Equation 23) that the optimal policy verifies

P (t) = /T:)log(F(u))du, r(1) = 0. (5.35)

We will verify that the r(t) proposed above is indeed the optimal policy. For r(t) €
[q,1]:

/T  Jos(F ) du = / log(F(u))du+ | Tog(F(w)du

oty

B /q y'(u) d MY

()

= | wwr®t v
L

“ym oY

where we used that y” = —v, (1 — y) - /. And it is optimal over [0, q] as r(t) = H,
and F, has an atom at H, which is also the highest value.

Let us now compare E[X;| to OPT,,. The probability of a variable being greater
1/n

than H and arriving in [0, ¢| is ¢ - (1 — F;'"(H)), so the probability that there is at
least one variable greater than H arriving in [0, ¢| is

log(Fy(H))

1-(-g-E )" = 1-(1+4 foln™)) o 1-explglon(Fy () = 1"

Therefore

11 L1
ALGzl—qH—q/ dt ,—/ dt,
( p) P q ?/(t) q—0 0 y/(t)
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where the last inequality follows as when ¢ — 0 then p — 1, H log(p) — 1/y/(0),
and (1 —p9)H ~ —log(1 — (1 —p%))H = —qlog(p)H — 0.

Let us now compute lim,, o, OPTy,,.

0 o i
OPT,, = L= ()@Y ) (1 = FY7 ()Y du
m=3 ng(J)( ()" (1= FY"(w)

L 0o i—1 (

— Z/ 1-— Z —]1‘)1 F(u) - log’ (F(u))du

¢ i—1 ]
(f -y >y 1ogj<p>) (H = r(q)) = (¢~ tp+ (¢ = Dplog(p) + olog(p)) (H — r(q))
i=13j=0 :
= (—Llog(p) + (£ — 1)plog(p) + o(log(p))) (H — r(q))
-1
=0 y'(0)
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Before computing the limit, let us re-arrange the integrand of the left-hand term.
Recall that o(z) = 1 — exp(—z) Y02 27 /5.

exp(—v, (1 — L= 1( (t)))]
- Z ¢ ;] 0
ex 1 1 L (A=)
I CAlETOIISES (e . )
J=0i=j+1
_ 1 . J
_,_ewl 21—y(t)))fi(£_])(w (1 .‘y(t)))
=0 J?
exp(— (1 — (1-y(t) L (1-y(1))
e o (1 = (1) p(— él y(1))) ( (g_1y)! ) ]_0‘7 (Ve J'y )
exp(—y (1 — ¢ (vta -y
=107 (1= y(t) + b él y(t)))];(%f (j—iy) )
exp(—; 11— = M-yt ’
o721 =ity + SR VO 1y S O j,y( ))
j=0
—1
= ot —y0) + XY (o )
—1/1 _
e o9 (1 — (o)) + IOy
Therefore in the limit,
lim lim = ( )fli
q—0 n—0o0 OPTen 1+€ y( )fl Vo410, (1 y(ty),)(;(y()) (t)dt

We want to show that this quantity is equal to 1/¢,. This is equivalent, after re-

arranging the terms and using that y/(0) = —¢, to

/01 yltt) (-ce - ?CJ; + Ly 0y (L —y(t) +v, (1 —y(t)) -y(t)) dt = 0.

Using that y/(t) = y711 07, - (1 — y(t)) — ¢, this is equivalent to
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We now apply the change of variable y = y(t) and u = v, '(1 — y) to the integral:

Doy () y(t) o (= ye(w) )
| o) = e

Finally, remark that u - v}(u)/(c — £v,11(u))? is the derivative of 1/(cy — lyp+1(uw)).
Integrating by parts, we get

u=—-——++1,
(co — Lyeg1(u))? co — Lyeg( co — yer1(u) ce

AWu«L~mwwwwuu:[1—meJ?+Aw w1

where we used in the last equality the integral characterization of ¢,. This concludes
the proof.

5.9.9 Proof of Proposition 5.14

First let us consider the performance of the algorithm, conditionally on the qf being
already drawn. Basically, if while waiting to select the j-th item the algorithm arrives
at step i, then the expected reward received taking into account the probability of
actually selecting the item is R(qf ). However, the probability of arriving at step i
while waiting for item j is more complicated to express. Indeed, first the j — 1 must
be selected before time i, and then no item must be selected until i while waiting
for j. Hence the expected reward at step i, when selecting the j-the item, can be
expressed as

; izt it ta—1 |51 s\ ol gl i1 g
ER()] > ) ---Z[H<1— ts)H R I

s 1
tj_1=j—1t; _o=j—2 t1=1 | s=1 ats ri=1 arl le:tj_l—f—l Oérj

where the ¢,,, correspond to the time when item m is selected, and the sums consider
all possible times of selection. While this equation seems complicated, it is merely
due to the fact that the thresholds depend on ¢ and j, and all possible sequences of
selection must be considered.

The proposition can then be easily obtained by re-using the fact proved in Proposi-

tion 5.7 that OPTy,, = E4wy,,_,[R(¢)] and that for any j € [k], the (€] );cqj—1,..n}
are constructed to form a partition of [0, 1].
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5.9.10 Proof of Lemma 5.15

Let us write down a recursion formula in 7 on p{ that might depend on previous
values of j. We have already dealt with the case j = 1 when only one item could be
selected by the decision maker. As such, we will assume that j > 1. Due to o . ol 1
being equal to the probability of reaching time 7 + 1 with exactly j — 1 items already
selected, denoting ¢, the time when item s is selected, we have

ti— 1—1 to—1

alpl = Z > -+ ) P(Selecting item s at time t, for s € [j — 1])
tj 1 ] 1t] 2—j 2 t1=1

tj—1—1 to—1

_ Z Y Y E[<_“i>tﬁ1“%1... H “v”jfj

tia—j—1tj_a=j—2  t1=1 ag, ) 21 O ri=t;—1+1 Or; |

Notably, if we let the eg be such that p{ = pj: forall: € {j,...,n} (starting from
j = 1, and sequentially imposing the boundary values), then dividing both sides by
p? we obtain

Jj o 7 =1 j
;= aj + (o al

this overall yields a grid of recurrence equations for j > 1 and i > j. Now let
us translate this recurrence relationship into one over bJ. Let us assume that
pﬁll = pg and see what this implies for j, with j = 1 being already treated in
Equation (5.13).

Following the same computations done in Lemma 5.8, we have that o o al 41 = cst

Al—8Bot1,n—e0B; L _,(b] . i i
et en O 4 g Then, using that o/, | —al,| =

is equivalent to A2 [bj | =

J 1 Jj—1 _ Jj—1 j—1 :
Qg — z+2 +az+1 —a = —(O‘i+2 — aiH), we obtain
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— J

A2[b]] _ A[—EBK_A,_LTL_E © 6[,71—@((72)] 10] IAQ[b] 1]
K2 n p;
Al i CBet1m—e0 5( n— z(bz_l) — LBe+1,n—1 0 Bz_,i—z(bm

n

Now summing these equations yields the desired result.

5.9.11 Proof of Proposition 5.16

We outline here the main steps for the proof: First, it must be that b;: = o(1), as
otherwise, because we add b; for n — j steps, b/, = Q(n) > 1. Then we show
that if Gj ¢(n) = pg_i / pj is larger than some positive constant (independent of n)
then &/, > 1, and if it is smaller than some positive constant then 4/, < 1. By the
1ntermed1ate value theorem, as b/, is a continuous function of bj», there must be a
value bg- such that b/ = 1, which proves the existence. Moreover, by giving an asymp-
totic expression of 6; ¢(n) in terms of b7 and b; i, and because 6; ¢(n) must remain
bounded between two positive constants, we can inductively give an asymptotic
expression of bg in terms of n as bg =0O(n"t)withr;p=£-(1— (”%)j). Then we
show that the b] remain between 0 and 1, allowing us to map back the b/ solution
to a solution on the 535 . Finally, by evaluating the sign of p{ if any eg 41 were to be
smaller than an £/, we can obtain a contradiction, thus implying that the &/ must
be increasing in ¢, and so does the b{ . All of the above will be proven inductively
for each j, so the aforementioned properties will be assumed true for j — 1, and the

initialization to j = 1 already corresponds to Proposition 5.9.

Upper bound on 6, ,(n). Let us inductively show that ; o(n) is bounded where we
temporarily re-define (only in this proof!) 6; (n) := (¢ + 1)/¢. Using the recurrence
relation from Lemma 5.15, we have that

AR > - (65m)Benr 057 (17— 0)

‘ — n—1 )
— bl +0o(l) = % Z > (9]‘76(”) (:L > Beyin—co 5&55(@1)) - 1)
i—j i=j
1 n—1
>l (ej,é ( Z’YZH oYy (bj 1) (1)) - 1) )
i=j
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where the last equality is due to the uniform convergence in Lemma 5.11. We now
need to lower bound the above sum. Due to the induction hypothesis, we have that
bi~l =1, bg = o(1/n) for j > 1 and thus A[b) "] < 0;_14(n)¢/n + o(1/n) (this is
why we define 6, ;(n) = (¢ + 1)/¢ to make sure that this expression remains true
for j = 1 as A[b}] < (¢ +1)/n). Therefore it takes some time to go from any value
y € (0,1) to 1 = b/ _,. More specifically, if we denote ¢ the first time where bl >y
we obtain an inequality on ¢:

n—1
i i 1 —t—1
L=6 7+ 3 AT <y 1)+ 0, 1e(n) + o(1)
i=t
l-y
= n—t> +o(1).
0t

Due to the monotonicity of b{ ~in 4, for any i > t, b{ s y. We can now lower

bound the sum:

B> (9j7£(n) (I —y)ver10o '(y) _ 1) +0(0;4(n)). (5.36)
00;_14(n)

We could get tighter bounds on 6; ,(n) if we maximize this inequality in y, but let us

simply take y = 1/2, which numerically is not so bad for low values of ¢ and looks

to be the maximum for large values of ¢ anyway. All in all, for b/ to remain below 1,

it must be that

0;0(n) + 0(0(n)) < — 2D

X — ‘—l,é(n)~
Yes1 07, H(1/2)

Iterating this inequality in j with 6; ;(n) bounded shows that for n large enough all
the 0, o(n) indeed remain bounded.

Size estimate of b; Before showing that 6; (n) is bounded below by some positive
constant, we will first show that b} must be very small in front of 1/n due to the
previous upper bound on 6, ,(n). Let us express ,0; in terms of p;-j:

5 .
O[J T’E[j 1} r Oéj 0%
1 ) )
_ Jj—1 j—=1\ j-1
=3 (0‘]71 - ajﬂ) Pj—1
o
J
(3 Y ()
I Ln—L\Yj—1/ -1

J
nbj
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where the last equality can be obtained following the same computations done in
Section 5.9.2. This implies that b; = O((lBr+1n—t 0 5&”_@(1);:%))/71).

The expansion of 3, _,(z) around 0is (¢-zB(£, n—€))*+o(z'/*) = (£-2)!/* /n+o0(1).
Using the combinatorial formula for 54 ,,—, we have

OBs1n—t0 Brn—e(b)) =0 <n> Bom_ o)+ (1= Bpp_ (W)

t=0+1 t
j\1+1/¢
nttl (o b;) /
(e+1)! nttl

14 (g!)l/f(bg)”l/f+o((b§)1“/€). (5.37)

=/

+o((b))1 )

Tt

The second equality is because (1 — ;! ,)"* —,_, 1 as long as b; = o(1), and

because
(t | 1) B0 (?) Ben—e(B))) = O((5)") = o(1),

so the first term of the sum dominates the other ones. Hence, using the growth rate in-

duction hypothesis b/_} = ©(n"s-1"¥), we can upper bound bgj by O(n(+1/075-1,e-1),

We now solve the recurrence rj, = ((¢ 4+ 1)/¢)rj—1, — 1 which will allow us
to conclude that b; < O(n'it). The first term and the fixed point of this re-
currence are respectively r; , = —1 and ¢, a classic exercise shows that r;, =
—((L+1)/07 14+ €) + = —£(((¢ + 1)/¢)7 — 1). Moreover, for j > 1, r;, < —1,
meaning that b? =o(n71).

Lower bound on 6; (n). We can now proceed to lower bound 6; (n). For Alb!] to
be big enough and for b/, to reach 1, 6, ,(n) must be large enough. Indeed

; 0; l ;0 14 1
ap) < Bty Gt o L)
n n n

v =
using the previous upper bound on bj and that 0 < Byq1,—¢ < 1. Therefore
b, < 0;.(n)l + o(1), which implies that if 6, »(n) is strictly smaller than 1/¢ + o(1),
then b/ is smaller than 1. We can then apply the intermediate value theorem to
the function bZL(bg) to obtain the existence, and for the value b;: which satisfies the
boundary value condition, it must be that 0;,(n) > 1/¢ 4 o(1). Using once again
the expression of 6, ,(n) and induction hypothesis on bgj, we can conclude that
b, = Q(n't) and therefore that b} = c; "¢ with ¢;p € [1/4, (2(€ + 1)/(ye41 ©
v, 1(1/2)))771(€ 4+ 1) /€] + o(1). The actual constants could be tightened, and this

would immediately yield a lower bound on the competitive ratio, akin to using the
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bound ¢; o < ¢+ 1 to prove that CR; , > ¢/(¢ + 1).

Mapping bj back to ej To ensure that the solution to the discrete boundary value
problem in bJ translates into a solution to the discrete boundary value problem in
e, we must ensure that the b7 remain in [0, 1] for Be e z(b] ) to be well defined. For
b{ < 1, one way to see this is to define a continuous extension of 541 n—¢ 0 Ben—¢(2)
by 1 for any x > 1, and by 0 whenever = < 0. This ensures that if for some i, b{ >1
then it remains strictly greater than 1. Indeed for ¢; the first time it crosses 1 the
difference A[b{l] must be positive, and for any ¢ > t; A[b]] > A[b{l] > 0 due to
the monotonicity of bi ~! by the induction hypothesis and due to the continuous
extension which remains fixed at 1. This entails that b}, > 1. This is a contradiction
with b} = 1.

Now let us show that the b{ that solves the boundary value problem always remain
positive. The main idea is that, due to the relative size of the bg compared to the
bg_l, the sequence must be increasing at the beginning and hence positive. After
some time due to the ‘discrete Lipschitzness’ the sequence i.e. the difference between
two consecutive terms is bounded, and because the bz 1 are increasing, it cannot
go below a certain positive threshold without encountering previous values of bi
which were increasing and thus the sequence must go back up. First, when bg =
o(1), we can always approximate £y 1,4 © Ben_o(b)) = L(b))HVE 4 o((b])1H1/0),
where L = 75 £_(eH'/¢, From a high level, what this means is that whenever =
is small when we compare x and Sy11,—¢ © BZ}L_E(Q:) ~ L-x -z the first will
dominate the second. So, for any i < n/log(n), Ab}] = c1¢/n + o(1/n), and
bl = ¢14(i/n) + o(i/n). From there we can verify by induction that for i < n/log(n),
b{ = kj - (n/i)"* 4+ o((n/i)"*) with x; bounded between two positive constant
independent of n, and r;, = —¢(((¢ + 1)/¢)’ — 1). We can start by upper bounding
A[b!] using i < n/log(n) by

A< By0(m) L (6] gy

1 /n\ AHL/0T5-1. _
< Gﬂ(n)LK}i/fﬁ (z) + ¢jo(n)n’i

log(n)(l'i'l/e)'rjfl,l (log(n)(1+1/£)'rj,é

X Rj +o )
n n

L+1/¢

with x; = 6;¢(n)Lk; 1" + cje(n). This implies that for i < n/log(n):

b] < rj(ilog(n) O 7im1) fno((ilog(n) /0704 /n) < ki log(n)'# +o(log(n) ).
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5.9.12

Therefore bj is negligible in front of bj ~! so we can redo the same computations by
replacing above the 1nequal1ty by an equality as B¢41.n—¢ 0 B, n g(lﬂ ) is negligible in
front of Bpy1p—¢© ﬁ&n_ é(bf 1), This also implies that A[bf ] > 0 as the only negative
term is negligible. We obtain b{ = kj-(n/i)"¢+0((n/i)"3¢). Now for i = |log(n)/n],
we have that b/ = r;log(n)"i¢ + o(log(n)"¢), which is strictly greater than ¢/n, an
upper bound on the minimum value of A[bj | derived from Lemma 5.15. Because
A[bj ] > 0 for any i < n/log(n) and b7 is non decreasing, for any ¢ such that

b < b, /log(n) We have that Al = A, Jlog(m)] = 0. Thus the sequence b’ cannot
and &’

keep on decreasing when going below ¢’ ) og(n

) log(n)’ —{¢/n > 0 which overall

yields the non-negativity of the bi

Monotonicity of the bg . It remains to show the monotonicity. The quantity pg , while
it stems from a probabilistic event that had assumed that the ej were increasing, can
be defined for any £/ using 1ntegrals with no further requirements on the sj For now,
we have shown that there exists &/ such that all the p] are equal _,=0ande) = 1.
First, the 51gn of o p is always positive. Indeed, o/ and a] are of the same sign,
positive if €] > eg_l, and negative otherwise. In both cases, the ratio is positive and
smaller than 1, which also implies the positivity of 1 — a’ / aj As a sum of products
of positive terms, o p is always posmve Because all the p] are equal, they have the

same sign, so either all the p] and « are positive, or they are all negative. Because

J
J

o] is positive. Therefore all the o = Bpp—s(e ) Ben—e(el_) are positive, which

e’ =0and &/, = 1, there must be some t > ] such that et > e{ 1> implying that
means that the ¢/ are non-decreasing. Finally, because el 1=0#1= el , then at
least one of the pi is finite, which by equality of the pi means that all of them must
be finite, and so all the ¢/ are distinct. Hence the £/ are non-decreasing and distinct,
SO are increasing.

Proof of Proposition 5.17

Due to the uniform convergence in Lemma 5.11, it seems intuitive that we do have
the convergence from the discrete boundary value problem to the continuous one.
However, there are many technical difficulties that make proving this convergence
especially challenging, in particular the fact that the limit function .41 07, * is not
Lipschitz over [0, 1] having an infinite derivative at 1. The convergence of ¢; ;(n) is
already proven in Theorem 5.12, so it remains to prove the convergence of 6; ,(n)
towards 6, , (the solution to the continuous boundary value problem).
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Let & (2) = —€Ber1n—i 0 ﬂﬁ_z(az) and &(x) = —lyp41 07, (x). First due to the
boundedness of the sequence 6, ;(n), by the Bolzano-Weierstrass theorem there is at
least one subsequence with an accumulation point 6, and we will work with such a
subsequence.

Existence of solution to ODE. We now consider the ODE y/(t) = &,(y) — 0&,(b"~1(t))
with initial condition y(0) = 0. as & and & (b ~1(t)) are continuous, there exists a
solution b’/ over [0, 1]. We also have that

V107 (@)

—1
— = _’Yé (.ZU),
v, 07, H(z)

(@) = —0- () (@) - (vern) (7 (@) = £
so as long as x < 1 then ¢} is bounded and +, ! (z) Lipschitz over the interval [0, z].
This means that as long as ¥’ is strictly smaller than 1, then by the Cauchy Lipschitz
theorem the solution must be unique. The case when max(y 1) b; < 1 is easier to treat,
so we focus on when max, ;) b; > 1. Because ¢, is bounded, ¢’ itself is Lipschitz over
[0, 1], so denoting ¢; the first time &’ = 1 the solution is unique over [0, #;] due to the
Lipschitzness of /. Note that over (¢1, 1] there can be potentially multiple solutions
satisfying the initial condition &’ (0) = 0.

We now wish to prove the convergence of b{m | towards b’ (t) for any ¢ € [0,¢1]. We
will prove it first on [0,¢; — ¢] for any ¢ > 0. The main idea is that b/ is almost
an Euler discretization of the continuous solution, and the same ideas used in the
convergence of the Euler method can be modified to take into account that the
discretization uses &, and not &,.

bisn) and b(t) are different from 1. Let ¢ € [0,¢; — €], in which case b;(t) < 1 by con-
tinuity as ¢ < ¢; and ¢; is the first time for which #7(¢) = 1. Similarly, we now show
that for n large enough, b|4,| < 1—c for some ¢ > 0. The quantity b|;, | is bounded be-
tween (0, 1) so has a non-empty set of accumulation points. For n large enough, the
distance between b|;,| and the set of accumulation points will go to 0. If not we can
look at the sub-sequence of points which do not converge to an accumulation point
and apply Bolzano-Weierstrass again to exhibit a new accumulation point towards
which at least some of the points converge, showing a contradiction. Therefore, if all
the accumulation points are strictly smaller than 1, then there exists some constant
c such that for n large enough b|;,,) < 1 — c. All the accumulation points must be
smaller than 1 as the b are smaller than 1. Suppose that 1 belongs to the set of accu-

mulation points. Because b/, = 1, this means that b/, — b{tn | = nT Y i ALb]] = 0.
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So, due to the monotonicity of bg and the convergence of bg ~! by the induction
hypothesis, for any t' in [t, 1] we have b{t,nJ — 1, and nA[b]Lt’nj] = 0f(VLHH)) — £
Using that &, converges uniformly towards &,, the Riemann sum approximation
tells us that ! Y7, A[b]] = [7 066~ (u))du — € = 0. This equation is valid
for any ¢’ > ¢, which is not possible as »/~! is increasing and therefore the integral
value must be different. Overall, we have proven that the b{tn | must remain far from
laslongast < 1.

Convergence by Euler’s method. Instead of working with the discrete sequence

b!, we work with the affine by parts function b{n) which takes value b/ at times

i/n and each of those values are interpolated through linear segments. We will
prove the uniform convergence of this affine by part function to the continuous
limit. One way to prove this could be to use the Arzela-Ascoli theorem, as we
have now a sequence of functions with approximately the same Lipschitz constant,
and are thus equicontinuous. Instead we will apply Euler’s method. Let ¢(y,t) =
Eoly) — 06V (1)) and pa(y,t) = &nly) — 050(n)éen(b],) (). The function @,
converges uniformly to ¢ due to Lemma 5.11, that 6; ,(n) converges to some 6 for the

subsequence considered, and b{ ! converges uniformly to its limit solution. Let ¢; =

: ")
i/n, and &; = b7 (t;) — b! be the global truncation error up to time ¢; (the notation is
omitted but b{ depends on n). We only consider time ¢; with ¢; < ¢; —¢, so that ¢(y, t)
is B-Lipschitz in y for B > 0 and &’ ()" = (/) (¢)&,(b7 (t)) — 0 - (W 1) ()&, (071 (2))
is also bounded by some A > 0 due to the boundedness of (+"~1)" and (#’)". Looking
at the global truncation error, denoting by w,, = ||¢n — ¥/, We have
Fost] = W ti1) = by = W (tag0) — 1] — 2200

' j bl t; bl ti) = on(b] ti
:\bf(tm)—bi—cp(l )+<p(7, ) — en(b; ),

n n
, - Vi(t:),t) — o(b) A ) 1 bot) — o (bt
:\bJ(ti)—bﬁJr(p( (t:) 7)1 4l )+(b](ti+1)_bj(ti)—ntp(b](ti),ti))—F(p(Z ) n‘p (b )y
1 1.1 n B !
<8l + =BIoi| + s A= + < (14 =) + 22,
n 2 n n n n

where w'(n) = max(A/(2n),w,) which goes to zero as both A/n and w,, do. Using
that §o = 0, we can apply this inequality iteratively leading to

i—1 i i
B\’ wl, W, (14+B/n)—1 ,
%<2 (1 * n) W n Bt Seneplti—e)B) =5 0.
]:

5.9 Detailed proofs 185



Because ¢; 1 — t; — 0 and by Lipschitzness of b{n) we have the convergence towards
v/ for any t € [0,¢; — ¢]. Finally

V7 (81) = b,y (0] < [V (82) = ¥ (81 — &) | + [V (01 — &) = b, (11 — )| + [b ) (t1 — &) = ],y (2)]
< Me+ 5L(t178)nJ () + Me,

with M a common upper bound on ¢,, and ¢ for n large enough. We can take the
limit of this inequality over n for any fixed n, and then take the limit over . This
implies that lim,,_,~ b{n)(tl) = b/(t1) = 1, which is impossible unless t; = 1 as we
have already proven that this limit is different from 1 as long as ¢ < 1. This implies
that 6 is a solution to the continuous boundary value problem. This also proves the
existence of a solution to the continuous boundary value problem.

We now prove that the solution of the continuous boundary value problem must
be unique. We will show that ¥/ (1) is strictly increasing in the parameter 6 > of
the ODE. Let 6; > 6, by and b, the respective solutions, and d = by — by their
difference. First we show that b; > by. Let M = maxig ¢ d(t), to the point at which
the maximum is reached, and M > d(0) = b2(0) — b1(0) = 0. If ¢, > 0, we have at ¢y
that d'(to) = by(to) — b} (to) = &u(ba(to)) — &e(br(to)) — (B2 — 01)&(H~ (to) < 0 using
that by (tg) > by(to), & is decreasing, and &, (b1 (o)) < 0 as tg > 0. By continuity d
is strictly decreasing in a neighborhood of ¢(, and therefore for 6 > 0 small enough
d(ty — &) > d(tp) = M which is impossible by definition of M. Thus ¢, = 0 and
b1 > bp. Finally if there is some ¢y > 0 such that b;(¢y) = b2(to), the same argument
yields d’ < 0 which with d(¢p) = 0 contradicts d > 0. Hence b; (t) > ba(t) over (0, 1]
and in particular by (1) > b2(1).

Because there is a unique possible value for the limit, there is only one possible
accumulation point for 6, ,(n), implying that 6;(n) does converge to the unique
solution of the continuous boundary value problem in Equation (5.6).

To finish, &' is non-decreasing as A[b)] > 0 and it must remain so in the limit.

Moreover because b»/~1

is strictly increasing, so is b’. The initialization for this
property is that b! is strictly increasing as ¢; o > 1. Additionally the convergence
of 0;¢(n) implies the convergence of ¢;(n), and the relation between these two
quantities is immediate from taking the limit in Equation (5.37). The monotonicity

of b/ immediately implies that 6, > 1, as (b/)'(1) =0, - £ — £ =£(0;, — 1) > 0.
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5.9.13 Proof of Proposition 5.19

The proof consists of two steps, using Jensen’s inequality on the reward of the
single threshold algorithm similarly done in [Cor+19a] to prove in a simple way the
1 — 1/e performance of F'~'(1 — 1/n) in the i.i.d. single item setting, and algebraic
manipulations as well as inequalities to obtain the desired lower bound.

We can start by noting that the expression of the online algorithm when only a single
threshold is used is much simpler. Let ¢ € [0, 1] be the quantile corresponding to the
selected threshold, e.g. T'= F~!(1 — q). The expected reward given by the j-th item
at time ¢ is simply R(q) times the probability of having selected exactly j — 1 item
up to time i — 1, which corresponds to a random variable distributed according to
Binomial(i — 1, ¢) to be equal to j — 1. The total expected reward obtained through
the j-th item is thus

j—1

Zn:R(Q) (Z - 1)(1“(1 —q)".
=

Moreover, we know through the proof of Proposition 5.7 that for ) distributed
according to Beta(¢,n—¢), OPT,, = nE[R(Q)]. The expectation of Q is E[Q] = ¢/n,
and using the concavity of R we obtain

OPTy,, = nE[R(Q)] < nR (i) | (5.38)

Due to this inequality, we set the deterministic quantile to be ¢ = ¢/n, which
immediately implies that

Zn: R(q) (; B i) R S L (2:: % (; B 1) (f;)jl (1 - ﬁ)j) OPTy,, .

To obtain a lower bound on this competitive ratio, it remains to lower bound this
sum, which we will denote by S, ;.

i1 [0\ A G- T H (45— 1) A
n=3 = h 1——) = — 1—— .
Sitin Zn( j—1 (n) ( n) nﬂ(j—l)!z 7! ( n)

=0 i=0

We recognize that Z?:_Oj(i +j—1)x---x (i+1)(1 —£/n)" is the j — 1-th derivative
of the geometric sum Y7/ (1 — £/n)* = (1 — (1 — £/n)")/(1 — (1 — £/n)). the t-th
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derivative of 1/(1 — z) is t!/(1 — x)'*! and the ¢-th derivative of 1 — 2" for t > 1 is

—n!/(n — t)l2""*b1[t < n|. Using Leibniz rule for derivation,
R L ey A A a1
= 1-
dr 1—=x = t ] dx ( )dzv <1—x>
2
(J_ ].—LL' iz ]—1 t!tl' n! : (]}n+1+t7j
)Tt (n+1+t—7)!

-2
>

_ g1y ' n! 1t
io=\t (1—z)*t (n+1+t—7j)!

For o = (1 —{/n) < 1, 21470 = (1 — £/n)"H70 Cexp(—€)(1 — £/n)+,
(1 —a)" = (¢/n)"*!, and n!/(n + 1+t — j)! < n/~'~1. Therefore

i1 , 1 2 G- ¢! L N
Sien = m {(y —1)! ) — g t!(j('J— : 2 5 . Ty pd—t=1 exp(—¢)(1 — ﬁ)H ]

I R A L) )

l = (j—1-1)!
Jj—1 _ t

I M

7 2 1l

j—1

= Lm0y 0 e it |t/ (om0 /@ =t/n)

; 2 1l

V() (1= €/n))et/ =0 4 (1 — 2/=0) yi0) 1 et (1)
> _ = () — | —
] = o\t g —e )

where we used Taylor approximations to get estimates of ~;(¢/(1 — ¢/n)), and
/(=0 Summing the contribution of every item j € [k], we immediately obtain
the desired lower bound
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5.9.14 Proof of Proposition 5.20

Once the worst case instance from [AM21] is correctly modified, their proof almost
entirely follows through. First of all, they show that for any quantity 1 independent
of n, the prophet’s expected reward is at least

1+W

L4+ W — ,
n+1

and the decision maker’s expected reward is at most

E[min(Poisson(ng), k)] (1 + nE

) + 2kWn~ %3 4+ 2l<:n_1/3,
q

with ¢ the probability of accepting any item which is a function of the random tie-
break probability. They further show that the derivative of E[min(Poisson(ng), k)] (1 + W/nq)
in A = nq is equal to

w k P(Poisson(\) > k

)\) = P(Poisson(\) < k) ( Wﬁ P(Poisson(A) < k)) .

~—

d
JE[mm(Pmsson()\) k)] <1 +

To have a simple expression of the competitive ratio, we pick W = W}, , such that
the above derivative cancels at exactly A = £. Hence

iE[]rn1n(P01sson()\) k)] (1 +

Wi, e)
dA

A
2 P(Poisson(¢) < k) P(Poisson(\) > k

— P(Poisson(\) < k) (1 — =
(Poisson(A) < k) < A2 P(Poisson(¢) > k) P(Poisson(\) < k

~—

)

It remains to show that this critical point corresponds to a maximum. The computa-
tions will be almost identical to [AM21].

~—

For \ < ¢ we have
£? P(Poisson({) < k) P(Poisson(\) > k) Xjsk MN[0 3 05!
A2 P(Poisson(f) > k) P(Poisson(A) < k) — Yo #72/50 34 M /4!
< ( )k LYt /5!
¢ ik N /4!
_ Yier(F)ETITIN /40 o
Pk M /3!

The same can be done for \ > ¢, which shows that ng = ¢ indeed yields the optimal
static rule with tie-break for F™*.
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In the limit as n — oo, this implies that

E[min(Poisson(¢), k)] (1 + %) E[min(Poisson(¢), k)] .

l
%. E—l—Whg N k

CRz, <

This last quantity can then be related to ~;(¢), as

k—1 k—1
E[min(Poisson(¢), k)] = Z P(Poisson(¢) > j) =k — Z P(Poisson(¢) < j)
j=0 j=0
k-1 J EZ '
£ (25
7=0 =0
k—1
=Y 10
=0
k
=> %0
j=1

5.9.15 Proof on finite dimension reduction

In this section, we take care of proving the reduction procedure, for the general (&, ¢)
setting, from a general distribution F' to a discrete distribution in [0, 1], with a smaller
competitive ratio CRy, ¢(n). This immediately implies the result of Proposition 5.18
for general (k, ¢).

Let us first define the technique of balayage.

Definition 5.24. For a random variable X and constants 0 < a < b < oo we denote
by X,.;, the random variable which takes the same value as X when X ¢ [a, b], takes
value a with probability p, = E[(b — X )b1[X € [a,b]]]/(b— a) and takes value b with
probability p, = E[(X — a)bl[X € [a,b]]]/(b— a).

This new random variable conserves some characteristic of the original one: X and

X, have the same probability of taking values outside [a, b] thus E[Xb1[x¢[, )] =
E[Xa,bbl[XQ[a,b}]]a and by definition Ofpa and Pp We have E[Xbl[Xe[a,b]]] = E[Xa,bbl[Xe[a,b]]]-
Both properties imply that E[X| = E[X, ).

We can derive that OPT,,, is increasing with balayage, which generalize the proof
of [HK82] for ¢ = 1.
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Lemma 5.25. For Y = X,

ED> . Xu <ED Yyl (5.39)

€[4 1€[f]

Proof. We denote by OPTy(Xjy,...,X,) the function which takes into input the
variables = (Xj,..., X, ) and outputs the sum of the top ¢ variables. Clearly,
E[OPT(x)] = OPT,,. We first show that for all i € [n], EJOPT,(x)] < E[OPT (X, x—i)],
the statement of the proposition then follows by applying multiple times this in-
equality.

First, let us remark that OPT,(x) can be rewritten as the value of the following
linear (integer) program: the objective is ST with S; € {0,1} and i) Si = L.
Because the objective is convex, and as the supremum of a family of convex functions,
OPT, is convex in @. In particular, for some i € [n], ¢(x) := E[OPTy(x) | X; = z] is
convex in z. By convexity and independence of the X;, we have that

r—a b—x T —a b—x
— . . <
T —a b—=x
= 3~ EIOPTe(b,2—i)] + 3—E[OPTs(a, 2—i)].

Therefore, we have

E[OPT,(x)] = E[OPT,(x)bl x,c(ap] + E[OPT ()bl (x, g0,
E[OPT(z)blx,e[ap)) + E[OPT¢(Xap, —i))blix,g[ap))]
E[p(Xi)b1x,c[a,57] + E[OPT(Xap, —i))b11x,¢an)]

X; — b— X;
E |:< ; aE[OPTg(b, 113_1)] + b E[OPT@(CL, (17—@)]) b]‘[Xie[(l,b”:|

N

s —a

+ E[OPT(Xa,. ®—:))b1 x, ()]

= poE[OPTy(b, x_;)] + paE[OPTy(a, z_;)] + E[OPT,(X,, w_i))bl[Xig[a,b}]]
= E[OPT/(Xup, 2—3))b1x,clasy] + EIOPTe(Xap, —:))blix,glas)]

= E[OPT¢(Xap, z—4))]. -

If the distribution is bounded by some constant v, then we can simply consider the
variable X; /v which is in [0, 1], and this does not change the value of the competitive
ratio. If the distribution is unbounded, we can do a balayage to infinity which will
recover the same property in Lemma 5.25. All the mass above « is put into either
a with probability p, = E[(b — X;)b1[X; > a]]/(b — @) and into b with probability
p» = E[(a — X;)b1[X; > a]]/(b — a). The only requirement is that p, > 0 which
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can be guaranteed for b large enough as X; was assumed unbounded and therefore
P(Y > a) > 0. See Lemma 2.7 in [HK82] for more details. From now on we consider
that the support of F is in [0, 1].

We are now be able to show that for well chosen constants vy, . .., v,,, we obtain
a new distribution such that the value of the optimal algorithm remains the same,
while the value of the prophet must be bigger due, hence the competitive ratio
smaller, due to Lemma 5.25.

The problem of finding the optimal sequence of stopping times (7;)¢[4 is directly
related to the theory of optimal stopping [Cho+71], and it well known that the
Backward Dynamic Programming (BDP) stopping rule is optimal. For k items to
select we define the following BDP rule:

Definition 5.26. For i € [n], let V/ be the BDP optimal expected reward of sequen-
tially selecting j among i items, defined by Vg =0, VY = 0 and by the recurrence
relation

VI =E[(VIZ +X) v VI_ )]

The BDP stopping rule is to select an item at time 7 when selecting the j-th item if
Xi+VIE 2 VI,

This sequence of stopping rules is as mentioned above optimal, and therefore the
competitive ratio can be rewritten as the problem of minimizing (¢/k) V¥ (F)/ OPT,(F).

We will use the following convenient notation for i € [n — 1] and j € [k]:

A=V _yiTh

For some finite set B = {z; € bR, i € [m]} of m real values , we denote by Xp the
successive balayage from left to right of X over B. For instance for B = {a,b, c}
with a < b < ¢, we have Xp = (Xqp)p.c-

Remark. It is crucial for the balayage to be done on the ordered values: if we consider
(Xa,c)ap, then py = E[(Xac—a)blix, .clapl/(b—a). Because X, . is already balayed,
and b < ¢, X, only takes the value a over the interval [a, b], which implies that
pp = 0. Whereas for X, we can have p, # 0. Actually what really matters is for
the balayage to be done always with the closest value, but doing it from increasing
values gives a proper process to follow.
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Lemma 5.27. For B = {0} U{1} U {Ag, (i,§) € [n— 1] x [k]}, we have V(X p,) =
VF(X) and OPT(Xp,) > OPT(X).

Proof. The second part of the proposition is clear from the fact that OPT is increasing
when applying balayage (Lemma 5.25), and that X g stems from successive balayage.
It remains to show the first part.

We denote the ordered elements of Bo with 0 = 1 < Z2...Zpm—1 < Ty, = 1
and consider the sets B, = {x,,s € [r]}. We show by induction that V¥(Xp ) =
V¥ (X). The initialization for {1, z,} can be proved almost identically to the second
induction step, see below. Let us assume that the property is true for » — 1, with
r>=3.

We have Xp. = (XB, )z, ,.2.. Hence, we need to show that for Y = X _, we have
that Y3, , .. preserves V¥ (Y).

We do a second induction to show that for all i € [n] the following property is
true: for all j € [k], Vg(Y) = V{(Ym7,717xr). The initialization is true as V? (V) =
EY]|=E[Y,, 2] = V{(Yxr_hxr) where the second inequality comes from balayage
preserving expectation. Let us assume that the property is true for 7 — 1. We have by
the recurrence relation and the induction hypothesis that

VI(Ya, 1) = El(Yay v + VI (Ve 10,)) V VI (Ve a,)]
E[(Ye,_ 12, + Vi1 (V) V VI (V)]

E (Vo + VDV BYy

Tp_1,TprZ

LE [((Y VI Y) vV (Y)) by, WJ
- Vi;l(Y)P(YIT—LIT < Agfl) + E[((Yxr—hx'r + ngl(y))bl[YzT-szr >A§Q1]]

or VI (Y)P(Ye, rar ALY +E[((Ye, oy + VI, ()DL ]

If Ag_l & [xy—1,z,], then we directly have the desired equality. Otherwise A{_l €
[2,—1, z,]. In this case because of the construction of Ba, we have that A7, is either

Ty O 1.

If Ag_l = x,_1, by the balayage being equal outside [Aj_l,:vT] we have that
P(er—lyx'r < A‘zfl) = P(X < A‘Z*l) and P(er—lyx'r 2 A‘Z*l) = P(er—lyxr > A"Z*l)’
and in addition with the expectation being equal over [A{_l, x,| we can deduce

that E[Y,, .. bl Ybl . Using the first alternate formula

Wayrar>6] ) = BV Py
described above we obtain VI (Y,, , ,.) = VI(Y). If A | = z, we obtain similar
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properties and use the second alternate formula. In all case we have the equality. We
can conclude the second induction, and also conclude the first induction as well. [

Using the above proposition, we know that we can lower the competitive ratio by
applying this specific B balayage on X. All those distributions are supported on
the values described by Ba. Notice that whenever j > i, then A{ = Aﬁ, so those
two values are not distinct. We prove now prove Proposition 5.18.

Proposition 5.28. The value of CRy is attained by a discrete distribution with a
support of 2+ k(k — 1)/2 + k(n — k) points on [0, 1].

Proof. This is immediate by applying Lemma 5.27 and Lemma 5.25, and because

|Bal=2+ > > 1=2+4k(k—1)/2+ k(n — k). O

i€[n—1] 1< j<max(i,k)

It is possible that other reductions are more efficient in terms of numbers of values.

Hence we can consider an optimization problem over 2(2 + k(k — 1)/2 + k(n — k))
parameters instead (to take into account different possible values with different
associated distributions).

Interestingly, the gaps respect some monotonicity property:
Proposition 5.29. The Ag are increasing in i and decreasing in j.

Let us first show that it is increasing in j. We have that A7 — A7 = v/ —2 V™! 4 vI2,
Let us compare Vf + Vg 102 Vg ~!. The first quantity correspond to the supremum
of stop rules, where it is allowed to select 2 times the same item for the j — 2 first
items, and then is allowed to select 2 more items at different times. The second
quantity correspond to stop rules allowed to select 2 times the same item for the first

j — 1 items encountered. This is strictly more lax in terms of constraints compared

to the first quantity, hence we have that A{ is decreasing in j.

We now show that it is increasing in i.

AL = VL = VI = E[(X + VT v VI — E[(X + VI3 v v
= VI = VI HE[(X + VI = V) = (X 4 VT2 = Vi)
= A HE[(X +VIT =V, — (X + VI Vit
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5.10

Using that if z > y, then 2, > y,, and because

7

we can conclude. The inequality comes from the monotonicity of A{ in j.

Further related works

While the i.i.d. version of the prophet inequality has received significant attention,
other variants have been studied extensively. If 1/2 is the best competitive ratio when
the values are not distributed identically and arrive in a fixed sequence, [Esf+17;
Ehs+17] show that when the X; are presented in a random order, named prophet
secretary problem, a competitive ratio of at least 1 — 1/e can be achieved. [Cha+10;
Siv+21] study the free order prophet where the order of arrival of the X; can be
freely chosen. Recently, [BC22; GMS23] have shown that both of these variants
are intrinsically different, in that their worst-case competitive ratio are distinct. An
important remaining question, is whether the free order variant is as hard as the
i.i.d. case. This is related to our work, as any upper bound on the i.i.d. case directly
translates into an upper bound on the free order prophet.

In an orthogonal direction, it is possible to examine prophet settings with increas-
ingly complex combinatorial constraints or payoffs. There has been a rich stream
of literature on the multi-unit prophet, which assumes that the decision maker and
the prophet both actually have a budget of £ € bV items, which was initiated by
[HKSO7]. Lower bounds for the competitive ratio explicit in k of order 1 — O(1/Vk)
were subsequently given by [Alal1] for an adaptive algorithm, and [CDL20] then
proved that 1 — O(log(k)/vk) can be reached using only a single threshold. More
recently [JMZ21] gave tight constants that are solutions to a limiting ODE. [JMZ22]
also proposes optimization problems that compute the competitive ratio for any
k but only for a given n. Different types of constraints are also studied such as
[KW12a] which assumes that the allocation must respect matroid constraints, or
[CC23] who proved competitive ratio guarantees for an online combinatorial auction.

The idea of considering weaker benchmarks, as proposed by [Ken85] and our paper,
can be readily considered for any of these different combinatorial or distributional
assumptions. The more general framework where the decision maker and the
prophet can respectively select k& and ¢ items was introduced by [Ken87] in the non
i.i.d. case, but significant results were only proven for ¢ = 1. This is of the same
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flavor as the (J, K)-secretary problem introduced by [BJS10], where the goal is to
find an element in the top K with only J tries. Selecting one item among the top
k has also been studied for the prophet setting in [Esf+19], where the probability
of getting an item from the top k is of order 1 — O(exp(—k)). A recent work by
[Har25] proposes a new sharding technique to obtain better prophet inequalities,
and in particular achieves a O(1 — k*/°) lower bound in the i.i.d. setting for the
problem where the decision maker recovers as a value the maximum of k selected
items. Another setting where a rate of 1 — e~* is achievable is in [Ala+22], where k
different thresholds are fixed in advance, and the decision maker is allowed to make
k passes over the data.

Finally, we mention that there has been a recent nice concurrent work by [BPV24]
on the & multi-unit i.i.d. prophet who, using a complementary approach through a
linear program characterization of CRy, ;(n), achieve similar results. They obtain
the same limit system of ODE for & = ¢, and additionally provide an estimate of
the error between the asymptotic value lim inf,, CRy, 1,(n) and CRy, 1 (n). They also
leverage this result to prove a tight approximation ratio for the stochastic sequential
assignment problem.

There has also been a lot of focus [AKW14; Cor+19b] on sample prophet inequalities,
where decision makers do not have access to the distribution themselves, but only
samples of the distribution. A remarkable result from [RWW20] is that a single
sample per distribution is enough to achieve the 1/2 competitive ratio in the original
prophet setting. They also show how to use the quantile strategies from [Cor+17]
to obtain sample prophet inequalities in the i.i.d. case. This is especially relevant for
this work, as the strategies we propose are also quantile algorithms, and therefore
the proof from [RWW20] can likely be extended by using Algorithm 10.
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Equitable Auctions

Abstract. We initiate the study of how auction design affects the division of surplus
among bidders. We propose a parsimonious measure for equity and apply it to
standard auctions for homogeneous goods. Our surplus-equitable mechanism is
efficient, Bayesian-Nash incentive compatible, and achieves surplus parity among
winners ex-post. The uniform-price auction is equity-optimal if and only if bidders
have a common value. Against intuition, the pay-as-bid auction is not always equity-
preferred if bidders have private values. In auctions with price mixing between
pay-as-bid and uniform prices, we provide prior-free bounds on the equity-preferred
pricing under a common regularity condition on signals.
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6.1

Introduction

Equity concerns in auctions chave increasingly entered policy debates and are of
critical importance to participation and stability in downstream markets. In practice,
auctions are used, for example, to sell government debt, electricity, emission permits,
oil, timber, coffee, art, and production input factors. Although auction design is a
cornerstone of economics research, the division of surplus between bidders has not
been studied. Generally, auctions are held to elicit agents’ values or costs for buying
or selling goods. However, the auction mechanism, consisting of an allocation and
pricing rule, can result in an asymmetric distribution of welfare, even among winning
bidders: for example, in single-price auctions, high-value bidders obtain a larger
surplus (i.e., value minus price) than low-value bidders. This points to possibly
unintended implications for the welfare distribution in the auction. Nonetheless, we
show that auctions can be made equitable by design.

This article initiates the study of surplus distribution between bidders in multi-unit
auctions. We focus on the class of standard auctions with independent signals, which
are revenue equivalent and efficient. Thus, designing the equity objective is costless
in terms of potential trade-offs. We propose a family of equity metrics that are
based on parsimonious, pairwise comparisons of realized surpluses (utilities). First,
we characterize the direct surplus-equitable mechanism. This incentive-compatible
mechanism uses windfall subsidies to achieve ex-post identical surpluses among
winners of any type realization. Second, we turn to uniform and pay-as-bid auctions
and combinations of these, that is, mixed-price auctions. In this class, we derive
prior-free results on equity-preferred pricing, with strong policy implications for
multi-unit auctions used in practice.

Uniform pricing and pay-as-bid (discriminatory) pricing are the prevalent multi-unit
auction formats.! In the uniform-price auction, all winners pay the first rejected bid,
and in the pay-as-bid auction, all winners pay the price they bid. The question of
which pricing rule leads to more efficient power market outcomes, less collusion, and
more revenue has been debated for decades (e.g., [Kah+01; Aus+14]), but fairness
and redistribution concerns have received little attention, albeit a central policy
concern. For example, the Small Business Act in the US requires the government
to award 23% of procurement contracts each year to small businesses that are
socially and economically disadvantaged or minority-owned [PV12; US 24]. In
spectrum auctions, allocative fairness in the distribution of licenses is particularly

In treasury auctions both designs are common [OEC21], while most electricity markets feature
the uniform pricing rule. Further examples include auctions for emission certificates, or online
advertisement.
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important, as it affects competition in the downstream market [GSM21; Kas23].
Similarly, the distribution of surplus can influence market stability and competition
in post-auction markets: bidders disadvantaged in the surplus distribution may face
higher borrowing costs, especially in inefficient capital markets. This is aggravated
in auctions that occur only once, as a low surplus can be detrimental to a company’s
survival in the post-auction market.

Generally, redistribution after the auction, withstanding legal feasibility, may distort
bidding incentives and efficiency. However, the taxation of rents infra-marginal
bidders earn in electricity auctions was debated, for example, in the context of
recovering infrastructure investment costs [New14; RPD17].

The proposed tax on companies’ observable surplus is equivalent to a mixed auction,
in which prices are set by a combination of uniform and pay-as-bid pricing, a design
suggested for some electricity markets by [HT23]. This class of mechanisms is one
of the focal points of this article.

Our setup is as follows. We consider standard and winners-pay multi-unit auctions
(so-called k-unit auctions) for the sale of indivisible, identical goods with a composi-
tion of private and common values. Each bidder has unit demand and receives a
private and independent signal drawn from a publicly known distribution.?

A bidder’s value linearly interpolates between the extremes of pure private and
pure common value, that is, between their private signal and the average signal
in the market.® We study direct incentive-compatible mechanisms and the class of
mixed k-unit auctions. Mixed auctions combine uniform and pay-as-bid auctions
and incorporate those as special cases. For a given ¢, we call the convex combination
of uniform and pay-as-bid pricing §-mixed pricing, and the corresponding auction
d-mixed auction. The parameter § describes the degree of price discrimination: § = 0
corresponds to uniform pricing and ¢ = 1 to pay-as-bid pricing. In mixed auctions,
we study the symmetric Bayesian equilibrium, which is found to be unique.

All considered auctions, under classical assumptions, achieve the same expected
revenue [MS02] and allocate items to the highest-value bidders; thus, there are no
trade-offs with revenue or efficiency.

*We provide a discussion of the unit-demand assumption in section 6.6.4.

3This model can represent common resale opportunities. For example, an emission certificate is
valuable for a company’s production process (private value), but it can also be resold after the auction,
with the resale value being common to the market. The resale model appears in previous work, for
example, by [BR91; Kle98; BK02; GOO03].
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Contributions Our first conceptual contribution is the introduction of a new, par-
simonious measure of equity, dominance in pairwise differences: a mechanism A
dominates another mechanism B in pairwise differences, if, in equilibrium, all abso-
lute pairwise differences in ex-post utilities of winning bidders are weakly smaller
in A than in B (definition 6.6), with one strict comparison. We say that A is equity-
preferred to B. Our results hold for the family of anonymous equity metrics that are
constructed by aggregation of pairwise differences with any increasing function.
This family includes prominent inequality measures, e.g., the empirical variance, the
Gini index or comparison of the top and bottom deciles (see also [Lor05; Gin12b;
Gin21; Pigl2b; Dal20b; Atk70; SF73]). As an example of an aggregator, we study
the winners’ empirical variance (WEV) of surplus, which satisfies monotonicity in
transfers from richer to poorer agents (proposition 6.8) (Pigou-Dalton principle,
cf. [Mou04]).

Our main results are as follows.

1. We characterize the direct and Bayes-Nash incentive-compatible mechanism
that distributes realized surpluses equally among the winning bidders (theo-
rem 6.11). The surplus-equitable mechanism allocates the items to the highest
bidders and charges them a payment consisting of three components: firstly,
each bidder pays their private value, thus equalizing ex-post utilities; secondly,
a uniform payment that cancels out the idiosyncratic payment in expectation;
and finally, the expected value corresponding to the first rejected bid, akin to
a “second-price” payment. The key and surprising insight is that the uniform
payments cancel out the idiosyncratic payment part, for any given signal, in
expectation.

2. We prove that the uniform-price auction is equity-preferred (is dominant in
pairwise differences) if and only if the bidders’ values are pure common value
(theorem 6.13). In this case, the surplus-equitable mechanism is equivalent to
the first-rejected-bid uniform-price auction, which, as any other uniform-price
auction, equalizes bidders’ realized surpluses. By contrast, for pure private
values, the pay-as-bid auction is not generally equity-preferred in the class of
mixed auctions (proposition 6.16).

3. We then provide prior-free results in the class of log-concave distributions.
Given any proportion of private values (1 — ¢), the (1 — ¢)-mixed auction is
equity-preferred over any mixed auction with less than a (1 — ¢) share of
price discrimination (theorem 6.18). That is, the pricing for goods with a
higher proportion of private value should contain more price discrimination in
order to achieve an equitable distribution of realized surpluses. In particular,
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for pure private values, if signals are drawn from a log-concave distribution
(corollary 6.19) the pay-as-bid auction is equity-preferred to all mixed-priced
auctions. Any level of price discrimination up to 2(1 — ¢) is equity-preferred to
uniform pricing.

Finally, we investigate equity in terms of winners’ empirical variance (WEV) in
numerical experiments. For a variety of signal distributions and common value
proportions, we compute the landscape of WEV-minimal mixed pricing, which can
be seen to be unique.

Related literature

This article relates and contributes to several strands of existing work, including
a recent literature on redistributive market design, the study of fairness concerns
and allocative equity in auctions, and of fair allocations more generally. Further, we
contribute to the mechanism design literature on ex-post payment design and the
analysis of uniform, pay-as-bid, and mixed-price auctions.

Broadly, our contribution fits into a recent strand of the economic literature on
redistributive concerns in market design. In this literature, the focus is often on
efficiency and equity trade-offs; e.g., in a large buyer-seller market for a single object,
with agents differing in their marginal utilities of money (and values), [DKA21]
characterize the optimal efficiency-equity trade-off, and [ADK24], characterize when
non-market mechanisms, as opposed to market-clearing prices, are optimal for
a designer to allocate a fixed supply (also in a large market). Such non-market
mechanisms forgo efficiency for the sake of improving equity. Our approach differs
in that we focus on a class of efficient mechanisms in a small market with a finite
number of bidders and demonstrate how to improve equity, up to achieving perfect
surplus parity.

Fairness concerns in auctions have been addressed through design instruments such
as subsidies and set-asides. In a model with explicit target group favoritism, [PV12]
show that the optimal mechanism is a flat or a type-dependent subsidy, depending on
the precise nature of the favoritism constraint. [ACL13] come to similar conclusions
in an empirical study of US Forest Service timer auctions, where set-asides for
small bidders would reduce efficiency and revenue, while subsidies would increase
revenue and profits of small bidders with little detriment to efficiency. In contrast
with this literature, we focus on equity among winners and show that a carefully
designed pricing rule can achieve a more equitable distribution of surplus.
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6.2

6.2.1

The literature on fair allocation has introduced many concepts of fairness, includ-
ing, for example, envy-freeness, equal division, or no domination (for a survey, see
[Thol1]). Our notion of fairness is orthogonal to envy-freeness, which requires
that no agent prefers another agent’s allocation (object and price). In our market,
uniform pricing is the unique pricing scheme that results in envy-freeness among
winners, and with pure private values, it results in envy-freeness among all partici-
pants.* However, envy-freeness does not take into account that bidders may have
different signal (value) realizations. Subscribing to the notion of envy-freeness,
we would accept that realized utilities may be very unequal, depending on the
realization of the private value component. In contrast to this view, we consider the
realization of utilities as the baseline for fairness considerations, which relates to
equal treatment of equals [cf., e.g., Tho11] in an ex-post view.

The design of our ex-post surplus-equalizing payment rule also contribute to a
strand of the mechanism design literature that developed important, nuanced ex-
post implementations of truthful mechanisms. In their seminal article, [AG79]
show that ex-post budget balance can be achieved in a direct truthful mechanism.
[EF99] prove that for every IC mechanism there exists a mechanism which provides
deterministically the same revenue.

Outline The remainder of the article is organized as follows. In section 6.2, we
introduce the model and derive equilibrium bidding strategies in mixed auctions.
We introduce our notion of surplus equity in section 6.3 and develop the surplus-
equitable mechanism in section 6.4. In section 6.5, we describe our prior-free
results for uniform, pay-as-bid, and mixed auctions and prove them in section 6.7.
section 6.6 provides a discussion and section 6.6.5 concludes.

Setup

Model

A finite number of bidders [n] := {1,...,n} compete for a fixed supply of items
[k] == {1,...,k}, where 2 < k < n. Each bidder only demands one item. Bidder
i receives a private signal s;, which is drawn independently from a positive and
bounded or unbounded support; denote its upper limit by 5. Signals are iid with

*With a proportion of common value, depending on the realization of signals, winners may
experience the winners’ curse and prefer not to have won an item.
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an absolutely continuous probability distribution F' with density f. We call (0, s),
i.e., all signals s so that 0 < F'(s) < 1, the open support of F', and assume that
f > 0 over (0,5). We also assume that the signals have a finite second moment
E[s?] < oo.

For s := {s;}c[n, @ collection of iid signals, we denote by Y,,,(s) the m-th highest
value of the collection s (with n entries). For example, Y7 (s) is the maximum and
Y, (s) is the minimum of the collection s. Note that Y;,,(s) is a random variable, and
we denote its probability distribution G}, (y) with corresponding density g%, (y). G},
is given by

m—1
= Z <n> F(y)" (1 - F(y))’. (6.1)
=0 \/

where each summand is the probability that j signals are above y. An expression
for g, (y) is given in section 6.9.6. The value of bidder i for an item is given by
the valuation function v(s;,s_;), where s_; := (s;);, and v(s;,s_;) is symmetric in
other bidders’ signals s_;.

Assumption 6.1. Values v(s;,s_;) are given by v(s;,s—;) = (1 — ¢)s; + 1 > S

where ¢ € [0, 1] is the proportion of the common value.

Our model interpolates between a common value and private values, where the
proportion of the common value ¢ encodes to what extent the value of any given
bidder is influenced by the signals of the other bidders. In particular, ¢ = 1 defines
a pure common value and ¢ = 0 pure private values. We note that the value
function satisfies the single-crossing condition as for all i, j € [n], i # j, and for all s,
0v(s;,5-i)/0s; = Ov(sj,s—;)/0s;.

Auction mechanisms. Auction mechanisms are represented by allocations and
transfers {m;(si,s—i), pi(i,S—i) }ic[n), Where m;(s;,s—;) is defined as the probability
that an item is allocated to the bidder ¢ when the reported signals are s; and s_;, and
pi(si,s—;) is the corresponding price charged to the bidder. The price is symmetric
in s_;, i.e., pi(si,s—i) = p(si,s’_;) for all permutations s’ ; of s_;. We require that
auction mechanisms be standard and winners-pay. An auction is standard if the k
highest bids win the items and winners-pay if only the winners pay (at most their
bid). Any standard auction, in any symmetric and increasing equilibrium and values
satisfying the single-crossing condition, is efficient [Kri09], i.e., the bidders with the
k highest values v(s;,s_;) are assigned the items.
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We consider two classes of mechanisms. First, we consider truthful, direct mech-
anisms in which bidders submit their signal. Second, we consider k-unit mixed
auctions (defined below) in which each bidder submits a bid b;, resulting in the
vector of submitted bids b. Restricting our attention to symmetric and monotoni-
cally increasing bidding strategies b; = b(s;), we can write allocations and prices
in both classes of mechanism as functions of signals only. The allocation of bidder
i is given by m;(s;,s—;) = 1{s; > Yx(s—;)} when signals s, and s_; are reported. A
bidder’s utility (or surplus) when reporting signal s;, and the remaining n — 1 bidders
reporting signals s_;, is given by

ui (84, 81,8-;) = 1{8; > Yi(s_i)} - v(si,5-:) — pi(5i,8-4). (6.2)

Given a signal s;, recall that we denote by Y (s_;) the k-th highest among the signals
s_;. Yi(s_;) has probability distribution G}~ " and density g}~ '.

Furthermore, we denote equilibrium bidding strategies by (53:);c[,) = B-

Definition 6.2 (Mixed auctions). In the k-unit §-mixed auction, parameterized by a
given § € [0, 1], each bidder i pays p;(b) = (db; + (1 — §)Y11(b)) 1{b; > Yir1(b)}.

At one boundary, for § = 0, this resolves to first-rejected-bid uniform pricing or short
uniform pricing, where each winning bidder i pays the (k + 1)-th highest bid Y1 (b).
At the other boundary, for § = 1, this resolves to pay-as-bid pricing, where each
winning bidder ¢ pays their bid b;. Finally, if § € (0, 1), we say that the auction and
the pricing are strictly mixed.>

Interim values, payments, and utilities

For all z,y € [0, 1], we define the expected value given s; = x and Yj(s_;) = y as
follows:

V(z,y) == Es[v(si,s_) | si =z, Yi(s_s) = y]. (6.3)
The expected value is taken over n — 2 signals not including the bidder’s own signal
and the k-th highest among their n — 1 opponents. Observe that because v(s;,s_;) is
continuous and non-decreasing, V (z, ) is continuous and non-decreasing in z and
4.6 We define V (y) := V(y, ), the expectation of the value of an item conditional on

the bidder winning against the relevant competing signal, the k-th highest among its

>Mixed-price auctions, originating from [WZ02] and [VWO02], have also appeared in a series of
articles modeling a divisible and stochastic supply [RPD17; MTL20; Woo21].
®In fact, it is strictly increasing in z.
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competitors. Furthermore, we introduce interim payments P;(s;) = Es_, [pi(si,s-4)]
and interim utilities U;(si, ;) = Es_, [ui(si, Si,s—;)] with U;(x) being the shorthand
of Ui(z, x).

Interim incentive compatibility (IC) requires U;(s;, s;) = U;(s;, 8;) for all s;, 8;, and
interim individual rationality (IR) demands U;(s;, s;) > 0 for all s;. It is standard
from an application of the envelope theorem [MS02] that the auctions we consider
result in the same interim payment (and interim surplus) fixing a bidder’s signal
(see Section 6.8).”

Equilibrium bidding

We derive the unique Bayes-Nash equilibrium in increasing and symmetric bidding
strategies in J-mixed auctions. This equilibrium is the center of our analysis of
surplus equity in mixed auctions in section 6.5.

Proposition 6.3 (e.g., [Kri09]). The unique equilibrium bidding strategy in the
uniform-price auction, i.e., the case § = 0, is given by U (s) := V(s,s) = E[v(ss,s_s) |
Si = S,Yk(S,i) = 8]'

Note that the equilibrium is unique in the class of increasing and symmetric strategies
and weakly dominant with pure private values [Kri09]. The proof of the next
proposition is given in section 6.9.2.

Proposition 6.4. The unique symmetric equilibrium bidding strategy in the §-mixed
auction, for ¢ € (0, 1], is given by

_RBVWG W) dy

B(s) =V (s) =TEY (6.4)
ko \8)°

Note that 3° converges to U as § — 0. We illustrate it in the following example.

Example 6.5 (label=uniform-example). We consider the simplest, non-degenerate
setting with n = 3 bidders competing for £ = 2 items. The bidders’ signals are
distributed uniformly on the support [0, 1]. For the uniform-price auction, one can

_242
s—5s

easily compute 8°(s) = (1 — ¢)s + £(5s + 1) and B'(s) = (1 — §) 52 + <. Note

Chapter 6 Equitable Auctions



6.3

=0
§=03
§=1

0 0.25 0.5 0.75 0 0.25 0.5 0.75 0 0.25 0.5 0.75 0 0.25 0.5 0.75
Signal s Signal s

c=0.5 c=0.8

Fig. 6.1: Equilibrium bid functions, 3°, for uniform signal distributions as a function of the
signal, s, for common value parameters ¢ € {0,0.5,0.8,1}.

that 4 is linear due to uniform signals. fig. 6.1 illustrates the bid functions for four
different values of c.

In the case of pure private values, bidding truthfully is a dominant strategy in
the uniform-price auction. Increasing price discrimination, §, decreases the bid
corresponding to a given signal below the private value (“bid shading”). The extent
of bid shading increases in 4. A higher common value component shifts equilibrium
bids for low signal realizations above the diagonal, because a low-signal bidder’s
expectation of the average signal is higher than their private signal. For s — 1,
however, the expected value of an item conditional on tying with the price-setting
competing signal converges to s, i.e., truthful bidding. Note that the latter need not
be true for different n» and k.

With a pure common value, the winner’s curse becomes especially apparent. In
equilibrium, bidders are attempting to salvage the winner’s curse but cannot escape
it. In fact, with a pure common value, winners’ ex-post utilities are decreasing in
signals for any § > 0.

Surplus equity

We propose an equity notion that we call dominance in (absolute) pairwise differences,
or short pairwise differences. Our results hold for the family of equity measures that
are defined by any increasing function of pairwise differences in ex-post surpluses.
We call the collection {u;(s) };c|, of ex-post utilities an outcome, where each utility
depends on the collection of signals s.

"This is also shown differently in [Kri09] for the single-unit auction. Note that in settings where
signals are affiliated revenue equivalence fails [Kri09, Chapter 6.5].
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Definition 6.6 (Dominance in pairwise differences among winners). An outcome
{ui(s) }icjn) dominates another outcome {u;(s)},c[, in pairwise differences iff, for
all winning signals s;, s; with opponents’ signals s_;,s_;, 4,5 € [n], it holds that
|wi(siys—i) — uj(sj,8-5)| < |uj(si,8-;) — uf(sj,8—;)|, almost surely and with one
inequality strict.

Naturally, dominance pairwise differences can be defined similarly based on pairwise
comparisons among all bidders. To avoid issues with ties, we consider that domi-
nance in pairwise differences holds as long as it holds almost surely. Furthermore,
we say that, for a family of parameterized outcomes {uf}ie[n], 0 € A, 0* is dominant
in pairwise differences if u’" dominates all outcomes u°, § # §*, 6 € A. Pairwise
differences induces a partial dominance ranking over outcomes and therefore a
dominant ¢* may not always exist.

Several prominent equity axioms (cf., e.g., [PP19]) hold for pairwise differences.
First, we note that anonymity is maintained. Any reordering of individuals in
the population [n] has no consequence, as pairwise comparisons must hold for
any two bidders.® The Pigou-Dalton transfer principle requires that any transfer
from a wealthier agent to a poorer one must reduce inequality, provided the orig-
inal welfare ranking between the two agents is maintained, that is, the wealthier
agent does not become poorer than the previously poorer agent after the transfer
(cf., e.g., [Mou04]). Since dominance in pairwise differences does not establish a
complete order of outcomes, a Pigou-Dalton transfer may result in a decrease in
some pairwise differences while others increase.

However, our results allow the classification of §-mixed pricing rules based on pair-
wise differences and any increasing function of pairwise differences.” For example,
the top decile of realized utilities can be compared to the lowest or the bottom
decile of realized utilities, and classic inequity measures such as the Gini index can
be constructed. Larger differences can receive a higher weight than smaller ones,
e.g., by squaring each pairwise difference.

To exemplify the aggregation of pairwise differences, we focus on the expected
empirical variance of surplus between the winners, or winners’ empirical variance

8We note that replication invariance and mean independence are not relevant in our setup, as we
keep the population size (number of bidders) as well as the endowments (value distributions) fixed.

°A related aggregation is used by [FK741, who aggregate positive pairwise differences for a measure
of envy per player. Contrasting our measure, [FK74] consider pairwise differences of hypothetical (if
an agent had received another agent’s bundle) and realized utilities.
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(WEV) for short.19 This metric is defined in expectation, ensuring that it provides a
ranking of auction designs for any signal realizations.

Definition 6.7 (Winners’ empirical variance).

(u,(s) — Uj (S))2 S1y.+.,8k > Yk—i—l(s) . (6.5)
1

1 k
WEV = F;
2k 1

(k—1)

k
7 =
In addition to being a natural and well-known metric, this aggregation is attractive
for two reasons: First, it ensures compliance with the Pigou-Dalton transfer principle,
and second, the empirical variance is linked to surplus variance and correlation of
surpluses among bidders.

Proposition 6.8. The winners’ empirical variance satisfies the Pigou-Dalton principle.

The proof is given in section 6.9.1. In expectation, equilibrium surplus varies due
to a bidder’s own and the competitors’ signals, and surplus between winners may
be correlated. As we consider efficient auctions, surplus only varies among the
winning bidders. Among those, WEV measures within-bidder variation and across-
bidder correlation of surpluses (see lemma 6.9 below). The analysis of within-agent
variation addresses a bidder’s individual risk-attitude and goes back to [Vic61].11
In contrast, an equity measure must take into account the correlation of surpluses
between bidders.

Lemma 6.9. An equivalent expression for the winners’ empirical variance is given by
WEV = Var|u, |1 wins] — Cov]u, uz|1 and 2 win].

The proof is in section 6.9.1. In contrast, the ex-ante variance, Vars[u,(s)], measures
surplus variation within a given bidder, and is more adequate to measure risk,
e.g., across a series of identical, repeated auctions, in which a given bidder redraws
their signal in every auction. With pure private values and thus ex-post individual
rationality, rankings of auction formats in terms of ex-ante variance or winners’
ex-ante variance are identical. Rankings with respect to the empirical variance,
however, may differ depending on if only winners are considered, or all bidders. A
formal lemma and proof are given in section 6.9.1.

19The empirical variance among all bidders (thus including losers) in the auction is EV =

"n the appendix of his famous article, Vickrey showed that, in a single-unit auction, the ex ante
variance of surplus is lower under the first-price than the second-price rule, given uniform distributions
of private values. See also [Kri09].

6.3 Surplus equity

211



6.4

212

Example 6.10 (continues=uniform-example). Revisiting the example with uni-
formly distributed signals, n = 3 bidders, and k£ = 2 items, we compute WEV nu-
merically and illustrate it for different values of the common-value proportion ¢
(fig. 6.2). For pure private and intermediate common values, the pay-as-bid auction

0.05

c=0
0.04 c=05
0.03 c=08

ce=1 |

WEV
f=1
=

0‘()%‘0 0.2 0.4 0.6 0.8 1.0
0

Fig. 6.2: WEV as a function of § for uniform signals and various common value proportions
C

(6 = 1) minimizes WEV. For ¢ = 0.8, we observe an interior optimum, and for a
pure common value, uniform pricing (6 = 0) minimizes WEV. Note that WEV is not
necessarily convex in § for a fixed c.

As the considered mechanisms are revenue equivalent and efficient (see also sec-
tion 6.8), we can focus on the surplus distribution among bidders without consider-
ing potential trade-offs.

The surplus-equitable mechanism

In the class of efficient auctions, it is possible to distribute surplus among the winning

bidders equitably. This means pairwise differences in ex-post utilities are zero, as is

any aggregate metric such as the winners’ empirical variance. We let y := Y (s_;),
—1 ~1

G:=G} ,andg:=g; .

Theorem 6.11. In the class of standard k-unit auctions, there exists an incentive-
compatible direct mechanism that distributes surpluses equitably among winners. Losers
pay nothing, and the corresponding payments are given by

G(y)

Di(8i,8—i) = ((1 —¢) (si —y— g(y)) + V(y)) 1{si >y}. (6.6)
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The ex-post payment in eq. (6.6) is constructed in a simple but powerful way. First,
the term (1 — ¢)s; removes the idiosyncratic part of each bidder’s realized value
due to their own signal. To align interim incentives, this term is adjusted by a
uniform subsidy (1 — ¢)(y + G(y)/g(y)), which cancels the idiosyncratic payment
in expectation. Thus, the second-price payment V' (y), the expected value of the
(k 4+ 1)th-highest signal conditional on tying with the kth-highest, induces truthful
reporting for any given signal s;, interim. If the first rejected signal is high, winning
signals have to be paid subsidies. However, very high subsidy payments are low
probability events, as the realizations of all winning signals and the first rejected
signal must be high. Further intuition for the surplus-equitable payment is given in
the continuation of example 6.12 below. We also note that the surplus-equitable
mechanism is ex-post individually rational in the pure private value case. Indeed,

pi(sis—i) = (si — G(y)/9(y))L{si >y} < s:1{si > y}.

We now prove theorem 6.11.

Proof. The payment rule p results in identical ex-post surpluses of winners. This

follows directly from the definition of ex-post surplus under truthful reporting

u;(siy8—i) = v(8i,8—i) — Pi(8i,8-1) = 5 D jem S5+ (L —o)(y — %) + V(y), for all
s; >y, which is independent of the bidder’s identity as the first rejected signal is the

same for any winner.

Furthermore, the payment p is interim incentive-compatible. We compute the
expected payment

Si

Pi(si) = (1—c) (SiG(Si) - /:i(yg(y) + G(y))dy> + /0 V(y,y)g(y) dy :/0 V(y,y)g(y) dy.

The left-hand term is equal to 0 by integration by parts. Because losers pay nothing,
the overall expected payment is equal to the expected payment of winners. The
expected utility of a bidder who has signal s; and reports §; is given by

o~

Uitsio5) = [ (V(siow) = V01 9(0) 6.7)
As V(s;,y) is increasing in s; the integrand is positive for §; < s; and negative for

s; > s; and g > 0 almost everywhere, the function U;(s;, 5;) is uniquely maximized
ats; = s;. ]

Distributing surplus equitably ex-post is the strongest of implementations, while an
implementation of equal interim surpluses is infeasible in winners-pay auctions. If
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interim surpluses were equalized across different signals, incentive compatibility
cannot hold.!?

Example 6.12 (continues=uniform-example). We continue the example with n = 3
bidders competing for k& = 2 items and signals distributed uniformly on the support
[0, 1]. Recall that we have V(s) = (1 - ¢)s + £(5s + 1), and &(y) = 4§34
we obtain

. Together,

y(2—y)

6.8
2(1-y) ©8)

_ c

s = (-0 (s )+ 56t D)1{s > ).
We illustrate the payment for signals s = 0.2,0.5,0.8 as a function of y in fig. 6.3.
Note that each payment corresponding to a signal s is only plotted for y < s, as for

y > s the signal s does not win and the payment is zero.

1
"
/'/./
B _—
N === L—7
1
5 SN
& — 5=02 . 5=02 — 5=02 — 5=102
4l -=-s=0s \. 5=05 ——— 5=05 ——= s=05
—= =08 v 5=08 —= s=08 —= 5=08
15{ s =095 % s=095 i | ] e s=095 | ] e s =095
0 02 05 08 0 02 05 08 0 02 05 08 0 02 05 08
Signal y Signal y Signal y Signal y
c=0 c=0.5 c=0.8 c=1

Fig. 6.3: Surplus-equitable payments, p, for uniform signal distributions as a function
of the signal s and the first rejected signal, y, for common value parameters
¢ €{0,0.5,0.8,1}.

The payment addresses two countervailing incentives which from the private-value
component and the common-value component in the bidders’ value structure.

With pure private values, if the first rejected signal is high relative to s, the bidder
winning with signal s is paid a subsidy. This subsidy compensates bidders in order
to induce them to report truthfully even with high private signals. If a high-signal
bidder wins together with a low-signal bidder, a large surplus (due to the private
signal) is levied in order to equalize ex-post surpluses. Naturally, this would create
an incentive to under-report your signal. However, in those cases where all winners’
signals are high, no taxation is needed to equalize their surplus, and a subsidy is
paid to winning bidders, in order to restore incentive compatibility ex-ante.

12The winners-pay assumption is indispensable. Without it, interim surpluses among winners can
indeed be equal. In the example with n = 3 and k = 2, uniform signals and pure private values
(c = 0), it can be verified that an interim payment of L(s;) = s;(5s; — s7 — 4)/3(1 — s;)* charged to
the losing bidders achieves equal expected surpluses of the winners of % However, then the losing
bidders would naturally enter equity considerations.
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With a pure common value, the payment is increasing in the first rejected signal
y. In this case, no taxation is needed, as the ex-post surpluses are equal under any
uniform payment rule. However, truthful reporting must be incentivized, which a
second-price rule (adjusted for the common value) achieves. Recall that V'(y) is the
expected value of a bidder with signal y conditional on tying with the k-th highest
among their n — 1 competitors. With a stronger common value component, the
taxation of the surplus due to the private signal is less important. Instead, as seen in
fig. 6.3 with ¢ = 0.8, the payment is increasing in the first rejected signal. However,
for high signals s, there exists an interior maximum of p in y, a turning point of the
countervailing incentives. The taxation of the private signal still hurts the bidder
with a higher signal, so a steep subsidy, on a small range of first rejected signals y,
must be paid to level incentives in expectation.

The surplus-equitable mechanism relies on the signal prior, which, in practice, is
often unknown. However, as we show in the following section, even in the realm of
the common uniform and pay-as-bid pricing, it is possible to improve surplus equity.
Those results remain, in a large class of signal distributions, prior-free.

Uniform, pay-as-bid, and mixed auctions

The equity-preferred pricing rule in the mixed auction class crucially depends on
the extent of the common value c. As seen for the winners’ empirical variance in
example 6.10, with uniform signals, for some interior values of ¢, strictly mixed
pricing is optimal. We formalize this fact in section 6.5.1 for any signal distributions.
example 6.10 is in line with the general intuition that pay-as-bid pricing may be
more equitable with higher private values, and uniform pricing with higher common
values. However, as we show in section 6.5.2, this is not true in general. Thus,
additional distributional assumptions are necessary for a characterization of equity-
preferred auctions. In section 6.5.3, we consider log-concave signal distributions and
provide simple and prior-free bounds on the auction that is dominant in pairwise
differences.

Equity comparisons in uniform, pay-as-bid, and mixed
auctions

We first consider the case of a pure common value (¢ = 1). As every bidder has
the same ex-post realized value, ex-post utilities among winners are equalized if

6.5 Uniform, pay-as-bid, and mixed auctions
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everyone pays the same price. This results in pairwise differences in utilities of
zero. Once the private value component enters the value function with a non-zero
weight, the picture is less clear: it may be pay-as-bid pricing that is dominant in
pairwise differences, or it may be some degree of mixed pricing; however, it cannot
be uniform pricing. Proofs of this section are relegated to section 6.9.3.

Theorem 6.13. The uniform-price auction is dominant in pairwise differences iff the
common value proportion equals one (pure common value).

Furthermore, we show that, without any additional assumptions, strictly interior
0-mixed pricing minimizes WEV for a range of common values.

Proposition 6.14. For any signal distribution, there exists ¢* < 1, such that for
common values in the interval (c*, 1), there exist 6-mixed auctions with lower WEV than
pay-as-bid and uniform-price auctions.

The intuitive notion that uniform pricing equitably distributes surplus under a pure
common value may lead us to hypothesize that pay-as-bid auctions are equity-
preferred under private values. However, in the following section, we demonstrate a
scenario where it fails and show that, with pure private values, uniform pricing can
result in lower WEV than pay-as-bid pricing.

Challenging the intuition: private values and uniform pricing

To understand the reversal of the intuition, consider pairwise differences in utility,
the building block for WEV. If ex-post absolute differences in utility are greater
under uniform pricing than under pay-as-bid pricing for signal pairs with sufficient
probability mass, then the reversal may also hold in expectation. To start with,
consider any two winning signals s; > s;, s;,s; € [0,5) and private values only,
i.e., c=0.LetuY(s;,s_;) and u; (s;,s_;) denote bidder i’s utility in the uniform price
and pay-as-bid auction, respectively. Moreover, 3° and 3! denote the corresponding
symmetric equilibrium bid functions and Y}, (8) the first rejected bid. For § € [0, 1]
and ¢ = 0, we have u(s;,s_;) = s; — 63%(s;) — (1 — §)Yi41(8). Thus, we have
Au® = [uf —uf| = |s; — s;] and Au' = |u] —uj| = [s; — B (si) — (55 — B'(s5))| =

)

‘87; — S5 — (ﬁl(sz) - 51(8]'))‘. It holds that

AU < AU! (6.9)
& si—s; <|si—s;— (B (s:) — B'(s))| (6.10)
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= 2(81 — Sj) < Bl(si) — ,Bl(Sj). (6.11)

As bid functions are increasing, if s; — s; — (81(s;) — 8'(s;)) was positive, eq. (6.10)
could never hold. Thus, eq. (6.11) follows as a necessary condition for uniform
pricing to have lower pairwise differences than pay-as-bid pricing. For the same
statement to hold for WEV, it must be that the bid function has a slope of at least 2
for a sufficient mass of signals s; and s;. Bid function slopes greater than 2 imply that
high-signal bidders shade their bids much less, proportionally to their value, than
bidders with lower signals. Consequently, the differential in ex-post surplus with
pay-as-bid pricing, comparing two sufficiently different signals, are higher than the
differential in signals. The latter equals the surplus difference in the uniform-price
auction.

The challenge in designing a counter example where WEV is lower in the uniform-
price auction than in the pay-as-bid auction is that the slope of 3° at 0 must be
smaller than 1, and thus cannot be greater than 2 for all signals. Thus, the probability
mass on regions of the support with a slope of 3° greater than 2 must be higher,
but this also changes 5°. Nonetheless, the following counter-example satisfies our
requirements.

Example 6.15. Consider an auction with n bidders and ¥ = n — 1 items. Each
bidder i has a pure private value (¢ = 0) given by its signal s;. The signal is equal
to the sum of a Bernoulli random variable with parameter ¢ > 0 and a random
perturbation drawn from Beta(1, 1/7), with > 0. The resulting signal distribution
is continuous, with support [0, 2]. This yields the following quantile function:

Vze[0,1, Flz)=1{zx>c}+y(z) where (z)=

{1—(1—9;)’7 ifr < e

_e\T .
1—(1—%) ifx>e.
Further derivations and the proof of the below proposition are given in section 6.9.4.

Proposition 6.16. Let the values be distributed according to the quantile function
F~1 defined above. For n > 5, there exists %, such that for all n < n* it holds that
the winners’ empirical variance under uniform pricing is lower than under pay-as-bid

pricing.

Thus, in order to characterize equity-preferred pricing further, we need additional
assumptions. In the next section, we show that, for a large class of signal dis-
tributions, simple bounds tell us which auction designs are candidates for being
equity-preferred in the class of mixed auctions.
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Equity-preferred pricing for log-concave signal distributions

For our subsequent results, we assume a regularity condition on the bidders’ signal
distributions, log-concavity. The family of log-concave distributions contains many
common distributions, for example uniform, normal, exponential, logistic or Laplace
distributions [BB05].13

Definition 6.17. A real-valued function h € RR is log-concave if log(h) is concave.

In this class of signal distributions, simple and prior-free bounds characterize the
equity-preferred auction design in the class of mixed auctions. The proofs of theo-
rem 6.18 is developed in section 6.7.

Theorem 6.18. Let signals be drawn from a log-concave distribution. Then, for a given
private value proportion 1 — ¢, the mixed auction with price discrimination § = 1 — c is
equity-preferred among all mixed auctions with price discrimination of less than 1 — c.
Moreover, uniform pricing is dominated in pairwise differences by any strictly mixed
pricing with price discrimination of up to min{1,2(1 — ¢)}.

The equity-preferred pricing rule dominates in pairwise differences all pricing rules
with less price discrimination. In other words, theorem 6.18 provides a lower bound
on the amount of price discrimination required to rule out dominated mixed auctions.
We illustrate theorem 6.18 in fig. 6.4. All pricing rules in the shaded area in red
are dominated by the diagonal 1 — ¢, given any log-concave distribution of bidders’
signals.

Moreover, uniform pricing is dominated in pairwise differences by many alternative
pricing rules, i.e., these pricing rules are preferred to uniform pricing in terms of
equity. This is illustrated in fig. 6.5, in which any pricing rule in the shaded area in
green dominates uniform pricing for a given common value c.

The intuition behind theorem 6.18 is simple. As we show in section 6.7, pairwise
differences are, for any given common value ¢, monotonically decreasing in the
extent of price discrimination § as long as ¢ is between zero and 1 — ¢. Moreover,
we show the equivalence of this result with ex-post utilities that increase in signals.
As long as higher signals obtain a higher surplus, more equity can be achieved by
taxing higher signals more than lower signal. Because the change in the §-weighted

13Also y distribution with degrees of freedom > 1, gamma with shape parameter > 1, x? distribution
with degree of freedom > 2, beta with both shape parameters > 1, Weibull with shape parameter > 1,
and others.
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bid in § is increasing in a bidder’s signal (as stated in lemma 6.26), increasing the
extent of price discrimination will have the desired effect.

A similar intuition explains the dominance of mixed pricing over uniform pricing,
where the benefit of higher price discrimination compared to the absence of price
discrimination can be realized up to a certain threshold. As long as utilities are
increasing in signals, increasing price discrimination results in surplus taxation that
benefits equity. We show in section 6.7 that increasing ex-post utilities is equivalent
to the slope of equilibrium bid functions being bounded (1 — ¢)/d. With steeper
bid functions, the utilities might decrease in the signals. So, while increasing price
discrimination might locally, in a neighborhood of 4, increase pairwise differences,
price discrimination is still beneficial compared to uniform pricing. However, for
0 > 2(1 — ¢), the bid functions are so steep that an increase in price discrimination
results in an absolute utility gap between a high signal and a low signal bidder that
is greater than under uniform pricing. With such price discrimination, the higher
signal bidder is worse off than the low signal bidder.

With theorem 6.18, we can now revisit the question: In terms of equity, should one
use pay-as-bid pricing if bidders’ values are pure private values? The answer is yes
if the signal distributions are log-concave. Moreover, if the common value is small,
pay-as-bid pricing is guaranteed to be more equitable than uniform pricing. We state
this formally in the corollary below.

Corollary 6.19. Assume signals are drawn from a log-concave distribution. Then,
for pure private values, pay-as-bid pricing is dominant in pairwise differences, and
for a common value ¢ < %, pay-as-bid pricing dominates uniform pricing in pairwise
differences.

6.5 Uniform, pay-as-bid, and mixed auctions
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The first part of the corollary follows by setting ¢ = 0 and the second part follows
by setting 6 = 1 in theorem 6.18. Our numerical experiments in section 6.6.1
show that, for ¢ < %, pay-as-bid pricing in fact minimizes WEV for several common
distributions. The intuition in the pure private value case carries through under the
qualifying assumption of log-concave signals, and it may fail for very concentrated
signal distributions. In the latter case, it is important that sufficient probability mass
is gathered around higher signals, inducing a bidding equilibrium in which ex-post
utilities are decreasing in signals for sufficiently many signal realizations.'#

For specific signal distributions, we can extend the region where pairwise differ-
ences are monotonically decreasing slightly beyond the diagonal 1 — ¢. In particular
we show that for uniformly distributed signals any pricing dominant in pairwise
differences contains a discriminatory proportion of at least %; and for expo-

nentially distributed signals at least % (see corollary 6.39).!> Note that

11__0‘32 as the number of bidders goes to infinity (and the
number of items k is kept constant). We illustrate the bound for signals uniformly
distributed on [0, 1] and n = 3 bidders and k£ = 2 items in fig. 6.6 below, together

with the equity-preferred pricing in terms of WEV. The figure demonstrates that, for

both bounds converge to

high values of ¢, this bound may be a good heuristic for the optimal pricing rule.

0.05
0.04
0.03

0.02

0.0 n K
0.0 0.5 1g 0

C

Fig. 6.6: Lower bound §-1b for candidates dominant in pairwise differences and WEV-
optimal pricing §*

Discussion

Our main results hold for all equity metrics that are based on pairwise differences,
and, as discussed in the Introduction and in section 6.3, the winners’ empirical

“For example, with a 3-distribution as steep as illustrated in fig. 6.7, section 6.6, clearly violating
log-concavity, pay-as-bid pricing is still optimal for a range of common values including pure private
values.

5The proof should be read in conjunction with theorem 6.18 as it follows a similar reasoning.
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variance is particularly attractive as an aggregated one-dimensional metric. We
illustrate WEV further in a series of numerical experiments and discuss how it relates
to the within-bidder variation of surplus, as well as the empirical variance of surplus
between all bidders. We also explain why the regularity assumption of log-concavity
is necessary for our argument.

Numerical experiments

We further illustrate the effect of the common value on surplus equity by presenting
several numerical examples. Similarly to fig. 6.6, we compute the WEV-minimal
pricing 0*(c) for any given proportion of the private-common value c¢. We also
illustrate bounds for WEV-minimal pricing and the condition of monotone ex-post
utility (MEU). All of our experiments are based on equilibrium bid functions, whose
calculation is computationally very expensive. Thus, we rely on theoretical simplifi-
cations, such as lemma 6.31 and lemma 6.40 (section 6.9.7). The simulations are
performed through numerical integration of our analytical formulae.'® Finally, some
quantities (such as bidding functions) have multiple analytical expressions, among
which we choose the most appropriate for accuracy and speed, depending on the
value of the signal (e.g., eq. (6.4) can be integrated more efficiently than eq. (6.17),
but is less accurate for small signals). Our code is available on github.

We consider a truncated exponential, a truncated normal distribution (both log-
concave), and a Beta distribution with shape parameters (0.5,0.5), which is not log-
concave. WEV-minimal pricing, a lower bound on the minimizer, and combinations
of common value shares and mixed pricing for which MEU holds are shown in
fig. 6.7 for a market with n = 10 bidders and k = 4 items.

2n(1—c)
2n—c(n—(k+1))

on 0*(c) (cf., corollary 6.39), and for the truncated normal distribution we show

For the truncated exponential distribution, we show the lower bound of

the general lower bound 1 — ¢ (cf., theorem 6.18). Each of these bounds dominates
any extent of price discrimination below it. Note that for the Beta distribution,
we cannot provide a theoretical lower bound on the WEV-minimal design ¢*, as
the distribution is not log-concave. However, the region where MEU holds can be
determined numerically, and its “frontier” provides a lower bound for the WEV-
minimal design ¢*. Illustrating this for all three distributions, we observe that the

15The efficiency and accuracy of the code rely on various techniques. Most importantly, we rewrite
all multidimensional expectations as nested one-dimensional integrals (with variable bounds), which
we compute by integrating polynomial interpolations. Second, the code ensures that each quantity
is computed at most once, using memorization. Integration is not computationally heavy at all and
achieves high precision.
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Fig. 6.7: WEV-minimizing design §*(c), monotone ex-post utility (MEU), and lower bounds
on §*(c¢) (0-1b) for truncated exponential, truncated normal, and Beta(0.5,0.5)
signal distributions

area is much smaller for the Beta distribution. However, MEU is only a sufficient
condition for the monotonicity of WEV (while it is necessary and sufficient for the
monotonicity of pairwise differences). From the heat maps in fig. 6.7, it is evident
that WEV is monotone in § for any given ¢ up to §*.

Finally, we show the WEV-minimal pricing rule §*(c) for each signal distribution.
The curve is qualitatively similar in each plot. In line with theorem 6.18 — noting
that the exponential and normal distribution are log-concave — the figure illustrates
that with a high private value component (low c¢), pay-as-bid pricing (6 = 1)
minimizes WEV; with higher common value components (high ¢), strictly mixed
pricing for some § € (0, 1) minimizes WEV (cf., proposition 6.14); and with a pure
common value (¢ = 1), uniform pricing (§ = 0) minimizes WEV (cf., theorem 6.13).
Analogous interpretations hold for the Beta distribution, although we cannot give
theoretical guarantees.

For small common values, MEU holds for any ¢ and thus pay-as-bid pricing is
dominant in pairwise differences (cf., proposition 6.27). Even for larger common
value parameters the WEV-minimal pricing is still pay-as-bid, but eventually strictly
mixing (6 € (0, 1)) is required to minimize WEV. For a pure common value, uniform
pricing is WEV-minimal regardless of the signal distribution. Notice also that WEV at
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the minimal §* decreases in c¢. Naturally, with a higher common value share,
bidders’ values given different signal realizations as well the corresponding bids
move closer together, thus explaining smaller differences in utilities (ex-post and in
expectation).

Variance and risk preferences

Surplus equity and distributional concerns are distinct from questions of within-
agent variation and associated risk preferences. An appropriate measure to assess
the latter is, e.g., the ex-ante variance of bidder surplus. While the two notions are
distinct, the measures are linked through the covariance (see also lemma 6.9). In
addition, for the pure private value setting, we derive the following result. The proof
is deferred to section 6.9.8.

Proposition 6.20. With pure private values (¢ = 0), the pay-as-bid auction minimizes
the ex-ante variance of surplus among all standard auctions with increasing equilibrium
bid functions.

Because of revenue equivalence, note that the previous proposition also implies that
E[u7] is minimal in the pay-as-bid auction among standard auctions. The second
moment of surplus links the winners’ empirical variance and the empirical variance
among all bidders, as shown in lemma 6.34 in the Appendix. As a consequence of
lemma 6.34, surplus equity rankings with respect to the winners’ empirical variance
and the empirical variance among all bidders may not be equivalent. However,
applying proposition 6.28 to the pure private value case, we have the following
corollary:

Corollary 6.21. Assuming pure private values (¢ = 0), consider any é-mixed auction,
§ € (0,1], and suppose that the equilibrium bid 3° satisfies 88—5; < % for all signals
s € [0,3). Then, the empirical variance (among all bidders) is lower for d-mixed pricing
than for uniform pricing.

Although this result shows that we can extend equity rankings under pure private
values to the empirical variance among all bidders, this may not hold in the general

case.
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Beyond log-concave distributions

A crucial ingredient for theorem 6.18 is that the derivative of the equilibrium bid
function is bounded by 1, which holds for log-concave distributions by proposi-
tion 6.30. In particular, the density of the first rejected signal must be log-concave.
In the following, we provide some insights as to why it is difficult to generalize this
result beyond log-concave distributions.

For simplicity, consider the pay-as-bid and the uniform-price auction. Considering
log-concave signal distributions, we note that log-concavity is equivalent to (A, G)
concavity (a generalization of convexity, see [AVV07]), and % < 1 is thus equiva-
lent to (A, G) concavity of s — [; G~ '. One idea to extend our results could then
be to consider other generalizations of convexity. Considering proposition 6.28, one
might attempt to bound the slope of the bid functions by 2. It holds that % <2
is equivalent to (A, H) concavity of the same function where H is the harmonic
mean. But contrary to (A, G) concave functions, there are no simple group closure
properties that allow for the (A, H) concavity of f to always imply that of [§ G}
Thus, this route of inquiry does not carry fruits.

We also note that conditions similar to MEU such that uniform pricing yields lower
pairwise differences (or WEV) than pay-as-bid pricing are much more difficult to
attain. Why? If we follow the same main ideas as in the proof of proposition 6.28, a
similar condition using the mean value theorem would be that, for all s € (0,3), ¢
is an expansive mapping, translating into |(1 — ¢) — %\ >1—c. As 88—5; is strictly
positive, we must have 88—5; > 1 — c. For signal distributions with bounded density,
g,?‘l is close to zero near s (this follows from the definition of order statistics), and
therefore 88—5; is close to zero for a nonzero interval of signals. Thus, aa—ﬁ; >1—c
cannot hold for all signals on the support, and we cannot rely on similar proof
techniques to produce the desired conditions.

Multi-unit demand

A natural question is how robust the equity dominance results for pay-as-bid, uniform,
and mixed auctions are with respect to the assumption of unit demand. A simple
generalization are flat d;-unit demands for some d- 1, i € [n], meaning that bidders
have the same constant marginal value for the first d; items obtained and 0 after.
There are two main challenges to extending our results to this setting, both leading to
potential equity-efficiency trade-offs. Firstly, each bidder may win a different number
of items, and thus equity could be studied with respect to a bidder’s total surplus or
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average per-unit surplus. The latter allows for some efficiency concerns. The second
challenge is behavioral concerning the multiplicity of equilibria in uniform-price
auctions: [Nou95] show that even for two bidders and two-unit demand, there is no
unique symmetric equilibrium as there exists an inefficient, zero-revenue symmetric
equilibrium, as well as an efficient, zero-utility symmetric equilibrium.

[Aus+14] show in their Theorem 1 that a necessary condition for the existence of an
ex-post efficient equilibrium in multi-unit auctions is that the total supply of items
is an integer multiple of a homogeneous demand, i.e., k/d is an integer (“demand
divides supply”). Under this strong assumption, our results extend immediately
without ambiguity if we consider a mixed pricing between pay-as-bid and Vickrey
pricing. Under Vickrey pricing, a bidder who wins m items must pay the sum of
the m highest losing bids, not including the bidder’s own losing bids. This payment
rule is exactly that of the VCG mechanism; hence, the Vickrey auction is incentive-
compatible and efficient. When demand divides supply supply, all winners of the
Vickrey auction will receive exactly d items, and each winner pays the same price,
since they face the same losing bids. This renders the Vickrey payment into a
uniform-pricing rule. Under pay-as-bid pricing, the equilibrium bids for the first
d-items are the same as for the 1-unit demand case, and thus each bidder also
receives exactly d items (see also [Aus+14]). The consequence of demand dividing
supply in both the pay-as-bid and Vickrey auction formats is that items are sold in
bundles of size d, with payments and values scaled by d. Therefore, all results of the
unit-demand case hold with flat d-unit demand when d divides k.

When demand does not divide supply, our results do not extend to the multi-unit
case. In the example in [Aus+14] with two bidders with flat two-unit demand
and pure private values, there exists an inefficient equilibrium in the uniform-price
auction. In this equilibrium, each bidder is allocated one unit, which is always more
surplus-equitable than the efficient equilibrium of the pay-as-bid auction which
allocates both items to the higher-value bidder.

Revenue maximization and reserve prices

Standard auctions lead to an efficient allocation of items in our model. Moreover,
for a large class of probability distributions (and common values), these auctions
are also revenue maximizing (see [BK96]). They show that if, in addition to
independent signals, the bidders’ marginal revenues are increasing in signals and
weakly positive, standard auctions are revenue maximizing. With independent
signals, the marginal revenue of bidder i given a realization of signals s is given
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by MR;(s;) = ﬁ% (v(s;)(1 — F(s;)). Marginal revenues are positive in many
applications where bidders’ values are high, i.e., the support of signals is sufficiently
positive.!” In those cases, it is optimal for the seller to sell their entire supply. Our
class of auctions is also revenue maximizing if the seller is legally required to sell
their entire supply. In practice, either (or both) of the two conditions are observed

in many high-stake auctions, e.g., for spectrum licenses.

More generally, seller revenue can be maximized at the expense of efficiency [RS81;
Mye81]. A common tool to raise revenue is to set a reserve price r > 0 such that
only bids exceeding r can win and pay the auction price, or at least r, whichever is
higher. [Mye81; RS81] show that, with pure private values, an optimal reserve price
maximizes the seller’s expected revenue.

Some of our results on equity-preferred pricing extend to pay-as-bid and uniform-
price auctions with an additional reserve price. With a reserve price, the number
of winners, although identical in different standard auctions with identical re-
serve prices, is not necessarily equal to the number of items k& and becomes a
random variable. In the uniform-price auction, the standard derivation leads to an
equilibrium bid of V'(s) for s > s,, where s, is some threshold, and 0 otherwise.
Using revenue equivalence, we obtain the equilibrium bid in the pay-as-bid auction
Bi=Hs) = (r = V(sn))G(sr)/G(s) + V(s) =[5 V'(y)G(y)dy/G(s) for s > s, and 0
otherwise. For the equity comparison of pay-as-bid and uniform pricing, we establish
the following property.

Proposition 6.22. If monotone ex-post utility (MEU, definition 6.24) holds in the
pay-as-bid auction without a reserve price, then it also holds with a strictly positive

reserve price.

The proof is given in section 6.9.8. Then, the following corollary is immediate (a
slightly weaker statement than proposition 6.27).

Corollary 6.23. Suppose MEU holds in the equilibrium of the pay-as-bid auction
without reserve price. Then the pay-as-bid auction with a given reserve price is equity-
preferred to (dominates in pairwise differences) any uniform-price auction with the
same reserve price.

7In our model, without loss of generality, the signal support includes the lower bound zero.
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Conclusion

This article studies the division of surplus between bidders in auction design. We
introduce a family of equity measures, based on absolute pairwise differences in
realized utilities, that includes popular metrics such as the empirical variance and
the expected Gini index. Considering standard and winners-pay auctions in an
independent signal setting with single-crossing values, the equity design objective is
costless in terms of potential trade-offs with efficiency and revenue.

First, we design the surplus-equitable mechanism, a direct and truthful mechanism
that efficiently allocates the items for sale and equalizes the winners’ realized utilities.
Each winner a personalized price, while losers pay nothing. Turning to the class of
uniform, pay-as-bid, and mixed auctions, we show that, in most cases, some degree
of price discrimination is beneficial in terms of equity. The equity-preferred auction
design crucially depends on the common value proportion in the bidders’ value
structure. Our results also have substantial implications for the design of multi-unit
auctions in practice. By carefully selecting a pricing mixture based on (an estimate
of) the common value, auctioneers can achieve a more equitable division of surplus
among winning bidders.

Future research could explore the trade-offs between efficiency, revenue, and equity,
or extend our analysis to other types of auctions and value distributions. For
example, in multi-unit demand settings in which items may be allocated inefficiently
(section 6.6.4), trade-offs become relevant. In practice, other designs such as
dynamic auctions or the Spanish auction [AMO07] are used, and understanding the
impact of such designs on surplus equity remains an open question.

Structural insights and proofs of theorem 6.18

In this section, we provide an overview of the proof of theorem 6.18. We combine
two propositions on monotonicity of pairwise differences and dominance of pairwise
differences, respectively, with a third proposition that bounds the slope of bid
functions. In particular, we identify the property of monotone ex-post utility as a
fundamental and sufficient condition for our dominance results.

Definition 6.24 (Monotone ex-post utility). The ex-post utility u(s) satisfies mono-

tone ex-post utility (MEU) iff, for any two signals s;,s; € [0,5) and V s_;,s_j,
S < Sj <= ui(si,s,i) < Uj(Sj,S,j).

6.7 Structural insights and proofs of theorem 6.18
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Monotone ex-post utility (MEU) relates to the slope of equilibrium bids as follows.

Lemma 6.25. An equilibrium satisfies monotone ex-post utility iff equilibrium bid
functions 3° satisfy 88—5; < 5 for all signals s € [0,3).

Proof: See section 6.9.5.

The ex-post difference in utilities depends only on the private value proportion
(1 — ¢)s and the discriminatory part of the payment §3°. Thus, as long as the
discriminatory payment does not grow faster in the signal than the private-value
share, ex-post utilities are monotone.

As seen in fig. 6.1, the equilibrium exhibit several monotonicity properties, and these
hold beyond uniform signals. By assumption, equilibrium bids are increasing in
the bidder’s own signal. Equilibrium bids are also decreasing in the extent of price
discrimination: if a higher proportion of one’s own bid affects the price, the incentive
to bid-shade increases. Finally, the change in the payment corresponding to a bidder’s
own bid, due to a signal increase, is increasing in the weight of price discrimination,
and vice versa. The latter monotonicity is crucial for proposition 6.27.

Lemma 6.26. The equilibrium bid functions satisfy the following monotonicity proper-
ties:

1. B%(s) is strictly increasing in s, for all fixed 6 € [0,1] (consistent with the
assumption), and is strictly decreasing in ¢, for all fixed s € (0,3).

2. 8(6@;(5)) is strictly increasing in s, for all fixed ¢ € [0, 1], and

increasing in ¢, for all fixed s € (0,3).

8(65°(s))

Jds

is strictly

Proof: See section 6.9.2.

We now characterize the fundamental role of monotone ex-post utility: it is equiva-
lent to the monotonicity property of pairwise differences.

Proposition 6.27. For a given common value ¢ and for some § € [0,1], pairwise
differences are monotonically decreasing over [0, 0] if and only if the equilibrium (which
depends on c and §) satisfies MEU.
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Proof: See section 6.9.5.

The equivalence between decreasing pairwise differences and MEU being satisfied
in equilibrium is crucial in our proof of theorem 6.18. When MEU holds, the slope
of the equilibrium bid function is sufficiently flat and more price discrimination
impacts higher signal bidders more than lower signal bidders. In contrast, including
more uniform pricing in the price mix will, proportionally to the change in J, offer
higher signal bidders a higher discount than lower signal bidders and thus does not
improve surplus equity. A similar intuition holds for proposition 6.28 below (for
details on the intuition, see section 6.5.3).

Proposition 6.28. For a given common value ¢, consider any §-mixed auction, § €
(0,1], and suppose the equilibrium bidding function 3° satisfies 88—5; < @ for
all signals s € [0,3). Then, j-mixed pricing dominates uniform pricing in pairwise

differences.

Proof: See section 6.9.5.

Example 6.29 (continues=uniform-example). Whether MEU is satisfied can be
verified numerically, either by computing differences in realized utilities for every
pair of signals or simply by checking the derivative of the bid function. We illustrate
this for the example of uniform signal distributions and n» = 3 and k = 2 in fig. 6.8
below. For example, with ¢ = 0.8 and § = 0.3, close to the MEU boundary in fig. 6.8,
the derivative of the bid function cannot be larger than 0.667 = %. From fig. 6.1,
the slope of the bid function with ¢ = 0.8 and § = 0.3 is close to 0.68 for low signals.
Thus, for this combination of ¢ and §, MEU is not satisfied.

0.03

0.02

0.01 >
-

=
=

0.05
MEU holds i004
0

0.00

Fig. 6.8: Monotone ex-post utility for common value ¢ and price discrimination §

The final crucial proposition bounds the slope of the equilibrium bid functions by 1
for the family of log-concave signal distribution.

6.7 Structural insights and proofs of theorem 6.18
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Proposition 6.30. If the signal density f is log-concave, then % < 1 for all signals
s €10,3).

The proof is given in section 6.7.1 below. With pure private values, this bound implies
that ex-post utility is non-decreasing in signals for log-concave signal distributions.
Indeed, for u(s) = s — 63%(s) — (1 — §)Yi41(B), we have that % =1- 6% > 0.
A similar reasoning leads to theorem 6.18.

Proof of theorem 6.18. Because of proposition 6.30, we have that under log-concave
signal distributions MEU holds if 6 < (1 — ¢), as aa—ié <1« @ (see lemma 6.25).
Thus, applying proposition 6.27, pairwise differences are monotonically decreasing

for 6 € [0,1 — ¢] and theorem 6.18 follows.

Similarly, because of proposition 6.30, it holds that with log-concave signals, 88—65 <
1< @ if § < 2(1 — ¢). Applying proposition 6.28, it follows that any mixed
pricing with ¢ € (0,2(1 — ¢)] dominates uniform pricing in pairwise differences. []

Proving the bound on bid function slopes

Bounding the bid function slope for log-concave distributions requires three main
observations, which we detail in the lemmas below and then use to prove proposi-
tion 6.30.

The first lemma establishes a simplified expression of V'(s) which allows to bound
V'(s) by 1.

Lemma 6.31. Assuming a pure common value (c = 1), V (s) is differentiable on (0,35),
and can be expressed as
2 n—k—1[Jtf(t)dt Lk L[2tf(t)dt

V(S):ﬁs—i_ n F(s) n 1—F(s)

Moreover, if the signal density f is log-concave, then V'(s) < 1 for all signals s € [0, 3).

Proof: See section 6.9.6.

The proof proceeds by noticing that order statistics conditioned on other order
statistics behave just like order statistics of a truncation of the original distribution.
Thus, a more tractable expression of the expected valuation V' can be derived for the
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pure common value case (c = 1). Together with results on log-concavity by [BBO5],
we use this expression to show that V' < 1 for all signals s € (0, ).

The next lemma establishes a sufficient condition for the equilibrium bid function
slope to be bounded by 1 in the pure private value case. Differentiating twice [; G'/9,
we establish that its log-concavity is equivalent to aﬁ;(s) < 1.

S

Lemma 6.32. Assuming private values (¢ = 0), for any § € (0,1], % < 1iff
I G5 (y) dy is log-concave.

Proof: See section 6.9.6.

Finally, we establish that a log-concave signal density is sufficient for the integral
of their order statistics to be log-concave, using closure properties of product and
integration of log-concave distributions, and results by [BBO5].

Lemma 6.33. If the density of signals f is log-concave, then so is [; Gs (y) dy.
Proof: See section 6.9.6.

With the three lemmas above, we can prove proposition 6.30.

Proof of proposition 6.30. First, we recall the expression of the derivative of the bid
function for any s € (0,3):

=

0B°(s)  g(s) [ V' ()G (y) dy
0s  G(s)  s5Gi(s) (612

Note that for any ¢ € [0, 1], V/(s) is a linear combination of s and V. In the case of
a pure common value, the derivative of the latter is bounded by 1 by lemma 6.31.
Hence for any ¢, V'(s) < 1. Moreover, because of lemma 6.33, we know that [; a3
is log-concave, and we can therefore apply lemma 6.32. Hence using the above
results,

08(s) _ g(s) Jiy max, V/(H)G3 () dy
ds  ~ G(s) 5G3 (s) G(s)  6G3(s)
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We recall results from [Kri09] that show that the auctions we consider exhibit
revenue equivalence and (allocative) efficiency.

Proposition (Revenue equivalence, [Kri09]). Assuming iid signals, any standard
auction, under any symmetric and increasing equilibrium with an expected payment of
gero at value zero, yields the same expected revenue to the seller.

We note that the crucial assumption for revenue equivalence is the independence of
signals. In settings where signals are correlated, revenue equivalence fails [Kri09,
Chapter 6.5].

We can extend this proposition to our setting: multi-unit single unit demand with
common value and i.i.d. signals.

Proposition (Revenue Equivalence). Assuming i.i.d. signals, common value, single
unit demand, any standard and winners pay auction with has equal revenue.

Proof. The interim utility is given by
Ui(sia é\l) = Ey:Yk(s,i)[l {§Z 2 y} ‘7(51'7 y)] - Pl(gl) (6.14)

Letting G := G}"' and g := ¢!, we obtain 9,U;(s;,3;) = fogl NV (si,y)g(y) dy.
Note that the expression is simple because, although values are not private, signals
are independent. Let U;(s;) = max;, Ui(si, 8;) in the direct incentive-compatible
mechanism, in which the maximum is obtained at 5; = s; due to incentive compati-
bility. Then, by the envelope theorem, we must have U/(s;) = 01U;(s;, s;). Thus, we
have U;(s;) = U;(0) + [¢ U!(x) dz, and consequently P;(s;) = [ V (si,y)g(y) dy —

U;(0) — [y U/(x) dz. From winners-pay and the continuity of the signals follows

Ui(0) = P;(0) = 0. O

In particular, all the mixed auctions considered in the paper, as well as the equitable
direct mechanism, have the same revenue.

A value function v(s) satisfies the single crossing condition if for all ¢, j # i € [n] and

for all s, 8“%@?*” > av(%js,§,j ) and the value function v as given in assumption 6.1
satisfies this condition.
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6.9

6.9.1

Proposition (Efficiency, [Kri09]). Any standard auction, under any symmetric and
increasing equilibrium and values satisfying the single-crossing condition, is efficient.

Given the prior propositions, we can focus on the question of surplus distribution
among bidders more succinctly without considering potential trade-offs.

Proofs

Surplus equity
Proof of lemma 6.9. The empirical variance of surplus can be transformed as follows.

2
Es mz (“i—nzuj) =& [W_”ZZM—W

= Var(ul) — COV(ul R UQ)

Similarly, the empirical variance conditioned on winning can be written as

2
1 & 1 . E. [(u1 — ug)? | 1 and 2 win]
Es mg (uz—kjiluj> 1,...,kw1n = 9

=E; [u% | 1 wins] — Es [ugug | 1 and 2 win]

= Var(u; | 1 wins) — Cov(uy,ug | 1 and 2 win).

O

With pure private values, ex-post individual rationality holds. The lemma below
shows that, in this case, any ranking of auction formats in terms of ex-ante variance
(Var) or winners’ ex-ante variance (WV) is identical. In contrast, a ranking with
respect to empirical variance (EV) can differ depending on whether only winners
are considered or all bidders.
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Lemma 6.34. Assuming that the auction is a winners-pay auction, the empirical
k(k—1)

variance and the ex-ante variance can be decomposed, respectively, as EV = =)

WEV + (1 - 423 B[uf] and Var = £ - WV 4 (3 — 1) - Bg[u].

Recall that Eg[u;] does not depend on the auction format (by revenue equivalence),
while Eg[u?] does.

Proof of lemma 6.34. We first note that
2 . a2 n 2 n\? 2
WV = Eg[ui | 1 wins| — Eg[u; | 1 wins]” = EES[ul] - () Eglu1]
For the ex-ante variance, we write:

Var = Eg[u?] — Es[u1)?> = Ps[1 wins] - Eg[u? | 1 wins] — Es[u1]?
= P,[1 wins| - Es[u? | 1 wins] — Ps[1 wins] - Es[u; | 1 wins]? 4+ Ps[1 wins] - Eg[u; | 1 wins)? — Fg[u;]?
= Ps[1 wins] - WV + P5[1 wins] - Eg[u; |1 Wins]2 — Es[u1]2

Ps[1 wins)?

= Ps[1 wins| - WV
s[1 wins] + Ps[1 wins]

- Eg[uy | 1 wins)? — Eg[us]?

= Ps[1 wins] - WV + <Z - 1> - Esu1]?

For the empirical variance, we write:

WEV = FEg[u?] — Eg[ujus] = Ps[1 wins] - Eg[u? |1 wins] — Ps[1 and 2 win| - Es[ujus | 1 and 2 win]

Ps[1 and 2 Win]> 9
- E

Ps[1 wins] sl

= Ps[1 and 2 win] - WEV + (1 -

O]

Proof of proposition 6.8. Without loss of generality, consider an outcome profile u
with three outcomes, u;,u; and U, where u; > u;, and U is arbitrary. Induce a
Pigou-Dalton transfer ¢ > 0 such that v} = v; —t > u; and u; =u; +1t < u;, and
U remains the same. The outcome profile after the transfer is denoted u’. We
show that the ranking between v and u’ according to WEV coincides with what the
Pigou-Dalton principle requires, namely it must be that WEV (v’) < WEV(u). Let
W = (u; — U)? + (u; — U)?. Then

(u; = U)? + (uf = U)?

= (u;—t—U)*+ (uj +t—U)?
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6.9.2

= (u; — U)? = 2t(u; — U) + >+ (uj — U)* + 2t(uj — U) +
=W+2t(t—u+U+u; —U)

=W+ 2t (u; — (u; — t))

<W

The final inequality follows by the assumption that the transfer does not make ¢
poorer than j was to start with. As U was arbitrarily chosen and, to compute WEV,
expectations are taken around the sum of squared differences of the realized utilities,
the result follows. O

Equilibrium bidding

Proof of proposition 6.3. Consider bidder 7 and let all bidders j # i follow the
bidding strategy 8Y(s;) = V(s;,s;). First, observe that 8V is continuous and
increasing. Then bidder i’s expected payoff when their signal is s; and bidding 5Y(2)
is given by

Usio2) = [ (Visiow) = Vo) g~ ) dy

Because V (s;, ) is increasing in s;, it holds for all y < s; that V(s;,v) — V(y,y) > 0,
and for all y > s; that V(s;,) — V(y,y) < 0. Therefore, choosing z = s; maximizes
bidder i’ expected payoff U (s;, z). O

Proof of proposition 6.4. First, observe that 3° is continuous. We verify that it is
also monotone: writing G} ™! =: G, g7 ! =: g, and V(s,s) =: V(s), an alternative

expression for 4 is given by

(6.15)

In particular, it is differentiable almost everywhere and we can compute its deriva-
tive.

37(s) = 9(s) Jy V/(y)ngy)é dy 6.16)
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which it positive almost everywhere. Next, assume that all bidders j # ¢ follow the
bidding strategy 3°, and let 3°(z) be bidder i’s bid, whose expected utility is given
by

Utsiv2) = [ (V(siow) = 68%() — (1= 9)5°()) gl) dy

The derivative of U(s;, 2) is

%(Su 2) = V(si.2)g(2) = 68”(2)G(2) = 65°(2)g(2) — (1 = 8)8° (2)g(=)

= (V(s1,2) — B(2))g(2) — 68" (2)G(2).
In equilibrium, the first order condition requires %(Susi) = 0. We solve this

. . . . 1_ . . .
differential equation using G5! as the integrating factor. We obtain

=606 = (5663 1) - (@) +3876() = (36 ) - Vs 2)g().

Solving for 3°, we obtain

()G~ w)i Hdy

s R0V
B(s) = ml()%

(6.17)

Using equations (6.15) and (6.16), and the fact that V (s;, z) is increasing in s;, we
have that % is positive when z < s; and negative when z > s;. Therefore, choosing
z = s; maximizes i’s expected payoff U (s;, z).

Finally, we derive the expression for 3° stated in the proposition from eq. (6.17).
Writing GZ*I =: G and g;~ L' —. ¢, observe that the derivative of 5Gs is gG%_1
Using integration by parts and a change of variable, we obtain

/V 1dy—[5V( 3] 4/ V() Gly)* dy
—(5/ %dy.

Dividing by 6G 5 gives the result. O]

cn\

oﬂ»—A

=0V

Lemma 6.35. For any continuous function ¢ : [0,5) — R, and for all s € (0,5), we
have

lim /s 0] (G(t))l; dt = p(s) - G(s)

0—0.Jo 1)
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i [ Lo <g<s>> o (1) (G(t) )i 2t — o). O
0

6—0

where GZ_l =: G and g,’;_l =:g.

Proof. Fix § > 0, and let ¢ : (0, 1] — R be a continuous function, such that ¢(u) =
O(1/u) when u — 0. Using the change of variable u = v°, we have that

/01 ¢Egu)urli du = /01 Y(v?)vdv

1 w1 1
/O 1og(1/u)¢(§2)usdu= /0 log(1/v)eb (v*)o .

Observe that for all fixed v € (0,1], and taking § — 0, the first (resp. second)
integrand converges towards (1) (resp., ¥(1)log(1/v)). We define the constant
M = sup,,¢ (0,1 ut(u), we bound the first integrand by M (resp.the second integrand
by M log(1/v)), and we use the theorem of dominated convergence, which gives

) _
hm/o v du—/o P(1)dv =¥(1)

0—0
%ig%/ol log(1/u) wé(:)ué du = /01 ¥(1)log(1/v)dv = ¥(1)

To prove the lemma, observe that with the change of variable u = ggg , we have

[ (6) w- [ 5haa
[ 1o () 20 (C0VY 1 g1 28

where we define

p(G~H(uG(s))
9(G~H(uG(s))

Finally, it remains to prove that ¢)(u) = O(1/u) when u — 0. First, observe that ¢ is

P(u) = G(s) -

bounded on [0, s]. Second, observe that we have

where z = G~!(uG(s)) — 0. Because g is positive and integrable in 0, we have that
G/g is bounded. Therefore, the overall limit when § — 0 is equal to (1), which
concludes the proof. O

6.9 Proofs 237



238

Lemma 6.36. The following formulas can be derived:

50 V(s) ifo=0
B(s) = o o) %d s
V(s) = [5V'(y) (G4)" dy if5>0
o(B°(s)) _ ) V'(s) o 6=0s>0
ol () e vieo
50(8(s)) 0 if6=00rs=0
9o a Jo V'(y) log <(g%>1/5> (g%)g dy ford,s>0
9%(88°(s)) _ —g(s) 7., G\ (G
aua5 = 50 Jy V0 ((am) (G()) dy for .5 >0

Proof. In order to derive the value of these functions at points where they are not
directly, defined, we will use the dominated convergence theorem.

(1) Let s € (0,3). We first look at 3°(s) = V(s) — [ V'(y) (ggyg)% dy. Let h(6,y)
be the function under the integral. Because G is increasing, for y < s we have
that G(y)/G(s) < 1. Hence h is dominated by V', and lim;s_, h(d,y) = 0, hence by
dominated convergence 3°(s) = V/(s) when § = 0, and the function is separately

continuous over [0, 1] x [0,s).

(2) We now consider the derivative of 3° with respect to s. Let s € (0,5). There
exists M > m > 0 such that s € [m, M]. We focus on the derivative of the integral
part:

0 / G(y) 1/0 s g<3)G1/6(y) ! g(s) / SuptG[m,M] g(t)
el (y)<G(s)> —V(Q)W<V(Q) <V(Z~/)W,

where the sup;c(,, 1 g(t) is finite as g is continuous. Because V' is integrable, we
can use dominated convergence. Using the Leibniz integral rule yields the result.
The limit as ¢ goes to 0 can be computed by applying lemma 6.35.

(3) Let us now compute the derivative of 3° with respect to §. Again, we use a
dominated convergence property to show that the integral and derivative can be
inverted. It is easier to show that this can be done for the function §3°(s), and we
have

9p°(s)

_ 36
=B+ 95

955 (s)
00
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Computing the derivative of §3°(s), we can recover that of 3%(s).

Let h(6,y,s) = 6V'(y)(G(y)/G(s))'/® be the function under the integral part of 63°.
We have

ML) _ i) (S0) ) o (G0 (E2)

(s)
v (G)-ve((6)) (G)

The first part is again dominated by V’, which is integrable. Focusing on the second

part, we define for 0 < u < w < 1 the function ¢ (u, w) = (u/w) log(w/u). Note that
0 < s <y < 5 implies that for u = G'/%(y) and w = G'/%(s), we have 0 < u < w < 1
as G is increasing and takes values in (0, 1) over (0,3) by definition. Fix w, and take
the derivative with respect to u: we obtain that ¢/ (u, w) = (log(w/u) — 1)/w which
is positive as long as u < w/e and negative otherwise. The maximum of ¢ for u < w
isat u = w/e and ¥ (w/e, w) = 1/e. This shows the right-hand side of & is smaller
than V’(y)/e, which is also integrable. Overall by dominated convergence we can
invert derivative and integral: % Jh=[ %h. Thus

= fvo () e voms((6)") (6)"

and we recover

5= [y ((G)) (68

Using the same upper bound on ¢, we can show that the integrand of ¢ % is
smaller than V’(y)/e which allows for domination both in small § and small s. By
dominated convergence, we obtain that the limit of § =55~ 85 (5) as either 6 or s go to 0 is 0.

(4) Finally, let us compute the cross derivative. The integrand of 65 ( ) is h(d,y,s) =

V' (y)(G(y)/G(s))'/?, and its derivative with respect to delta is — 5V’( ) log (G0 (y)) GV (y).
Because this function is continuous on the open set (0, 1) x [0,5), we can apply dom-

inated convergence to show that the order of derivative and integral can be reversed.
Therefore

9%63°
000s
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240

~g(s) =GY(s)5 Js V' () log(G (9)) G (y) dy + 5 log(GY° ()G (s) f5 V' ()G (y) dy
© G(s) G2/

) o /5 /5
st b vones((&5) ") (G8) " o

Lemma 6.37. Consider a function ¢ : [0, 1] x (0,5) — R4, such that
* 55— @(0,s) is continuous over (0,5) for all fixed 6 € [0, 1],
* s : 0 @(d,s) is continuous over [0, 1] for all fixed s € (0,3),
e cither all ps’s are monotone or all ps’s are monotone,
then o is jointly continuous in ¢ and s.
Proof. The proof on the open set (0,1) x (0,3) is written in [KD69], and directly

generalizes to § = 0 and 6 = 1 given that ¢ is separately continuous in those
points. O

Proof of lemma 6.26. Monotonicity follows from the derivatives computed in Lemma 6.36.
O

Equity comparisons in uniform, pay-as-bid and mixed auctions

Proof of theorem 6.13. To prove the “if” direction, note that for ¢ = 1, the realized
value is identical for all bidders i € [n] as v(s) = 2 > jeln) 8j- Thus, with a uniform
price that is identical between bidders, they all have identical surplus. For any § > 0,
the payment differs between the winners at least for some signal realizations.

To prove the “only if” let ¢(s) = (1 —c)-s—83°(s). We then have (u(s;) —u(s;))? =
(¢%(s;) — ¢°(s4))? for two winning bids s;, s; (see the proof of proposition 6.28 for
details). Thus, it holds that

%(@5(80*@5(8;‘))2 = —2(¢"(5:)—¢"(s5)) (ﬁ‘;(sz') ACORR

9B (si) 5056(%’)
a9 a9 '

Using lemma 6.36, we take the limit of 5°, § 8'886 és) ,and % (s), as 0 goes to 0. We have

that (9%(s;) — o (s5)) = (1—c)(s;— 5;) and (8 (s;) — B (s,) + 0 220) _ 597y
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(V(si) = V(s4)). As V is increasing, the product (V' (s;) — V'(s;))(s; — s;) is strictly
negative almost surely, which concludes the proof. O

Proof of proposition 6.14. We show that for any ¢ € (¢*, 1), pay-as-bid pricing does
not minimize WEV. From this and the “only if” statement in the proof of theo-
rem 6.13, the result follows. Note that WEV is continuous in ¢ and at ¢ = 1 it is
strictly lower for uniform pricing (§ = 0) than for pay-as-bid pricing (6 = 1) by
theorem 6.13. Thus, by the mean value theorem, there exists an open interval
C = (c*1), ¢* <1, such that, for any ¢ € C, WEV remains strictly lower under
uniform pricing than pay-as-bid pricing. O

Challenging the intuition: private values and uniform pricing

We have to show that it is indeed possible to construct an equilibrium bid function
with a slope greater than 2 for a sufficient mass of signals. For this, we require
an extreme signal distribution where, broadly speaking, signals are equal to zero
with probability € and equal to one with probability 1 — . However, to compute a
Bayes-Nash equilibrium, we need a continuous signal distribution (with respect to
the Lebesgue measure, without mass points) with connected support to solve the
first-order condition. Thus, we add a small perturbation.

For example 6.15, we consider the order statistics of quantiles F~!(z) and not
of signals s. For convenience, we define the following distribution functions and
densities.

G) =Gy ' (F @) =1—(1—a)"" g(@) == (n—1)(1 —2)"?
H(z) =G 2(F Y z)=1— (1 —a)"? h(z) = (n—2)(1 —2)"3

We choose a continuous distribution of signals, with support [0, 2], where each signal
is given by the sum of a Bernoulli(¢) random variable and a random perturbation
drawn from Beta(1, 1/n), with e = 0.1/n and 7 a small constant. First, we compute
the distribution function F and quantile function F'~! of the signal distribution.
Using the law of total probabilities, we have

= P[Bernoulli(¢) = 0] - P[Beta(1,1/n)

Vs € ]0,2], F(s) = P[Bernoulli(¢) + Beta(1,1/n) < s]
=0|- ]
+ P[Bernoulli(¢) = 1] -

<
1]- P[Beta(1,1/9) < s — 1].
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Simplifying this expression depending on the value of s, we get

e-(1—(1—s)t/m if s <1,
Vs € [0, 2], F(s)=
e+(1—g)-(1—-2—s)Y") ifs>1.
Then, computing piece-by-piece the inverse of F’, we obtain
. 1—(1-%)" if  <e,
Va € [0,1], F~ ' (z) = 0
T—E 3
See Figure 6.9 for the CDF and quantile function of the signals.
1.0 — 2.0
0.8 15
06 =
= 710
= 04 &
0.5
0.2
— F(s) — Fl(z)
0.0+ —— 0.0
0.0 0.5 1.0 1.5 2.0 0.00 0.25 0.50 0.75 1.00
Signal cdf Quantile function

Fig. 6.9: Bidder signals and quantiles for n = 5 and n = 0.01

in the uniform-
x>el +yy(x),

A bidder with quantile = € [0, 1] bids (truthfully) their signal F~!(x
price auction (§ = 0), which we write as b)) (z) := F~'(z) = 1

~

where

vz € [0,1], Yo(x) =

For mixed auctions with § > 0, the equilibrium bid function is given by Proposi-
tion 6.4. Letting b (z) := #°(F~!(z)) denote the equilibrium bid of a bidder with
quantile z € [0, 1], we have
F~1(z) n—1 n—1/.\%+—1 T =1/, 0\ ~oNE—1
_Jo TTVs)gr (8)GE ()7 ds _ Jo FT(y)g(y)Gly)o T dy

)
it 3G () WG
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where we used the change of variable y = F'(s). Finally, using the additive form of
F~! we write the equilibrium bid function as b‘f,(a:) = b(z) + fg(x), where

' f g< <y %—1dy 0 1 ifrxr<e
el k@)= ey 1 (29) e
G(z) =
5o @)y Gy) s dy
57](-73) L

6G(x)

See Figure 6.10 for the bid functions.

= 04 — =0
§=03
02 — =08
— §=10

0.00 0.25 0.50 0.75 1.00
T

Fig. 6.10: Equilibrium bid as a function of quantiles for n = 5 and n = 0.01

Next, we define the function ¢} (z) := F~!(z) — 6b) (), the utility of a winning
bidder as a function of their quantile. Denoting WEV?7 the winners’ empirical variance
in a §-mixed auction with noise level n, we write

(D) (1) — @5 (2))?

2

Vs € [0,1], Vi > 0, WEV) = Ey | 21,29 > Viy1(x)
where x is a random vector of quantiles, with n independent coordinates dis-
tributed uniformly on [0,1]. For every = € [0, 1), observe that ~,(z) and 52(3:)
converge towards 0 when taking » arbitrarily small, and thus gog(x) converges to-
wards ©d(z) := 1{z > e} — db(x). Therefore, WEVf7 converges towards WEVY),
defined by

| z1, 22 > Yii1(x)

V5 €[0,1], WEV) :=E [((1{% > e} — 6b)(21)) — (L {xg > e} — 6b)(22)))?
1], —E, :

(P (1) — @ (x2))?

—E, 5

|21, 22 > Vi1 (x)| = %E}%WEV%
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Proof of proposition 6.16. We are now equipped to prove the proposition. We write
WEV) = Ex [ (21)? |21 > Vi1 ()] = Ex [ (21)i6d(22) | 21, 22 > Vi1 ()], with

Ex {‘Pg( 2oy > Vi (x :n—l/ @O (x
Ex [ (@)@ (w2) | 01,25 > Vi (%)] = nf2/0 (/ e )dx>2h(t)dt

We next compute these quantities for uniform and discriminatory pricing. For
uniform pricing (§ = 0) we have that ¢{(z) = 1 {z > ¢}. We derive

n

Ex [%08( ) |21 > Vi (x )} = /l é(:z:)dg;: n(

(1-—
n—2/ E

n(1—e)? _2(1—g>

l—¢g)—(1—¢)"
n—1

5 /:(1 — £)2h(t) dt

Ex [B(@1)ef(@2) | 21,22 > Vieya (x

n—2
and finally
WEVY) = n(l— 2 : 51 —e)"  n(l- 5)2:2(1 — o)
_nfl-e)"+ (1 —e)(e(n—1)—1)
(n—1)(n—2)
< (en)®/2 _ 0.005

For discriminatory pricing (§ = 1) we have that p}(z) = 1{x >} — bj(z) =
1{zr >¢c} & G(E . We will use the following bounds:

1
/ ~1 dw:/ 1dx—/ i gy
EG(I‘) 1_1_$n

(1 )(n 1)i+1

1—5
:Zm/ +Z

i=0
0. 91 0.1 log(().l) 2.2
(1-— >1+ ==
£)+ = Z " +
'z ! (n 1)i
/ ——dx = / dx = / Z 1—2x) dx
0 G(z) o 1— (1 —z)"
- 1 1.
—l— Z < -+ 1.65 (when n > 5)

. n—l)z+1)((n—1)z+2) 2 n?

i=
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Next, we write

Ex [b(21)? |21 > Yiera (%)] = —— /: 2(5)2 dz > "0 (1 + 22)

and

1 1 n y ! 6(5) ’
Ex {800(5131)900(332) |z, 32 > Yk+1(X)} = /0 (/E diﬂ) h(t) dt

Next, we will use the upper bound H (t)/G(t) < 1, which is nearly tight as H(t)/G(t)
is increasing, and has the limit (n —2)/(n — 1) when ¢t — 0.

2nG(e)? ! nG(e)? /1 1.65
B [ eeban) o1, a2 > Vi (o] < 280 [0 L qp < 20950 (21 1)

n—2 G (x) S p—2 27 2

Finally, we obtain

L nG(e)? ( 2.2> 2nG(e)? <1 1.65>
S 24 _ -4 2 >
WEV; > — 1+n p— 2+n2 (when n > 5)
oo 22 1 3.3 )
= nG(e) <n(n—1) n—D)n—2)  n2n—2)
> 00l (when n > 4)
mn
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6.9.5 Proving the main theorems
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Proof of lemma 6.25. Let s; < s; = s; + ¢ for some € > 0. Then

= ui(si,s_i) <
e (1—c)s; —03%(s;) <
& (I=o(sj—s) 2

u;(sj,s;)
(1—c)s; —68°(s;)
5(B(s5) — B°(s1))

Dividing by s; — s; and taking ¢ — 0 concludes the proof. O

Proof of proposition 6.27. First, we prove that pairwise differences is locally decreas-
ing in §. Let s;,s; with s; > s; denote the signals of two winning bidders and
©%(s) := (1 —¢)s — §3°(s). Note that because of lemma 6.26 (2), monotone ex-post
utility holds for all § < 6. For all 6y, 8, 0 < 61 < d2 < 0, we have

[t (s) = u’t ()] 2 Ju”(s0) = u”(s;) (6.18)
& L% (i) = " (7)) > o™ (1) — 0% (s0)] (6.19)
& =0 (B () = B (5)) = =02 (8% (1) = 5(5)) (6.20)

For the final equivalence, observe that monotone ex-post utility together with
lemma 6.26 (1) implies that %_C /3% is non-expansive, allowing to remove the absolute
value in eq. (6.19). lemma 6.26 (2) guarantees that eq. (6.20) holds. As the ex-post
difference in utilities (eq. (6.18)) is decreasing in 4, so is its expectation. To establish
global monotonicty on [0, 6], note that if § 86—5: < 1 —c then it also holds for any ¢ < §
by lemma 6.26 (2), concluding the proof. O

Proof of proposition 6.28. Let ul(s;,s_;) denote bidder i’s utility in the §-mixed auc-
tion, and let uY (s;,s_;) denote bidder 4’s utility in the uniform-price auction. Now
let i, € [n] be two winning bidders. As above, 3° (resp. ) denotes the symmetric
equilibrium bid function in the §-mixed (resp. uniform price) auction. Let Y 1(8)
denote the first rejected bid. Then, canceling out (1 — §)Yy1(8), we have

= N n-) = 08°(50) = (1s.5) = 08°(5)
(1= it £ 3 =08 50) — (L= sy + = 3 5= 68°(5y)

ke[n] ke[n]

5
lu; —u

= [((1 = e)si = 88°(s:)) — (1 = ¢)s; — 65°(s)))|
=1’ (si) =" (35)],
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where ¢°(s) = (1 — ¢)s — 63°(s). It also holds that
Jui” = uff | = [(visi,8-0) = Yis1 (B)) — (v(s:5-5) = Vi (B)] = [(1 =€) (s — 55)].

. 5. . .
We will now show that *— is a non-expansive mapplng Note that ¢ can be

increasing or decreasing, so we need to show that | | 1 — c. We have 88“’ =
l—c— 688’2 . As 3% is increasing in s, \85"5 |<1-c¢ holds whenever 5%@ < 2(1—o).
Therefore

[uf —uf| = 1¢° (vi) = & ()] < I(L = €)(si — 85)] = | — | (6.21)

Taking the square of eq. (6.21) we obtain the result point-wise, for each pair of
winning signals s; and s; and, taking the expectation, the theorem follows. O

Theorem 6.38. For a given common value component ¢, consider two §-mixed auctions
for 81 < & and suppose the equilibrium bidding functions (° satisfies 6, 83(5) +
52%28() < 2(1 — ¢) for all signals s € [0,5). Then, WEV is lower for the d2-mixed
auction than for the §; one.

Proof. Let ¢°(s) = (1 —¢)s — 63°(s). We have ud(s) — ug(s) = ¢%(s;) — ¢°(s;). Let

01 < J2. By the generalized Cauchy mean value Theorem, we have that there exists
€ € [si, s5] such that

D (€)

% (s1) = 9" (s))] s ‘ = [ (s5) — ¢ (57)]

|

D™ (€)
Os '

Hence if W 21/1% 8‘” “| < 1 then we have lower WEV for the §, mixed auction. We
have the followmg chain of equivalences:

% %
9088(5) < 8088(5) Vs € (0,3)
62 51

= |1-c) - 520603(3) <l1-¢) -8 6588(8) Vs € (0,3)

0% 0B

o ﬁ@s(S) —(1l-¢<(1-0)—5n ﬂas(s),VS € (0,3)
01 2

= 518B () —f—(SQaﬁ (5) <2(1—¢),Vs €(0,3),

Os Os

where the third equations comes from the monotonicity of § aa—ﬂ; in § from lemma 6.26.
O
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6.9.6 Proving the bound on bid function slopes

Proof of lemma 6.31. We first rewrite o(z,y) for ¢ = 1 in terms of all the order-
statistics of s_;.

O(z,y) = Elv(si,s-i) | 8s = x, Yy = y]

1
:E[EZsj\si::c,Yk:y]

j€ln]
T 1
== +E[- Z sj | si =Y, =y
n n
J€ln],
J#
1
— % +E[~ Z Y; | si =Y, =y (Ordering the signals)
j€[n—1]

x Yy 1
n+n+ [n E il si =2, Y =y

je[n_l]v
jok
r oy 1 kol 1=
="+ 24+ =N ElYj|si=aYi=yl+— > E[Yj|si=xY, =y
noonooni j=k+1

Note that the previous decomposition is similar to the equilibrium bid in an English
auction given that k bidders have dropped out in [GO03]. However, we offer a
careful derivation in the multi-unit setting of our model. We now use Theorem
2.4.1 and Theorem 2.4.2 from [ABNO8] on the conditional distribution of order
statistics. They state that, for j < k, the distribution of Y; given Y}, = y is the same
as the distribution of the j-th order statistic of £ — 1 independent samples of the
original distribution left-truncated at y, and we denote Z jl a random variable drawn
according to this distribution. Hence, for j < k, E[Y; | Y}, = y] = E[Z]l-]. Similarly for
j > k we have that the distribution of Y; given Y}, = y is the same as the distribution
of the j — k-th order statistic of n — k — 1 independent samples of the original
distribution right-truncated at y, and we denote by Z; a random variable drawn
according to this distribution. Hence, for j > k, E[Y; | Y}, = y| = E[Z]]. Notice that
summing all order statistics drawn from some samples recovers exactly the sum of
original samples. Thus we obtain

k—1 k—1 k—1 k—1 k—1
SEW [si=a Y=yl = Y EZI=E[Y. 2 =E[Y s | Vi€ k1,5 >y = 3 Els; | 5; > o]
j=1 j=1 j=1 j=1 j=1
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The same can be done for the Z7. Finally, the s; are iid and thus have identical
conditional expectations. We obtain

— k-1 k—1
Ba,y) = =+ L+ —Es; |5 <yl + ——Els; |5, 23] (622)
k1Y —1[Ptf(t)at
_w Ly n—k-LfIt0dt 1J, tf(t) , 6.23)
n o n n F(y) n 1—F(y)

which readily yields a formula for V'(s) = o(s, s). Clearly, the above function is well
defined and differentiable on the open support of F.

We now examine the derivative of V'(s) and prove that V’(s) < 1. First, we consider
the derivatives of the two ratios with an integral in the numerator in eq. (6.23).
First, by integration by parts, we have

Jotf@)dt  [tF@)]g — Jg F(t)dt Jo F(t)dt

:8—77

F(s) F(s) F(s)

and using that for positive random variables [ tf(t)dt = [5(1 — F(t))dt = E[s;] <
00, which guarantees convergence of the integral, we have that

[Stft)dt _E[si] — [gtf()dt _ [s(1—F(t))dt —sF(s) + [g F(t) dt

1-F(s) 1—F(s) 1—F(s)
_ (L= F(t)dt +s(1 - F(s)) — s+ [5 F(t)dt
1—F(s)
_ L S F@)at
T

Now, taking derivatives, we have

0 Jotf®)dt . F(s)* = f(s) Jo F()dt _ f(s) Jg F(£)dt
ds  F(s) F(s)? F(s)? '

By a similar argument as in the proof of lemma 6.32, using log-concavity of f, the
above derivative is bounded by 1. Taking the derivative of the second ratio, we have

2 ( L - F<t>>dt> L~ P2+ ) L0 = F@)dt _ f(s) [0 = F(o)) de

0s 1— F(s) (1—F(s))? (1—F(s))? '
(6.24)

To derivative of log( [*(1 — F(t)) dt):

S

2

0 log(/s(l—F(t))dt) 0 —(L=F(s) _ f(s) [;(L—F(t))dt — (1 - F(s))*
(9s)2 0 .

T 0s 51— F(1)dt (55— Py ar)’
(6.25)
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eq. (6.25) is negative iff f(s) [*(1 — F(t))dt/(1 — F(s))? < 1. This means that the
log-concavity of [*(1 — F(t))dt is equivalent to eq. (6.24) being smaller than 1. As
the log-concavity of [*(1 — F(t)) dt follows from the log-concavity of f and (1 — F)

[BBO5, Theorem 31, f(s) [J(1 — F(t))dt/(1 — F(s))? < 1is implied. Finally, using
the above derivatives it is clear that V'(s) > 0, and

n—k—-1 _ k-1
TR

n n

V'(s) < 1=1.

S

Proof of lemma 6.32. Let us compute the second derivative of the logarithm of
S 1
Jo G (y) dy:

(0s)? ~ 0Os

&%10g ([ G5 (y) dy) a( G
!

Notice that the left-hand fraction is always positive. Hence log-concavity of [; G 5 (y)dy
is equivalent to % q(s) [§ G 5 (y)dy—G s+ (s) being negative. The latter is equivalent
to

(s) J5 G3 (y)dy _ 9B°(s)

1> 80 =
6G3H1(s) s

Corollary 6.39. For uniformly distributed signals, any pricing dominant in pair-

wise differences contains a discriminatory proportion of at least JL%)Q), and for

2n(1—c) noen
2n—c(n—(k+1))"

exponentially distributed signals at least
Proof of corollary 6.39. While supyg 5 %—Bj can be difficult to compute analytically
even for simple distributions, it is sometimes possible to compute supy, ) V'(s). For
the uniform distribution, we have supy 5 V'(s) = 1 — ¢2. Thus, using the same

argument as in the proof of theorem 6.18, it follows that §*(¢) > %@% —n—oo

1(:?)2 For the exponential distribution, we have sup 3 V'(s) = 1 — c(z — 55), and
% 2n(l—c 1—c

thus 6*(c) > m P00 1(—72 -
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6.9.7

Proof of lemma 6.33. To prove lemma 6.33, we will use properties of log-concave
distributions from [BBO5]. Namely their Theorems 1 and 3 state together that log-
concavity of a density f implies log-concavity of the corresponding cdf F' and of the
complementary cdf 1 — F', and that log-concavity of F' or 1 — F' imply log-concavity
of respectively [; F' or |, f F, where s is the upper limit of the support of f (either a
constant or +o0). Additionally, we also have that the product of two log-concave
functions is log-concave also. Using the above properties, we have that F and 1 — F
are log-concave.

Moreover, alternative expression for the order statistics are given, e.g., in [Fis65].

n! F(s)
Ghs) = e m)!ém 1 /0 (1 — gy

and

n — n! )M (1 — S m—1 S
9l8) = o T U FE) ) (626

Thus, the order statistics density g, given by eq. (6.26), is a product of F, 1 — F,
and f, and g as well as the corresponding cdf G are also log-concave. Furthermore,
G7 is log-concave because log(G%) = Jlog(G). Finally, we remark that G is
right-continuous non-decreasing by composition with z x%, which is continuous
non-decreasing, and G%(O) = 0, as well as G%(g) = 1 (if 5 = oo, the equality is
understood as a limit). Therefore G5 is a cdf, and applying one last time [BBO5],
we obtain that [j G 5 is log-concave. O

Numerical experiments

Lemma 6.40. Suppose an auction is a winners-pay auction. Then we can write
Esluy |1 wins] = 2Eslu], Es[ui|l wins] = 2FEg[u?], and Esluius|l and 2 win] =

%Es [U1UQ].

Proof. Observe that we have

Es[u? | 1 and 2 win] = E4[u? | 1 wins] = _El] _n E[u?] (6.27)
s s P[l wins] & ! )
Lo Eluiug] ~n(n—1)
Es[ujuz | 1 and 2 win] = Plland 2win] ~ (k- 1) Efuius] (6.28)
O

6.9 Proofs
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6.9.8 Discussion

Proof of proposition 6.20. We define the probability that ¢ wins ¢;(s;) := Ps_, [¢ wins].
Recall that b” (s;) denotes the equilibrium bid in the pay-as-bid auction. Consider
any standard auction, characterised by a payment rule (pi(s),...,pn(s)). Revenue
equivalence implies that

qgi(s;) - bP (s;) = Es_.[bP (s;) - 1 {i wins}] = Es_,[pi(s)]. (6.29)

In particular, note that if p; is chosen to be the uniform pricing rule, this formula
can be used to compute b”(s;). Now define the ex-post surplus u;(s;,s_;) =
v(s;) - 1{i wins} — p;(s). We write

wi(si,5_;) = 1{i wins} - (v(s;) — bP(s;)) + 1 {i wins} - bP(s;) — pi(s).  (6.30)
uZD(s) a(s)

Now, observe that by revenue equivalence we have E5_,[d(s;,s_;)] = 0 for all s;. We

write
ES—z[ul(Sivs—l)]Z = ES—i[uiD(Sivs—i)]Z (631)
Es_;[ui(si;s—i)%] = Es_,[uf (si,5-0)"] + 2Es_, [u (si,54) - 6(si,5-4)] + Es_;[0(si,5-4)7]
>0 >0
(6.32)

To show that the extra terms are non-negative, notice that §(s;,s_;)? > 0, and that

Es_[u} (si,5-0) - 8(si,8-0)] = (v(si) = b7 (s1)) - (ai(si) - 07 (si) — Es_,[1 {i wins} - pi(s)])

>0 >E[5(s)]=0
(6.33)
Therefore, putting everything together, we obtain
Vars_, [ui(si,s—i)] = Es_,[ui(si,s— 1)2] —Es, [ui(si,s,i)]Q (6.34)
> Es [ (Sla S_ z)2] - Es_i [UZ‘D(Sia Sfi)]Q (6.35)
= Vars_, [uP (si,s_)] (6.36)

Finally, observe that an auction which minimize the interim variance also minimize
the ex-ante variance. Denoting by w; the utility of a bidder in the pay-as-bid auction,
the law of total variance states

Vars[u;] = E, [Vars_, [u;(si,s—;)]] + Vars, [Es_, [wi]]. (6.37)

252 Chapter 6 Equitable Auctions



By revenue equivalence, we know that Es_,[u;] is the same for all standard auctions,

hence Varg, [Es_,[u;]] is also the same for standard auctions (it only depends on the
signal distribution).

The interim variance Vars_,[u;(s;,s—;)] is minimal point-wise (in s;) for all standard
auctions, hence is also minimal in expectation. Therefore, the ex-ante variance is
minimal in the pay-as-bid auction among standard auctions. O

Proof of proposition 6.22. We first derive the equilibrium bid for the first-rejected-
bid uniform auction with common values and reserve price r > 0. Fix a signal s.

Let  be an increasing symmetric equilibrium, and let s, = inf{s > 0 | B(s,) > r}
be the threshold signal for the bid to exceed a given reserve price r. For z > s,, we
consider U (s;, z), the expected payoff of bidding (=) with signal s;:

Ulsi, z / V(si,y —/OST rg(y)dy—/;ﬁ(y)g(y) dy

_/ V(si,y)g(y) dy — rG(s,) — /Zﬂ(y)g(y) dy.

Sr

If z < s, then the bid is below the reserve price, no item is won, and U (s;, z) = 0.
If the payoff is maximized for z > s,, then, by solving the first order condition, a
bid of V(s;,s:) = V(s;) is optimal. Hence, bidding V (s;) is preferred to bidding
zero if the expected payoff is greater than zero. Because V (s;) is increasing and
continuous, these two payoffs are equal for s; = s, by definition: s, corresponds
to the threshold signal beyond which a positive bid of V (s;) is preferred to a zero
profit. The equation

U(sr, sr) / V (Sryy —rG(s,) =0, (6.38)

implicitly characterizes s,. The equilibrium bid is =" = V(s;) for s; > s, and
39=0 = 0 otherwise.

Using revenue equivalence, we derive the equilibrium bid in the pay-as-bid auction.
We have that, for s; > s,,

57 = [ g [ TRy V(s -V ()

G(si) G(si) Js.  G(si)
(6.39)
Taking the derivative yields
9B~ (si) _ g(si) S
o = B (Wi =6 + [V a)
6.9 Proofs

G(sr) _/Si V'(y)G(y) dy.
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We use eq. (6.38) for the second-to-last equality, and the fact that XN/(y, y) < 17(sr, Y)
for y < s,, by monotonicity of V, for the inequality. O]
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The price of opportunity
fairness in matroid allocation
problems

Abstract. We consider matroid allocation problems under opportunity fairness con-
straints: resources need to be allocated to a set of agents under matroid constraints
(which includes classical problems such as bipartite matching). Agents are divided
into C' groups according to a sensitive attribute, and an allocation is opportunity-fair
if each group receives the same share proportional to the maximum feasible alloca-
tion it could achieve in isolation. We study the Price of Fairness (PoF), i.e., the ratio
between maximum size allocations and maximum size opportunity-fair allocations.
We first provide a characterization of the PoF leveraging the underlying polymatroid
structure of the allocation problem. Based on this characterization, we prove bounds
on the PoF in various settings from fully adversarial (worst-case) to fully random.
Notably, one of our main results considers an arbitrary matroid structure with agents
randomly divided into groups. In this setting, we prove a PoF bound as a function
of the (relative) size of the largest group. Our result implies that, as long as there
is no dominant group (i.e., the largest group is not too large), opportunity fairness
constraints do not induce any loss of social welfare (defined as the allocation size).
Overall, our results give insights into which aspects of the problem’s structure affect

the trade-off between opportunity fairness and social welfare.
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7.1

Introduction

Allocating scarce resources among agents is a fundamental task in diverse fields
such as online markets [CS98], online advertising [Meh13], the labor market
[Com23], university admissions [Akb+22; GS13], refugee programs [Aha+21;
DKT23; Fre+23], or organ transplants [Akb+20]. Traditionally, central planners
aim to efficiently compute allocations that maximize some metric of social welfare
such as the total number of allocated resources. Unfortunately, optimal allocations
that neglect equity considerations often result in disparate treatment and unfair
outcomes for legally protected groups of individuals, as documented in domains
such as job offerings [LT19a; Spe+18b] and online advertising [Ali+19b; BG18b],
among others.

Matching markets, a prominent instance of resource allocation problems, are es-
pecially sensitive to these discrimination concerns. For example, initiatives such
as the European Union’s proposed job-matching platform for migrants [Com23],
and the urgent demands arising from the global refugee crisis [Ref23] are complex
challenges where fairness must be accounted for: migrants can belong to different
demographic groups defined by sensitive attributes such as age, ethnicity, gender, or
wealth, and jobs or resettlement locations must be allocated in a fair manner.

Motivated by these challenges, we consider matroid allocation problems, i.e., resource
allocation problems where the constraint has a matroid structure [Sch+03, Chapter
44]. An instance of our problem is defined by a pair (E,Z) where E is a finite set of
agents and Z the set of feasible resource allocations, and such that E is partitioned
based on sensitive attributes into C' € N distinct groups (for the formal definitions,
please refer to Section 7.2). Matroid allocation problems have a theoretical structure
that gives tractability while being expressive enough to formulate many important
problems. They include our main application of bipartite matching discussed above,
but also other allocation problems where fairness is relevant. For instance, the
maintenance of communication networks between different cities, where the state’s
goal is to fairly distribute the maintenance rights among diverse companies to ensure
healthy competition; or the selection of members for a constitutional commission
that must satisfy parity requirements such as gender and ethnic representation; can
both be formulated as matroid allocation problems.

Prior works have tackled fairness challenges in (matroid) allocation problems.
[Chi+19] study fair matroid allocation problems, and [Ban+23] examine fair match-
ing (see a more complete discussion in Section 7.5). These works, however, focus on
the efficient computation of fair allocations and provide approximation algorithms.

7.1 Introduction

257



In contrast, we focus on the quality of the optimal fair allocation. Indeed, impos-
ing fairness constraints may reduce social welfare (the total number of resources
allocated). To understand the trade-off between fairness and social welfare, we
study the metric called Price of Fairness, introduced independently by [BFT11] and
[Car+12] in the contexts of proportional fairness and equitability, respectively. This
metric, formally defined by

max{|S|: S eZ}

PoF(Z) = max{|S|: S € 7 is fair}’

where |S| denotes the size of the allocation S, provides insights into the scenarios
where fairness leads to a degradation of the social welfare.

We focus on a novel notion of fairness that we introduce: opportunity fairness.
Opportunity fairness draws inspiration from the notion of Equality of Opportunity
[Har+16c] in machine learning and from Kalai-Smorodinsky fairness [KS75] in fair
division. This fairness notion is particularly adapted to the structure of the allocation
problem as it accounts for the inherent capabilities of the agents groups. Formally,
an allocation is called opportunity fair if for any two groups c, ¢, it satisfies

# Resources allocated to ¢ B # Resources allocated to ¢/
Total # of resources that can be allocated to ¢ Total # of resources that can be allocated to ¢

We consider a large market setting where the number of resources that can be
allocated to each group is large, as is often the case, e.g., in job market platforms.
In this situation, integral allocations can be well approximated by fractional—or
randomized—allocations (as proved in Section 7.2.4). Hence, we focus on the PoF
computation under fractional allocations.

Contributions. The price of opportunity fairness may depend on different features
of the problem, in particular the set of feasible allocation and the agents’ group
assignment. We prove tight PoF bounds in multiple settings from adversarial to
fully random, in line with the beyond-worst-case paradigm [Rou20], which seeks to
capture more realistic and nuanced behaviors than worst-case analysis alone:

1. Polymatroid representation: We first show that for matroids constraints, the set
of feasible per-group allocations can be represented as a polymatroid, a multi-set
generalization of matroids. We then leverage the polymatroid representation to
achieve a simpler characterization for the price of opportunity fairness, which is
key for the subsequent analysis (Proposition 7.7).
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7.2

7.2.1

2. Adversarial analysis: When both the group partition and the set of feasible alloca-
tions are chosen adversarially, we show that the worst-case PoF is C' — 1, regardless
of the number of agents (Theorem 7.9).

3. Parametrized families of matroids: By considering a parametrized family of ma-
troids, we conduct a finer PoF analysis with bounds that interpolate the best case
of no loss, PoF = 1, and the worst possible case, PoF = C' — 1 (Propositions 7.12
and 7.14).

4. Semi-random setting: When agents are randomly partitioned into C' groups ac-
cording to some distribution p = (p1, - - , pc), we characterize the worst-case PoF
as a function of max,c(c p. by reducing a joint infinite-dimensional combinatorial
optimization problem to a one-dimensional optimization problem (Theorem 7.16).
Remarkably, we show that as long as max (¢ p. < 1/(C — 1), no social welfare
loss is incurred under opportunity fairness constraints, in particular suggest-
ing that the trade-off between fairness and social welfare is not entirely due to
the presence of small groups, but rather due to the presence of a dominant group
(Corollary 7.17).

5. Random graphs model: Finally, we extend the no-social-welfare-loss result of the
previous case to any groups partition distribution p whenever the set of feasible al-
locations 7 is obtained from certain Erdds-Rényi random graphs (Propositions 7.18
and 7.19).

Overall, our results lead to a better understanding of how the structure of both
the agents groups and feasible allocations can affect the price of fairness. The
main qualitative takeaway is that for realistic matroid and protected groups instances,
opportunity fair allocations incur only a small social welfare loss. While our main
focus is on opportunity fairness, as it is the most relevant fairness notion for the
setting we consider, we also provide additional results for other fairness notions in
Section 7.10.

Model

Matroids and Colored Matroids

Let F be a finite set of agents. We denote by Z C 2% a family of feasible allocations,
where for any allocation S € Z, e € S represents that agent e got a resource allocated.
We assume that (F,Z) is a finite matroid:

7.2 Model
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Definition 7.1. The pair (F,Z) is a (finite) matroid if ) € Z and the following
properties are satisfied: (i) Forany S € Zand T' C S, T € Z (hereditary property);
and (ii) For any S,T € Z, such that |S|<|T|, there exists e € T\ S such that
S U{e} € Z (augmentation property).

Matroids are particularly useful for combinatorial optimization. They are rich
enough to describe many allocation problems often encountered in practice, e.g.,
the bipartite matching (traversal matroids), the communication network (graphic
matroids), and the constitutional commission problem (uniform matroid) mentioned
in the introduction (see Section 7.6 for the definition of each sub-class of matroids).
More importantly, due to the augmentation property, a maximal size allocation under
matroid constraints can be computed in polynomial time via a greedy algorithm,
provided there is a polynomial-time oracle to identify if a set is feasible.

To every matroid (E,Z), we associate a rank function r : 2° — R, , which maps
each S C Etor(S) :=max{|T||T C S,T € 7}, that is, to the size of the maximum
feasible allocation included in S. Basic results of matroid theory [Sch+03] show
that the rank function is submodular?, non-decreasing, and that 0 < r(S) < |S| for
any S C E.

We consider matroids in which the set of agents is partitioned into C' groups (based
on sensitive attributes)—also termed colors [Chi+19]. Given a matroid (E,Z),
C €N, and (E.).¢|c) a partition of E into groups, the tuple ((E¢).c[c),Z) is called a
C'-colored matroid (or simply colored matroid).

Given a colored matroid and a subset of groups A C [C], we denote by r(A) :=
r(Ueep Ec) the rank of the corresponding subset of agents. We call the function
r : 2[¢1 - R, the rank function of the colored matroid. The rank function of the
colored matroid inherits all properties from the rank function of the original matroid.
In addition, remark that r([C]) corresponds to the size of a maximum size allocation
within Z, i.e., the maximum social welfare achievable in the corresponding resource
allocation problem, while r(c)? corresponds to the opportunity level of the color (the
group) ¢, i.e., the maximum social welfare when considering only the agents within
E..

!A set function f is submodular if for all finite sets S and 7', f(S) + f(T) = f(SNT) + f(SUT).
*We write r(c) instead of r({c}) for convenience, since there is no ambiguity.
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7.2.2 Opportunity Fairness

7.2.3

Given a colored matroid ((Ec).c|c], L), we denote I := {z € N¢ | there exists S €
Z,z. =|SNE,forany c € [C]}. The set I of integer feasible group allocations
will be sufficient to find optimal fair allocations. We consider fractional allocations
as feasible solutions (see Section 7.2.4 for the justification): we denote by M :=
convex hull(I) the set of fractional feasible group allocations.

With this notation, we introduce opportunity fairness and the price of fairness for
fractional allocations:

Definition 7.2. A fractional allocation x € M is opportunity fair if for any ¢,
(€],

T T

r(c) - r(c)’

We denote by F' the set of opportunity fair fractional allocations. Then the Price

of Opportunity Fairness (PoF) is defined as

maXgep ZCE[C] e

PoF (M) = .
© ( ) maXgecp Zce[C] Le

Comparison with proportional fairness and other fairness
notions

Proportional fairness, a broadly studied fairness notion in the literature, aims to
equalize the ratios z./|E,|, i.e., the number of allocated resources to each group
relative to their size. In machine learning, proportional fairness corresponds to
demographic parity [BHN23] while opportunity fairness is more closely related to
equality of opportunity, as it accounts for the inherent quality of the groups.

A key limitation of proportional fairness in the matroid allocation setting is that it
is sensitive to the presence of irrelevant agents, unlike opportunity fairness. Indeed,
whenever the allocation problem possesses agents that cannot be allocated any
resources, proportional fairness becomes too constraining to satisfy. For instance,
adding irrelevant agents of color ¢ increases | E.| without increasing the size of the
feasible allocations to that group, thereby reducing the ratio z./|E.|. To maintain
proportional fairness, the allocation to other groups must be reduced, even though
the underlying allocation problem remains unchanged.

7.2 Model
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This highlights a pathological behavior: even under fractional allocations, the Price
of Proportional Fairness can be unbounded as the addition of irrelevant agents
drives all fair allocations of other groups to zero. In contrast, as we will show
throughout the paper, opportunity fairness is robust to such manipulations and remains
always bounded, as it takes into account the structure of the allocation problem.
In Section 7.10, we provide a detailed discussion of the relationships between
different notions of fairness (including weighted fairness and leximin fairness),
along with their respective prices of fairness; which further highlights the relevance
of opportunity fairness in our context.

From Fractional Allocations to Approximately Fair Integral
Allocations

We consider the relaxation to fractional allocations for two main reasons. First,
when restricted to integer allocations, many resource allocation problems have no
opportunity fair allocations besides the empty one. Indeed, even for two colors,
whenever r(1) and r(2) are co-prime and (r(1),r(2)) ¢ I, the only feasible fair
integral allocation is to allocate 0 resources to each group (see Section 7.7).

Second, by slightly relaxing the fairness constraints, any optimal fair fractional
allocation can be implemented in an integral fashion through a specific randomized
rounding technique, at a cost that becomes negligibly small in large markets. We
first define the relaxed fairness notion:

Definition 7.3. For v € [0, 1], an allocation = € M is said to be v-opportunity fair
if for any ¢, ¢ € [C], it holds that z./r(c) = v -z /x(c).

Setting v = 1 recovers Definition 7.2, while v = 0 corresponds to no fairness
considerations.

Proposition 7.4. For any fractional opportunity fair maximum size allocation = € F),
there exists a random allocation X, such that, E[X| = x and for all realizations, X is
feasible, integral, (1 — #C;(C))-opportunity fai, and | X — z||; < C.

Proof Sketch. The argument relies on the polymatroid characterization of M (Propo-
sition 7.7) that will be proven independently in Section 7.3. Then by Theorem 35
of [Edm70], which guarantees that the extreme points of the intersection of two
integral polymatroids remain integral, x can be written as a convex combination of
nearby integral allocations. See Section 7.9.1 for the proof. O
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In a large market, that is, when min (¢ 7. is large, Proposition 7.4 shows that
both the gap between PoF = r([C])/||z||: and r([C])/||X||1, and the fairness degra-
dation, become negligible. Hence, it provides the strongest fairness guarantees
ex-ante (since E[X] = = and x is perfectly fair), jointly with an approximately fair
integral allocation at low cost ex-post. Such a best-of-both-worlds approach that
leverages fractional allocations to design lotteries satisfying ex-ante requirements
(here fairness) and additional ex-post properties is widespread in market design
[AN19; BMO1b; Bud+13; HZ79] and fair division [Azi20; FSV20], with applications
in school choice, housing, and kidney exchange, to name but a few.

Even when considering fractional allocations, one may want to impose approximate
fairness constraints only. Interestingly, for any colored matroid, our bounds on PoF
(with exact fairness constraint from Definition 7.2) can easily be transposed into
bounds for the relaxed setting. Formally, denote by PoF, the price of y-opportunity
fairness (i.e., when fairness is defined by Definition 7.3).

Proposition 7.5. Let M be a C-colored matroid. Then, either v < max;ep min.c(c| Tc/7e
and PoF, (M) =1, or

v - PoF (M)

1 — (1 — ) (=T Pora)

7 - PoF (M) < PoF, (M) <

See proof in Section 7.9.2. Proposition 7.5 allows us to seamlessly lift any PoF upper
and lower bounds to PoF,. As before, the same randomized rounding applies, at
a small cost. Thus, the rest of the paper will focus on fractional allocation and
perfect fairness constraints, as Propositions 7.4 and 7.5 can handle integrality and
relaxed constraint considerations.

Polymatroid Structure and PoF Characterization

This section is devoted to characterizing the price of opportunity fairness of a matroid
as a simple combinatorial optimization problem. Our main technique will be the use
of polymatroids.

Definition 7.6. The polymatroid associated to the submodular function f : 2¢ —
RY is the polytope

{e eREID, , we < F(N), YA C[C]}.

7.3 Polymatroid Structure and PoF Characterization
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Polymatroids can be seen as a generalization of matroids, as there is a natural map-
ping from a matroid on a ground set E to a polymatroid included in [0, 1]¥, where a
feasible allocation S € 7 is associated to a vector z € [0, 1]¥ with coordinates z, = 1
if e € S and 0 otherwise. Polymatroids are strictly more general, as coordinates can
be larger than 1. Proposition 7.7 shows that there is also a natural relation between
colored matroids and polymatroids. Refer to Section 7.9.3 for the proof.

Proposition 7.7. Let ((Ec).c|c),Z) be a colored matroid with rank function r and
set of feasible fractional allocations M. Then, M is the polymatroid associated to the
function , i.e.,

M = {z e RY | ZceAxc <r(A),VA C[C]}.

Note that while the usual natural mapping from matroids to polymatroids is not a
surjection (the coordinates must remain bounded by 1, which is not the case of all
polymatroids), the mapping ((E¢).c(c], Z) — M from the set of colored matroids to
the set of all Polymatroids is a surjection. From now on, we will use interchangeably
the names feasible fractional allocations, polymatroid, and colored matroid for M.

The set M inherits interesting properties
from being a polymatroid. For instance, the
Pareto frontier of the Multi-objective Op- =7

timization Problem max,cps (21, 22, ..., 2¢) f
corresponds to the set of allocations max- i
imizing social welfare ZcE[C] z. [HHO2]. In & A
particular, the existence of an allocation of

maximum size that is opportunity fair is re- Fig. 7.1: Examples of the set of frac-
tional feasible allocations M

(dark blue solid region) and the
between the Pareto frontier and the line de- Pareto frontier P (light blue re-

fined by the opportunity fairness condition gion) for ¢'=2and € =3.
is non-empty. Figure 7.1 illustrates M and

duced to verifying whether the intersection

P for a C-colored matroid with C' = 2 and C' = 3, respectively. Remark that P is
simultaneously the Pareto frontier and the set of points which maximize }° (¢ Zc.

The structure of M yields the following characterization of PoF. Refer to Section 7.9.4
for the proof.

Corollary 7.8. The price of opportunity fairness of a polymatroid M is given by,

CH(0) | Saear(o)
PRI = & (@ A8 vy 7D
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7.4.1

Remark that the combinatorial optimization problem in (7.1) is exponential in C.
Even though real-life applications typically involve a small number of sensitive
attributes (often only 2), applications involving intersectional fairness between dif-
ferent sensitive features may introduce a larger number of colors [BG18b; Kea+18;
ML22b]. The PoF can be computed in time poly(C, |E|) whenever the underly-
ing matroid possesses a polynomial-time independence oracle as is the case of
transversal, graphic, and uniform matroids. Refer to Section 7.8 for the details.

In the following section we leverage Corollary 7.8 to tightly bound the PoF in various
settings.

Bounding the Price of Fairness

Adversarial Price of Fairness

Our first result is to show that the price of opportunity fairness is always bounded,
with a bound only depending linearly on C, the number of colors of the colored
matroid, independent on the number of agents |E| and the number of feasible
allocations |Z|. Refer to Section 7.9.5 for the proof.

Theorem 7.9. For any C-colored matroid M, we have PoF(M) < C' — 1, and this
bound is tight.

Theorem 7.9 implies the following remarkable result.
Corollary 7.10. For any 2-colored matroid M, PoF (M) = 1.

Corollary 7.10 shows that whenever agents are divided in two groups, no social
welfare loss is incurred due to the opportunity fairness constraint. For an alternative
geometrical proof of Corollary 7.10, please refer to Section 7.9.6.

As an application example of Proposition 7.5, we can immediately obtain the follow-
ing corollary.

Corollary 7.11. Let v € [0, 1]. For any C-colored matroid M, we have PoF. (M) <
v+ (C — 1), and this bound is tight.

7.4 Bounding the Price of Fairness
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Proof. This is immediate from Theorem 7.9, Proposition 7.5, and from remarking
that the upper bound in Proposition 7.5 is increasing in PoF (M). O

Theorem 7.9 raises the question of whether tighter bounds can be obtained by re-
stricting the resource allocation problem to specific subclasses of matroids. However,
the bound is in fact tight for any class of matroids that contains either graphic or
transversal matroids. Refer to Section 7.9.5 for the details.

Parametric Price of Fairness

The worst-case bound derived in the previous section relies on the existence of
a specific polymatroid, as outlined in the proof of Theorem 7.9. Essentially, this
requires an underlying structure where one group F. can have a rank that grows
arbitrarily large while the ranks of other groups remain bounded. This raises the
question of whether more favorable guarantees for the price of opportunity fairness
can be attained when all groups exhibit similar ranks. Proposition 7.12 provides
an upper bound on PoF based on the ranks of the groups. The proof is detailed in
Section 7.9.7.

Proposition 7.12. For any C-colored matroid M, it holds,

PoF(M) <

1 max.or(c) C (maxce[c] r(c) > S|
x5 - N + - - . N —"_
2 mingr(c) 4

— - 1{C odd}.
min.c(c)1(c) 4C {C odd}

Moreover, whenever all groups have the same rank, the resulting bound is tight.

The bound in Proposition 7.12 takes into account the shape of the polytope M.
When all colors have the same rank, PoF scales as C'/4. While this upper bound is
smaller than the one stated in Theorem 7.9, the price of fairness remains linear with
respect to the number of colors.

To complement the analysis, we consider another geometrical parameter related
to the shape of M that can interpolate PoF between 1 and C'/4. Intuitively, PoF
is expected to be low when either there is no competition between groups, or the
competition is extremely fierce and no group can be unilaterally allocated resources
without damaging the allocation of others. Similar behavior has been observed for
the Price of Anarchy in congestion games [Col+20], which approximates to 1 under
both light and heavy traffic conditions. In the context of the price of opportunity
fairness, the relevant problem complexity measure is the associated independence
index that we define below.
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Definition 7.13. We define the independence index of a polymatroid M as p(M) :=
r([C)

ce[C] r(c) '

The independence index measures how close the maximal social welfare r([C]) is
to the social welfare of the utopian allocation, the allocation where each group E.
receives r(c) resources (which, in general, is not a feasible allocation). Note that p
always falls within the interval [1/C, 1], with p = 1/C corresponding to complete
competition between groups, and p = 1 corresponding to full independence between
groups. These extreme values of the independence index impose a distinct shape on
M, as illustrated in Figure 7.3.

Proposition 7.14. Let M be a C-colored matroid. Suppose that for any ¢, in [C],
r(c) =r(c"). Whenever p € [1/C,1/(C — 1)], PoF(M) = 1. Otherwise,

C—[Cpl+1

PoF(M) < il A e
oF (M) pmaX(Cp—LCpJ—i—l

€~ Cp)) < pl(L=p)C +1).
In addition, the first upper bound is jointly tight in p and C.

The proof of Proposition 7.14 is provided in Section 7.9.8, where Figure 7.11 illus-
trates a tight example of the first upper bound for a transversal matroid. Figure 7.2
illustrates both upper bounds from Proposition 7.14 for C' = 5 groups with equal
ranks. We observe that in both extremes, PoF tends towards 1. Notice that the
second upper bound in Proposition 7.14, when maximized over p, aligns with the
bound from Proposition 7.12 (when all groups have identical ranks). Therefore, the
independence index interpolates the price of opportunity fairness between 1 and an
order of C'/4 when all groups have the same isolated social welfare.

18 [ ‘ P o Ul = Tight bound [
- = = = Relaxed bound
e 1.6} H
L 14} R
1.2 -
IS ! ! ! ! [ "
0.2 0.4 0.6 0.8 1 i
p ')
Fig. 7.2: PoF upper bounds stated in Proposi- Fig. 7.3: Shape of M for extreme val-
tion 7.14 for 5 groups with equal rank, ues of independence index.
with variable value of the independence Left: p = 1/C, right: p = 1.
index p.

Worst-case analysis results stand out by their robustness. However, the particular
matroid examples attaining the upper bounds (even under the extra structural
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assumptions) are rarely observed in real-life. Due to this, the following sections will
be dedicated to analyzing PoF in random settings.

Semi-Random Price of Fairness (Random Coloring)

Our first random setting considers an adversarial matroid choice with a random
group agents partition. Formally, we denote by A the simplex of dimension C, that
is, the set of all vectors p € [0,1]¢ such that > cccPe = 1. Given a vector p € AC
without null entries, we create a random partition of a matroid (£, Z) (a coloring of
the elements in F) by independently and identically assigning each element e € E
to ¢ € [C] with probability p.. We denote by M (p) the polymatroid obtained by the
random coloring of the agents in E according to the vector p.

Let (M, (p))nen be a sequence of C-colored matroids over sets (E() such that
|E(™)| = n, randomly colored according to p, and (r,),cn the associated sequence
of rank functions. For each ¢ € [C], suppose the following limit exists,

R(p.) := lim M, (7.2)

where E,_[r,,(c)]/n represents the rescaled expected social welfare of group c. Re-
mark that assuming convergence is not particularly restrictive as E,[r,(c)]/n is
bounded in [0, 1] and thus, it always admits a converging subsequence. We extend
the previous definition to any subset A C [C] by,

.1
R(ZceApC) = m — B o, [t (Ucen Ee)] -

n—oo n,

Finally, we will assume that r,,([C]) = Q(n), which ensures that the size of the
optimal allocation grows with the size of the ground sets £("). We first show that the
price of opportunity fairness for large colored matroids is completely characterized
by the function R.

Proposition 7.15. If liminf, %[CD > 0, then

PoF (M, (p)) ", max R(1) e R(pc)’ (7.3)

n—0o0  ACIC] Zce[C’} R(pc) R(ZceAPC)

where L denotes convergence in probability. Moreover, the function R is such that
R(0) =0, R is concave, non-decreasing, and 1-Lipschitz. Conversely, any function with
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these three properties can be realized as the limit of a sequence of limit-matroid derived
. ;. ,
functions R, i.e. |R— R),| o — 0.

Proof sketch. We first show that, as R is the multi-linear extension of a submodular
function, it satisfies the aforementioned properties. Using the concavity of R, we
show that whenever r([C]) is large, with high probability, r(c) is large as well. Then,
by using McDiarmid’s concentration inequality, the convergence in probability is
concluded. The approximation result is proved by constructing a family of simple
functions from specific sequences (MM,,),, whose closed convex hull is equal to the
desired set of functions. The full proof is included in Section 7.9.9. O

The first property of Proposition 7.15 shows that upper bounding the right-hand
side of Equation (7.3) yields an upper bound on PoF. The second part shows an
equivalence between sequences of C-colored matroids and the set of concave, non-
decreasing, 1-Lipschitz functions, which we denote by R. Therefore, we can shift
the problem of bounding the price of opportunity fairness of C-colored matroids to
bounding the right-hand side of Equation (7.3) over all functions in R. We aim to
find a bound that depends only on max cc) p. The following theorem provides the
exact solution:

Theorem 7.16. Fix = € [1/C, 1] and consider AC := {p € A" | max pe = 7} the set
ce

of probability distributions with maximum value of =. It follows that

R(1) Yoeen R(pe) 1—(C—=N7 . 1
€A _ﬂ?é(] () < min(C ——,1),

maXx max max

peAS RER ACIC) Y ceic) B(Pe) R(Xcen pe) C ™
(7.4)
where 1y : [-\, &] = R, for each X € [C], is given by
A I:fq S [_)‘7 O} )
Ualg) = { ooz -(ra-20+C0-202a)a-2/ B D00 -Ca) 0 2aa) i g € (0, 505205
: A—1
1 ifae (2t &l

Proof sketch. The left-hand side of Equation (7.4) corresponds to an infinite-dimensional
combinatorial optimization problem, for which classical techniques are difficult to
apply. We address this by designing transformations that map a generic instance
(p, A, R) to a new instance (p’, A’, R') with a larger Price of Fairness. These transfor-
mations include linearizing R over subintervals of [0, 1], using Karamata’s inequality
to average the probabilities of the indices in A, modifying A to ensure that the
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maximum-probability coordinate ¢* € [C] of p lies outside A, among others. It-
eratively applying these transformations, we manage to reduce the original triple
optimization problem, at a fixed size A = |A|, to a single-variable optimization prob-
lem, which can then be solved via first-order conditions to obtain /,, the worst-case
value for that size. We then take the maximum over all possible values of A. The
complete proof is provided in Section 7.9.10. O

We have reduced a complex optimization problem to a simple closed-form formula
with a nice interpretation, the v, corresponding to the worst-case price of oppor-
tunity fairness for a fixed size A = |A|. It may intuitively seem that the Price of
Fairness should always be 1, as randomly coloring the ground set is equivalent to first
drawing a random number of agents per group and then placing them uniformly on
the ground set, seemingly ensuring group-independent opportunities. Nonetheless,
a striking conclusion from Theorem 7.16 is that the price of opportunity fairness
can still exceed 1, even when all agents are treated identically. In particular,
whenever max ¢ (] p. is larger than 1/2, the worst-case PoF is at least C' — 2, as
observed in Figure 7.4.

On the other hand, Theorem 7.16 provides mean-
ingful PoF bounds whenever max c(c)p. < 1/2.
More importantly, Theorem 7.16 immediately
implies the following corollary.

Corollary 7.17. Whenever max .cc|pe < 1/(C—
1), PoF(M,,) converges in probability towards 1.

5

3.0

In other words, for matroid allocation problems 5.5
in large markets, there is no loss of social wel-

2.0

fare due to opportunity fairness as long as no
group is overrepresented. This is quite striking

e

R
— tight bound
--- relaxed bound

as this may contradict the intuition that unfair- 1.

ness stems from the presence of small protected ~ °* °* °* °* 00, ¢ o8 e e
groups that must be catered to, sacrificing the Fig. 7.4: Theorem 7.16 for C' — 5
welfare of larger groups. The above corollary groups: worst-case POF,
shows that even with the presence of an arbitrar- ¥y for A € {3,4}, and
. . . the relaxed bound C —
ily small group, there might be no social welfare 1

loss when being fair. Instead, it is the presence
of a single overwhelming group which makes
resources hard to fairly allocate, for the specific
notion of opportunity fairness.
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We have shown how to bound the price of opportunity fairness in the semi-random
setting by reducing the combinatorial optimization problem to make it tractable.
However, considering the underlying matroid (F,Z) to be fixed may still be a
pessimistic assumption for some real-world applications. For this reason, we study
next a setting where both the matroid and the colors are drawn randomly.

Random Graphs Price of Fairness

A first possibility to construct random matroids is to uniformly pick a matroid among
the 22" 7" possible matroids for a ground set of size n, but this would mix
different resource allocation problems. Instead, we will focus on sub-classes of
matroids, where specific distributions over the matroids are already well established:
we analyze random graphs, in particular Erdos-Rényi random graphs. We consider
graphic matroids (finding the largest forest in a graph), and transversal matroids
(finding the largest matching in a bipartite graph)—see Section 7.6 for the formal
definitions.

Given n € N and ¢ € [0, 1], we consider the Erdos-Rényi random graph G,, , :=
([n], A) with n nodes such that for any i,j € [n], the edge (i,j) belongs to A
independently with probability q. Given a random graph G,, , = ([n], A) and p € A,
we consider a p randomly colored random graphic matroid, denoted G, ,(p).
Remark that the random coloring process and the random edges connections are
done independently from one another.

Proposition 7.18. Let w = w(n) be a function such that w(n) — oo. Whenever
q < 1/(wn) or ¢ = w/n, for any p € A®, PoF(Gy, 4(p)) converges to 1 with high
probability as n grows.

Givenn € N, g € (0,1) such that fn € N, and ¢ € [0, 1], we consider the random
bipartite graph B,, 3, := ([n], [#n], A), where for any i € [n],j € [fn], the edge
(1,7) € A independently with probability ¢q. Given a random Erd6s-Rényi bipartite
graph B, 5, and p € A, we consider a p randomly colored random transversal
matroid denoted B, 5 ,(p). Recall, the coloring process and the edges are drawn
independently between them.

Proposition 7.19. Let w = w(n) be a function such that w(n) — oo arbitrarily slow as
n — oo. Whenever q < 1/(wn®/?) or ¢ > wlog(n)/n, for any p € A, PoF(B,, 5 ,(p))
converges to 1 with high probability as n grows.

7.4 Bounding the Price of Fairness
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Conclusions and Limitations

We address matroid allocation problems under a novel group-fairness notion—
opportunity fairness—, and prove tight bounds for the Price of Fairness, i.e., the
loss of social welfare due to the fairness restrictions, in multiple settings from
adversarial to fully random. Our model has two main limitations. First, integral
allocations are only well approximated by fractional ones in large markets, which
corresponds well to our motivating examples (e.g., job market) but may not always
hold. Second, we considered the allocation cardinality as our notion of social welfare,
i.e., each allocation has the same weight. The extension to weighted matching is
straightforward if weights are assigned at the level of groups as it simply skews the
polymatroid. However, individual-level weights would break the anonymity property
and the polymatroid nature of M, hence new techniques would be required.

Further Related Works

Fairness notions: The study of fair algorithmic decision-making cover a broad range
of fields, with fair division [Ste49] in economics that focuses on concepts such as
envy-freeness [Car+19; Lip+04; Var74; Wel85] and maximin fairness [Sen17], and
machine learning that emphasizes statistical fairness notions like group fairness
[Con+19; Fre+23; S S+21], including demographic parity [LC23]. Our new notion
of opportunity fairness is inspired from both Equality of Opportunity [Har+ 16c]
and Kalai-Smorodinsky fairness [KS75; NPP17]. Equality of Opportunity aims for
true-positive rates to be independent of sensitive attributes; for opportunity fairness,
this translates to ensuring that the resources allocated to a group are proportional to
its opportunity level, the maximum allocation it could receive if it were considered
in isolation. On the other hand, Kalai-Smorodinsky fairness requires maximizing
the ratio |S N E.|/ maxgez |S’ N E;|. While any maximum-size opportunity fair
allocation satisfies Kalai-Smorodinsky fairness, the reverse does not necessarily hold,
making our fairness notion more restrictive.

The Price of Fairness: The Price of Fairness was concurrently introduced by [BFT11],
who focus on maximin fairness and proportional fairness, and [Car+12] who priori-
tize equitability and envy-freeness. They provided bounds for each fairness notion
depending on the number of agents. Subsequently, [NPP17] studied the price of
fairness under the Kalai-Smorondinsky fairness notion for the subset sum problem
and [DPS14] studied the price of fairness in kidney-exchange. The concept of
price of fairness has been extended to others research domains such as supervised
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machine learning [Haal9; GLR20; MW21] where the cost of fairness is studied
on different prediction tasks. In this article, we initiate the study of the Price of
Fairness under opportunity fairness. Unlike equitability, which requires identical
allocations across groups, opportunity fairness is a more robust notion in the context
of price of fairness. When some groups are inherently unable to receive resources,
enforcing equitability leads to significant welfare loss, whereas we show that the
price of fairness under opportunity fairness remains bounded. More importantly, we
go beyond the traditional adversarial worst-case analysis, and instead consider more
structured inputs, in the vein of [Rou20], allowing for an average case analysis that
better reflect trade-offs in real-world instances.

Fair Matroid Allocation Problems: The main objective of the matroid and fairness
literature, initiated by [Chi+19], is to efficiently approximate maximum size fair
allocations. Subsequent works extend this framework to submodular function op-
timization under fairness and matroid constraints [El +20; El +24; TY23; YT23],
while [Ban+23] study the computational complexity of finding optimal propor-
tionally fair matching for more than two groups. We remark that maximum size
opportunity fair fractional allocations can be computed efficiently whenever the
underlying matroid possesses a polynomial-time independence oracle ([Sch+03],
Chapter 44), as is the case of bipartite matching and communication network

problems.

Fair matching: Recent work in matching have increasingly examined the impact of
different fairness notions on matching mechanisms and how to design fair algorithms.
[CLP22; Dev+23] and [KK23] examine the relation between fairness and stability
in matching. Additionally, fairness in online matching has been studied in various
contexts, including waiting time, equality of opportunity, and fairness constraints
on the offline side of the market [Chul6; Esm+22; Hos+23; MXX21; S S+21].
Our work contributes to this growing literature by introducing a new fairness
notion, opportunity fairness, that captures the structural constraints of allocation
problems.

Matroid classes

The three examples introduced in Section 7.1 can be modeled as matroid allocation
problems. Indeed,

1. The bipartite matching problem corresponds to a transversal matroid: Let
G = (U, V, A) be a bipartite graph. For a matching ; C A we denote u(U) := {u €
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U | 3v eV, (u,v) € p}. The pair (U,Z), with 7 := {u(U),Vu C A matching}, is
called a transversal matroid.

2. The communication network problem corresponds to a graphic matroid: Let
G = (U, A) be a graph. The pair (A,Z), with Z := {S C A | S is acyclic}, is called
a graphic matroid.

3. The constitutional commission problem corresponds to a uniform matroid. Let
E be a finite set and b € N. The b-uniform matroid is the pair (E,Z), such that,
Z:={SCFE||S<b}.

7.7 Null integral opportunity fair allocations

Figure 7.5 illustrates an example on a graphic matroid® for two groups. The figure
on the right shows the integer feasible allocations (the blue dots) and the set of
opportunity fair allocations (the orange line), whose only intersection is at the

origin.

Fig. 7.5: Graphic matroid example showing that integrality can lead to null opportunity
fair allocations. (Left) Graph defining a colored graphic matroid with two groups.
Group 1 is denoted by the green edges while Group 2 by the red edges. It
follows that (1) = 5, r(2) = 3, and ({1, 2}) = 7. (Right) Set of integer feasible
allocations (blue dots) and set of opportunity fair allocations (orange line), whose
only intersection is at the origin.

7.8 Efficient computation of Opportunity fair allocations
of maximum size

Whenever a matroid (F,Z) possesses a poly-time independent oracle, that is, an
oracle that for any subset S of E tells if S is an independent set or not in polynomial

®Allocations within a graphic matroid correspond to acyclic subgraphs of the given graph.

274 Chapter 7 The price of opportunity fairness in matroid allocation problems



time, we can construct a poly-time separation oracle for the corresponding polyma-
troid in RZl [Sch+03][Theorem 40.4]. A separation oracle, given a vector x € RIE|
and the polymatroid

Q= {x e RIS e < rank(S), VS C E}
e€s
either tells if x belongs to @) or outputs a separating hyperplane. Starting from
the poly-time separation oracle of a matroid, we can obtain a poly-time separation
oracle for set of feasible fractional allocation of the corresponding colored matroid
(or polymatroid). Therefore, we can compute an opportunity fair allocation of
maximum size by solving the following problem,

S.t. T, = Z Ye Ve € [C]

X Xt
C _ c v ,
rank(c)  rank(c)’ e, c €[C]

(ye)eck is a feasible fractional allocation

ze[0,1]%y e [0,1)F

Indeed, the previous problem can be solved in polynomial time using the ellipsoid
method provided with the poly-time separation oracle of the polymatroid and the
(trivial) poly-time separation oracle of the polytope of fairness constraints.

7.9 Missing proofs

7.9.1 Proof of Proposition 7.4

Proposition 7.4. For any fractional opportunity fair maximum size allocation

x € F, there always exists a random allocation X, such that, E[X| = x and for all
. . . o . 2C . .

realizations, X is feasible, integral, (1 - m)-opportumty fair, and || X — z||; <

C.

Proof. Let M be a set of fractional allocations and = be an optimal fair allocation.
Consider the translated unit cube K = |z| + [0,1]¢ where |z| = (|z1],..., |zc]),
which contains x and all the integer vertices closest to z. We aim to prove that
K N M yields integer extreme points.
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Let M’ :=R{ N (M — |z]) to be the positive quadrant of M translated by |z]. It
holds

M ={y R[> ye+|zc] <r(A),VA C [C]}

cEN
= {y e R D e <r(A) = D[], VA C [CT}.
ceA ceA

Consider the function f(A) := r(A) — > .cal®c]. Since z € M, so is |z], hence
f(A) > 0, and f takes only integer values as both » and |z | take integer values.
Moreover, f is submodular as both r and the application A — ~ ., z. are submod-
ular. Therefore, M’ is an integral polymatroid.

The unit cube being also an integral polymatroid, by Theorem 35 of [Edm70],
[0,1]¢ N M’ has integral vertices, and thus so it does,

lz| + ([0,1]° " M) = K N M.

It follows that, since x € K N M, which is a convex set (as both K and M are convex
sets), x can be described as the convex combination of the extreme points of K N M.
Since all extreme points of K N M are integral, they are, in particular, a subset of
the extreme points of K. By Carathéodory’s Theorem, there exists X(1), ..., X(¥)
vertices of K N M for k < C'+ 1, and (py,...,px) € [0, 1] with 3%, p; = 1, such
that z = 328 | p; X,

The randomized rounding X then is defined by drawing X () with probability p;.
Note that for any realization of X () of X, X ®) is feasible and integral by construction.
Moreover,

k
EX] =) pX? =2,
=1

and since X for any i € {1,...,k}, and z belong to [0, 1], it always follows
that | X(®) — z||; < C. Regarding the ~-opportunity fairness, recall that z is 1-
opportunity fair, so there exists « € [0, 1] such that z = a(r(1),...,r(C)). Moreover,
because x is optimal, a > 1/C'. Indeed, either PoF = 1 = r([C])/(a Y., 7(c)) which
yields a = r([C])/ > . r(c) = r([C])/(Cr([C])) = 1/C, or PoF > 1 in which case
(r(1),...,7(C))/(C —1) is feasible (see proof of Theorem 7.9) which implies, by
definition, that o > (C' — 1). For any ¢, j € [C], it follows,

X;/r(i) < (x; —1)/r(7) S Q- 1/min.7(c) . 2 2C

X;/r(5) 7 (z;+1)/r(j) T a+1/min.r(c) _amincr(c) +1 > 1_mincr(c)’
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concluding the proof. O

7.9.2 Proof of Proposition 7.5

Proposition 7.5. Let M be a C-colored matroid. Then, either v < max,cp min.c|o) Z¢/7e
and PoF, (M) =1, or

v - PoF(M)

1~ (1 ) (C=T_Pora)

v+ PoF(M) < PoF, (M) <

Proof. Lower bound. Let z = argmax,cp |y[1 = a(r(1),...,7(C)), where a € [0, 1].
If 2 is maximal, PoF., (M) = PoF(M) = 1. Otherwise, there exists A C [C] such that
T € argmax,cys > .cp Yo Define o’ as af = x; for all i € A and 2 = %xz for all
i ¢ A.

Let us denote by F, the ~-opportunity fair feasible set. First, we prove that ||z/||; >
maxr, ||z[/1. Suppose there exists z” € F, a y-opportunity realizable point such that
|z || > ||2'||:. LetT' = {i € [C], 2] > 2}}. Since

doai <r(h) =),
A A

it follows that, > e 2 > 3" c 2}, and thus TNA® # (0. Leti € T NAS, then 2/ > 2} =
%a:i. Moreover, there must exist j € A such that 27/ < z; since z € argmax; e p Ye-

Therefore,
1 1!
T; 1 x; 1 T 1 L

r@) @) v ) Ty )

which contradicts 2" being y-opportunity fair. It follows,

ol = a2 3w = a0+ ¥ ),

ieA ieAe ieA ieAe

and therefore,
PoF(M) maxyer, |yl _ ||l2/lli  2iear()) + % Diene T(E) 1
PoF, (M) — maxyer[lylh ~ [z]1 Yiec) (i) Sy

thus, PoF., (M) > vyPoF(M).

Upper bound. As before, let x = argmax, ¢ [|y[1 = a(r(1),...,7(C)). We suppose
that x is not optimal, otherwise PoF, = PoF = 1. Let 2’ be a point in the Pareto
frontier that Pareto dominates x. By the polymatroid characterization, it holds
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that z is minimal, i.e. ||z|; = r([C]). For A € Ry, consider the combination
z = A’ + (1 — A)z. Because 2’ Pareto dominates =, we have z; > z; for all
i € [C], hence z; > x;. By definition of r(i) we also have that z; < r(i), thus
zi < Ar(i) + (1 — A)z;. This implies that

2 /7(i) < x;/r(i) B o'
z/r() ~ A+ A= N(/r(d) A+ (1= Na
In particular, z is y-opportunity fair whenever a/(\ + (1 — A\)a) > 7, i.e., whenever

A < ((11 Zyg If a(1 —v)/(v(1 —«)) > 1, which is equivalent to v < «, then taking
A = 1 yields that 2’ is y-fair, and it is already optimal so PoF, = 1. In the following

we let v > a. Let us take A = a(1 — v)/(7(1 — «)) < 1 such that z in M by convex
combination. Because z is y-opportunity fair and feasible, z € F.,. Hence

PoF, (M) = r([C]) < r([¢]) _ r([¢])
maxyer, [yl 2l Aeeie @l + (1= X) Tegrer @
B PoF (M)
~ APoF(M)+ (1 —))-1
PoF(M)
2= PoF (M) + 2=e)=20=0)

v(1 — a)PoF (M)
a(l —y)PoF(M) +~v — «
(1 = g)PoF(M)
(1 =7)PoF(M) +v - &5
~yPoF (M)

1~ (1 ) (©=T_Pora)”

where we used that « > 1/(C — 1) as otherwise PoF (M) = 1. O

Proof of Proposition 7.7

Proposition 7.7. Let ((E.).c|c], Z) be a colored matroid with rank function r and
set of feasible fractional allocations M. Then, M is the polymatroid associated to
the function r, i.e.,

={zcRY |ZC€AxC\r ), VA C [C]}.

Proof. Let ((Ec)ce|c), L) be a C-colored matroid. It is sufficient to show that

={(|ISNEy],...,|SNEc|) €N | S €T},
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the set of integer feasible allocation, is a discrete polymatroid, and to conclude by
taking the convex hull, as an integral polymatroid is equivalent to the convex hull of
a discrete polymatroid [Edm70]. We prove this by showing that I satisfies equivalent
conditions for a set to be a discrete polymatroid [HH11], which are:

1. For any = € N and y € I such that 2 < y (component wise), z € I.

2. For any z,y € I, with ||z||; <||y||1, there exists ¢ € [C] such that z. <y, and
x + €. € I, where &, is the canonical vector with value 1 at the c-th entry and 0
otherwise.

The first property is a direct consequence of the hereditary property of Z. Let
x,y € I such that ||z||; <|ly||:. Let A;, A, € Z be two independent sets such that
(|Az W E],...,|Az N E¢|) = z and (JAy N E4),...,|Ay N E¢|) = y. In particular,
|A;| <|A,|. By the augmentation property, there exists e € A, \ A, such that
AzU{e} € Z. Let ¢ be the group of e. If z. < y., the proof is over. Suppose, otherwise,
that z. > y.. Lete’ € A, such thate’ € E. as well, and define A, = A,U{e}\{e'}. By
the hereditary property, A!, € 7 and, by construction, (|A, N E4|,...,|AL,NE¢|) = x.
Applying again the augmentation property, there exists ¢’ € A, \ A, such that
A U {e"} € Z. Notice that ¢” ¢ {e,e’}. The proof is concluded by repeating
the same argument until finding an element in some E. such that z.<y.. The
procedure stops after a finite amount of iteration as at every iteration the element in
A, obtained from the augmentation property must be different to all previous ones
as well to all replaced elements in A,. O

Proof of Corollary 7.8

Corollary 7.8. The price of opportunity fairness of a polymatroid M is given by,

_((O) L St
POF(M)_ZCG[C]r(c) AClel r(A)

Proof. Let z* be a maximum size opportunity fair allocation. The opportunity fair
requirement implies that z* belongs to the line ¢ - (r(1),...,r(C)) for ¢ >0. Let
t* >0 such that z* = t* - (x(1),...,r(C)). Since z* is a feasible fractional allocation,
Proposition 7.7 implies that for any A C [C],

t* Z r(c) < r(A).

ceN
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It follows that
t* = min 7r(A)
AC[C] ZCGA I“(C)

)
and, in particular, that,

PoF(M) (€))L Ceeat(o)

i) r(€)  Xegoprle) ACiC) r(A)

concluding the proof. O

Proof of Theorem 7.9

Theorem 7.9. For any C-colored matroid M, we have PoF (M) < C — 1, and this
bound is tight.

Proof. Let M be a C-dimensional polymatroid. Let A* be the maximizer of Equa-
tion (7.1). Whenever A* = [C] it holds PoF' (M) =1 < C — 1. Suppose then that
A* C [C]. It follows,

) Seeper(®
PR = () Sy 1(©)

Since r(A*) > max.cp«1(c) > |T1*| > cen= I(c), it follows that,

* I'([C]) Zc A* I'(C) *
POF(M) < |47 Seen-t(c) Z;[C} w(o) S V< C-1,

where we have used that r([C]) < > .¢(¢ r([C]) because r is submodular and thus
sub-additive, and |A*| < C — 1 as A* # [C].

To show that this bound is tight, we exhibit a sequence of C-dimensional polyma-
troids for which the bound is tight in the limit. Consider a bipartite graph as in
Figure 7.6. Let E; be independently connected to r; nodes, and Fs,..., Fc be
completely connected to the same 72 nodes. The last C'— 1 groups are in competition
for resources while the first group suffers no competition. It holds r(1) = r1, while
forany A C [C]\ {1}, r(A) = r9, and r(A U {1}) = r1 + r2. In particular, it follows
that A*, the maximizer of Equation (7.1), is given by A* = [C] \ {1}, and,
r1 4+ 79 (C—=1)re r1 4 T

POF(M):’Fl—I-(C—l)’I“Q‘ ] :r1+(0—1)r2'(c_1)mc_1‘m
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Fig. 7.6: Transversal polymatroid that makes the PoF bound of C' — 1 tight (Theorem 7.9).
Group 1 is totally independent of the rest of the groups, while groups {2, 3, ..., C'}
compete for the same resources.

The proof of Theorem 7.9 shows that for transversal matroid, i.e. bipartite matching,
our main application, the bound is tight. Regarding graphic matroids, the Walecki
construction [Als08] which states that any clique of 2C' — 1 vertices has a decomposi-
tion into C' — 1 disjoint Hamiltonian cycles, allows to design a tight example for the
PoF upper bound. Indeed, associate each Hamiltonian cycle to a color ¢ € [C' — 1]
and add one extra group of edges with color C' as illustrated in Figure 7.7. It is not
hard to see that this construction achieves a PoF equal to C' — 1.

Fig. 7.7: Graphic polymatroid tight example for worst-case PoF equal to C'—1 (Theorem 7.9),
based on the Walecki construction, for 5 groups. Groups are represented by
colored edges. The first 4 figures show the edges of each group, while the clique
corresponds to their union. The final figure considers a 5-th group that is totally
independent on the rest, leading to a similar construction as in Figure 7.6.

The same transversal matroid example can be used for partition matroid. This
also implies the tightness of this bound for larger sub-classes of matroid which
include either graphic or partition matroids, such as linear or laminar matroids.
For uniform matroids, in exchange, it is immediate to see that PoF (M) = 1: if the
opportunity fairness constraint is violated, it is always possible to take the excessive
(potentially fractional) resources from over-represented colors and give them to the
under-represented ones. It remains open to prove if intermediate cases (not 1 nor
C — 1) exist for some family of matroids.

Alternative proof of Corollary 7.10

Corollary 7.10 states that no loss of social welfare is incurred by imposing opportunity
fairness when agents are divided into two groups. The same conclusion can be easily
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proven from a geometric point of view, as the line directed by (71, r2) necessarily
intersects with the Pareto frontier, which corresponds to the set of social welfare
maximizing allocations and therefore, it is directed by (1,—1). For C > 2, the
property does not hold anymore, as proven by the tight C' — 1 bound, since the line
directed by (r(1),...,7(C)) does not necessarily intersect with the Pareto frontier.
Figure 7.8 illustrates these situations for C' = 2 and C' = 3.

3
2 A

4 (r(1),7(2))

(r(1).7(2) 7(3))
P

‘ » L1 Zz/

Fig. 7.8: Relation between the Pareto frontier P (light blue) and the set of opportunity fair
allocations F' (orange) for two and three groups. For C' = 2 they always intersect,
however it is not always the case for C' > 2 as illustrated on the right (the cross
marks the largest feasible fair matching).

Proof of Proposition 7.12

Proposition 7.12. For any C-colored matroid M, it holds,

PoF (M) <

o1 maxeeeyr(©) € (“%W>2+1.1{codd}.
2 miner(c) 4

min¢(o) (c) 4C
Moreover, whenever all groups have the same rank, the resulting bound is tight.

Proof. From Corollary 7.8 we know that PoF(M) = % maxacc] %
ce[C] -

Let A* be the argmax in the equation, and let us reorder the groups so A* = [¢] for
some / € [C]. Denote v := %gm First, remark that the sub-addivitiy of the r
function (consequence of non-negativity and submodularity) implies the following

inequality,
o([C]) — (1) < (O () < X, x(e) < (C — )y max{x(c). e € [C]}.

It follows that

PoF (M) =
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The right-hand side of the previous inequality is maximized (subject to ¢ € N) at
¢ = C/2+ 1{C odd}/2v, which leads to the stated upper bound. Concerning the
general result of the tightness of the bound, consider the constructions illustrated in
Figures 7.9 and 7.10 where | § | groups are isolated and [$] compete for the same
resources, respectively for transversal and graphic matroids, for (left) C' = 4 and
r(c) = 3 for all ¢ € [C], and (right) C = 5 with r(¢) = 5 for all ¢ € [C]. Suppose,
moreover, that all groups have rank r, for some » € N. An opportunity fair allocation
must allocate at most r/ [%} resources to each group. It follows that
Cr/[§] _ (1+(C/2D[C/2) 1 C  1{Codd}

PoF = =
© r+rL%J C 2 4 4C

° °
S
o0 o000

&

&
0000000000 OCOOGOS

Fig. 7.9: Tight bound example for PoF as stated in Proposition 7.12 for transversal matroids
with (left) four groups and (right) five groups.

A A

Fig. 7.10: Tight bound example for PoF as stated in Proposition 7.12 for graphic matroids
with (left) four groups and (right) five groups.

7.9.8 Proof of Proposition 7.14

Proposition 7.14. Let M be a C-colored matroid. Suppose that for any ¢, ¢’ in [C],
r(c) = r(c’). Whenever p € [1/C,1/(C — 1)], PoF(M) = 1. Otherwise,

C—1[Cp]+1

PoF (M) < Bl o B
oF (M) pmax(C,o—LC,oJ+1

€~ Cp)) < pl(L=p)C +1).

In addition, the first upper bound is jointly tight in p and C.
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Proof. Let M be a polymatroid such that all groups ¢ € [C] have the same rank r.
Suppose p € [1/C,1/(C —1)] and PoF (M) > 1. Bounding the PoF as in Theorem 7.9
plus using the fact that p < 1/(C — 1) leads to,

PoF(M) < p(C—1) <1,

which is a contradiction.

Suppose p € [1/(C —1),1]. Let o = max{a € [0,1] : a(r,...,r) € M}, the price of
fairness is written as,

pop = _CD  _ Prcci” _ p

O Yt O Xt o
Therefore, the stated upper bound comes from proving that

1
o

C—[Cpl+1

< . tA -
<G e

C—(Cp] } (7.5)

Let 0 € X([C]) be a permutation, ¢ € [C], and denote, for ¢ € [C],

ap(0) = r(o([4]))
Siegr(o(t)’

where r(o([(])) = r({o(1),...,0(¢)}) corresponds to the size of a maximum size
allocation in the submatroid obtained by restricting to the groups in the first ¢ entries
of 0. With this in mind, it follows,

o = min_ min ay(0).

cex([C)) L|C]
Therefore, in order to prove Equation (7.5) it is enough to prove that for any
permutation ¢ € X([C]) and any ¢ € [C], Equation (7.5) holds for ay(c). Let us
prove the property for o = I, the identity permutation. Notice this is done without
loss of generality as the same argument will work for any other permutation o. It

follows,

r([]) + e t(t) — Xeep r?)

= Ete[z] r(t)
__ Ziqgr® = ()
Zte[é] r(t)
L uer®) = S v() — ()
Zte[ﬁ] r(t)
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_Cr= S n(t) ()

=1

O (- z?:e?r x(t) — x([£)) +x((C))

g GrosCry Y (t) £ 2(l) = x(C)
_,-dia, Yt v(t) + z?:glrdt — 1)) —x([t)
_1-90-0, S r(t) - i) ol = 1)

The numerator of the third term satisfies,

c
> () = x([t]) + x([t — 1])] > max{0,C(1 - p) — (¢~ 1)}
=041
Indeed, the term is always non-negative as the rank function is submodular and
non-negative, therefore, r([t]) = r([t — 1] U {t}) < r([t — 1]) + r(¢). The second lower
bound comes from,

C
> k() —x({t) +x([t =)= D x(t) —x([C) + (i) = Y x(t)
t=(+1 te[C] te(l)

=Cr(1—p) +1x([4) —tr
> Cr(l—p) = (=1,

where we have used that r([¢]) > r(¢) = r. It follows,

C(1-p)

ap > 1— 7

+max{0’ c<1—p>—<£—1>} :max{c*(p—lw 1}_

14 L 4
In particular, as the lower bound over o, does not depend on the chosen permutation,

—1 £ 1
o > min max{c('o)+ },

te[C] 14 "l

whose minimum is attained at /* = (1 — p)C + 1. Remark the second upper bound is
obtained by replacing ¢* in the previous inequality. Regarding the first upper bound,
as £ must be an integer, the minimum is either reached at |¢*| or [¢*]. It follows,

a*>min{0(p—1)+((1—p)0+11 1 Cp—[Cp]+1 1 }

= p)C+1] ’L(l—p)0+1J}:min{C—LCpJ+1’C—LCpJ

which concludes the proof of the stated upper bound.
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Regarding the tightness of the bound, we provide the example for transversal
matroids. A similar construction can be done for graphic matroids by using the
Hamiltonian cycle decomposition. Let p € [1/C,1], p € Q, r > 1, and denote
¢*:=|Cp| and r; = (Cp — ¢*)r. We take r such that r; € N. Consider the following
bipartite graph,

r r r r r1 r
o 0000 0000 0000

0000 0000

E1 E2 Es Ep«_1 Eg« Epeq1 Egryo Ec_1 Ec

Fig. 7.11: Tight bound example for PoF as stated in Proposition 7.14 for transversal ma-
troids.

where each group E, has r elements. All groups ¢ € {1, ...,¢* — 1} are independent
and have r(¢) = r. All groups ¢ € {¢* + 1, ...,C} share resources and have r(¢) =r.
Finally, group Ey- is a semi-independent group, where r; agents are connected to r;
resources and r — r; agents belong to the clique. We obtain r(¢*) = r as well. Finally,
remark r([C]) = (¢* — 1)r + 11 + 1 = Cpr.

We focus next on the maximum size opportunity fair allocation. Notice that, as all
groups have the same rank, an allocation x is opportunity fair if z, = x;, for all
¢,k € [C]. Since all groups ¢ € {¢* + 1,...,C} share all their resources, the highest
share than can be fairly allocated to them is,

T

C -

Ty =

This allocation is feasible if and only if the remaining available resources to be
allocated to ¢* are enough to fulfill its demand, i.e, if and only if,

T

ET (7.6)

ry 2

Moreover, remark that depending on whether Equation (7.6) holds or not, the
maximum on the stated upper bound gets a different value,

< (Lp—[Cp))r

C—|Cp]
1
=10l +1<Cp—|Cp|]+1
C—|Cpl+1
c100] <Cp—[Cp]+1
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C—|Cpl+1 <

Co—lcpl+1 € LC7)

Suppose Equation (7.6) holds. It follows the allocation is feasible and,

il = Cr Cr
YT o-e T c-op”

and the Price of Fairness is equal to,

Cpr
PoF = —— = p(C = |Cp)),

C—|Cp)

which is indeed equal to the upper bound. Suppose Equation (7.6) does not hold. In

particular, the opportunity fair allocation must allocate some share of the r resources

on the clique to Ey-. Let s € (0, 1) denote the share. We obtain the following system,
(1 —3s)r

ST+1] =~ —

C -+’
whose solution is given by

o 1—(Cp—17)(C— %)
N C—0+1

It follows the opportunity fair allocation x has size,

B (1-s)r C(Cp—L+1)r
Izl =C e == —p+1
which yields,
bep__ G C-t41 _ C-|Cpltl
_C(gzif*jll)r_p Cp—tr+1 P Cp_[Cp|+ 1’

which corresponds to the stated upper bound when Equation (7.6) does not hold. [

Proof of Proposition 7.15

We recall that (M,,(p))nen is a sequence of C-colored matroids over sets (E(™) such
that |E(”)| = n, randomly colored according to p = (p1, p2, ..., pc), and (ry,)nen the
associated sequence of rank functions. For each ¢ € [C], suppose the following limit
exists,
Ep.[tn
R(p.) := lim M, (7.7)

n—oo n
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and recall its natural extension to any subset A C [C],
. 3 1
R ZCEA Pe ) = nh_{go ﬁ ’ E(Pc)ceA [I‘n (UCEA Ec)] .

Proposition 7.15. If R(1) > 0, it follows

POF(My(p)) — s max — 1) 2eea Filpe) (7.8)

n—o0 AC[C] D eeje] R(pe) R(XcenPe)

where 2 denotes convergence in probability. Moreover, the function R is such
that R(0) = 0, R is concave, non-decreasing, and 1-Lipschitz. Finally, for any such
function R, there exists a double sequence of C-colored matroids (M, ,,,) such that,
for R, defined similarly to R for the sequence (M), ,,)neNs,

n,m

/
R~ Ryl m 0.

Proof. Let R :={f:[0,1] — R | f is a concave, non-decreasing, 1-Lipschitz function,
and f(0) = 0}. Remark that R is closed and convex. We divide the proof in several
steps. First, we prove the function R defined in Equation (7.7) belongs to R. Second,
we prove the PoF converges in probability to the stated limit. Third, we construct a
double sequence of colored matroids (M, ,,)n,men such that R is well approximated
by R,,, where each R,, is defined as in Equation (7.7) for (M'rlz,m)neN-

1. Function R belongs to R. Since R is closed, it is enough to prove that for each
n € N, the mapping

Qn : [0, 1] — R+

Epe[rn(0)]

Pc —

belongs to R. Clearly, Q),,(0) = 0. Regarding concavity and monotonicity, remark

Ep.[tn(0)] = Y 1i(SP(E. = S) = Y 1,(S)pFl(1 — pe) FI715],
SCE SCE

which can be seen as the multi-linear extension of the rank function r,, of M,
evaluated at (pc, ..., p.). It follows that E,, [r,(c)] is a concave and non-decreasing
function as r,, is submodular [Cal+11]. Moreover, Q,, is also concave and non-
decreasing. Finally, remark,

EpC[T’n(C)] < EpCHECH = NPc,
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where 7 is the total number of agents in E. In particular, Q,, is 1-Lipschitz*.

2. Convergence of PoF. To prove the convergence of the PoF, remark first that r,(c)
concentrates around its mean E,_[r,(c)]. Indeed, r,(c) is a function on the indicator
variables 1[e € E.] for e € E, which are i.i.d. according to Ber(p.). In particular,
r,,(c) has a bounded difference of 1, as for any of the indicator variables that changes
of value, the rank modifies at most in 1. The McDiarmid concentration inequality
implies that,

—2n log(n)) _ 1

P (In(0) = Epfra(0)) > yfnlog(n) ) < exp (2 ) — =

Added to the union bound, we obtain that,

15 (c) Ep. [tn ()]
’Zce[cq N ZCG[C] .

n n

in other words,

. I‘n(C) _
nh—{go ZCE[C’] o ZCE[C} R(pc)'

n

For any ¢ € [C], notice that,

R(l) = lim Epcil[rn(c)]

n—00 n n—00 n n—oco n

Next, since R is concave,

tim £ R — Ripe -1+ (1= p) - 0) > peB(1) + (1= po) B(O) = p Jim D,

n—00 n n—oo n

Since R(1) > 0, we obtain that both r,,(E) = Q(n) and E,_[r,(c)] = ©Q(n). Putting all
together, we conclude the following,

_ rn([CD . ZCEA I’n(C> R(l) . ECEA R(pc)
B ) = R S e (@ ta(d) 1 A Toce Bpo) R(Senpe)

where we used the assumption that R exists and that R(p.) > 0 for all c.

3. Approximation result. To approximate the functions in R, we will construct a
family of matroids able to produce a family of piece-wise functions f € R whose
convex hull i dense on the set R. Let 0 < b < a < 1 be two real values and n € N,
such that an,bn, and (1 — a)n are integer values. Consider the following graph

“Remark the function is defined over the interval [0,1]. Therefore, @, is concave, increasing,
Q(0) =0, and Q(z) < z for any x € [0, 1], if and only if the function is 1-Lipschitz.
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containing a complete bipartite graph with sides of sizes an and bn, respectively, and
(1 — a)n isolated vertices, as in the figure below,

Let M,, be the associated transversal matroid. Given a random coloring according to
a vector p = (p1, ..., pc), notice that, for n large enough,

Ep.[tn(c)] = min{apcn, bn}.
For this sequence of matroids, it follows that,

R(pc) = lim Ep[tn(0)] = min{ap,, b}.

n—o0 n
We denote
T :={f:10,1] = R|3Ja,b € Ry, f(t) = min{at, b}, vVt € [0,1]}.

In particular, all functions in 7 can be obtained by the previous construction. Con-

sider next the set,
H:={f:]0,1] — R| f is piece-wise linear, concave, non-decreasing, 1-Lipschitz, and f(0) = 0}.

We claim that any function in H can be obtained as convex combinations of functions
within 7. Indeed, for f € H consisting in two pieces of value a and then b < a, i.e,
such that there exists t* € [0, 1],

it is enough to take

f1:[0,1]—>R, f2: [051]_>R
t— at t — max(at, at™)

as f = 2fi + (1 — 2)fo. For the rest of functions within #, the construction is
done inductively. Consider f € H to be (m + 1)-piece-wise linear, for m > 2. Let
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0

< ¢ < b < a < 1 be the last three linear slopes of f with respective changes at
t1 < tg, as illustrated in Figure 7.12.

Y

Fig. 7.12: Example piece-wise function

Consider next,

f@) t<t (o e
fi(t) = f(t1) + at teltits] and  fot) := { e o ; t1
f(t1) +a(te —t1)+ct  t>1t 1 z

Remark both f; and f> are m-piece-wise linear. It is not hard to check that

1= (0-G=)

We conclude the proof by showing that H is dense in R. Let R € R be fixed. For
m € N, divide the interval [0, 1] in m pieces {0, =, 2 ... ™1 11 and define the

Ymom? Y om0

m-piece-wise linear function that interpolates R, as it follows,
) i+1 i i i+l ,
f(t)=R@E)+t(R —R(—)), forte |—, , fori € {0,1,...,m}.
m m m’ m

Fort € [

m’

- s 21) - ()5 5(2)

£:11 by monotonicity of R and f, it follows,

where the last inequality comes from the fact that R is 1-Lipschitz. In particular,
[R— fllc = 0. O
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7.9.10 Proof of Theorem 7.16

Theorem 7.16. Let 7 € [0, 1] be fixed. Consider the sets,

R :={f:[0,1] — R | f is a concave, non-decreasing, 1-Lipschitz function, and f(0) = 0},

AY = AY e =T}
~=1{pe Igrel%p 7}

It follows,

R(1)  T.enR(po) (1 —(C- A)w) 1
max max max .= = max —— ) <C—-—
peAS RERACIC) Y cejc) RB(pe) R(XceaPe)  A€(C] o C T
(7.9
where 1, : [-), 5] = R, for each \ € [C], is given by,
A VS [_>‘a 0] )
¥a(q) = m (1+g(1-20)+C(A—2+Aq)g—2,/(A—1)(C-1)(1-Cq)(1-rg)a) ¢ € (0, %} ;
\NC—1)°C|"
(7.10)

The proof of Theorem 7.16 consists on constructing an optimal solution of the triple
optimization problem in Equation (7.9) by starting from an instance (pg, Ao, Rp) and
iteratively modifying p, A, and R. Before giving the formal proof, we show some
useful technical lemmas. We define

F:AC xR x 2 1, 00)

R(1) > cen R(pe)
JR,A F(p,R,A) = : :
(p ) — F(p ) Yceic] B(pe)  R(Xcenpe)

Remark that whenever |A| € {1,C}, F(p,R,A) = 1, for any p, R € A® x R. In-
deed,

RO

F(p,R,{c}) = m <1

where the inequality comes from the concavity of R and the fact that 3} cjc) pc = 1,
50 ECE[C} R(pc) < R(ZCE[C} pc). Similarly,

R(1)

LS R
R(Xce[c) Pe)

F(p, R, [C]) =
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Therefore, from now on, we suppose 1 < |A| < C. The function F is invariant to
scaling R by non-null constants, i.e., F(p, R,A) = F(p,aR,A) for any a # 0. In
addition, F' evaluates R at C' + 2 points: (p¢)ce(c]> 2_cen Pe> @nd 1. Since,

R(1) (1 _ W)

RA) = ——"—
F(p7 7 ) R(ZceAPc) ZCE[C] R(pc)

F is decreasing on R(}..cppc) and (R(pc))ccjcpa and increasing on R(1) and
(R(pc))cen- Figure 7.13 illustrates a function R € R for C = 5 and A = {1, 2,4},
with the red dots indicating the values where F' is decreasing, and the blue dots
those where F' is increasing.

A

| | | | | | |
T T T T T T

P1P2 P3 Paps > Pe 1
ceEA

v

Fig. 7.13: Increasing (blue) and decreasing (red) points for function F'

The construction in the proof of Theorem 7.16 will be done by playing with both:
the position (over the horizontal axis) of the red and blue dots and their values.

Lemma 7.20. Given (p, R,A) € A° x R x 2l we can always construct R' € R such
that either F(p, R',A) > F(p,R,A) or R = R.

Proof. Given (p, R,\) € A x R x 2[¢] it is enough with picking R’ € R satisfying,

R (ZceApc) S R(ZceA pc>

R/(pc) < R( c); Ve € [CT\ A

7.9 Missing proofs 293



For example, suppose C = 3, 0 < p; < p2 < p3 < p2 +p3 < 1, and A = {2,3}.
Starting from R we can take R’ € R such that

w2 z€ [0, 72

R(x) = R(x) z € [p2, p3]

R(p3) + (v — p3) - %ﬁ@ r € [p3,1]

as illustrated in Figure 7.14,

A

p1 p2 p3 p2+ps3 1
Fig. 7.14: Function R’
Remark that
R(1) — R(p
R'(p2 + p3) = R(p3) + p2 - ( i (p3)
— D3
b2 D2
= -R(1) + (1 — ) - R
RO+ (1 ) R

<R( D2 +(1_ D2 >-p3>
1—ps3 1—p3

1
=R<1 'pz(l—p3)+p3) = R(p2 + p3),
— D3

where the inequality comes from R’s concavity. Similarly,

b1

R(p) =2 Ripa)
— % -R(ps) + (1 - 2;) R(0)
<R@1p+(L§D(gZRm»
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where we have used R’s concavity and that R(0) = 0. Finally, remark R(1) = R/(1)
and R'(p.) = R(p.) for c € A. O

Lemma 7.21. Let 7 € [0, 1] be fixed, (p, R, A) € AY x Rx2l¢], and ¢* = arg max c» pe
(if several c* exists, pick one at random). Consider p',p" € AC given by,

PDe ce[C]\Aorc=c*
Ve e [C]J)lc = 1 A %
|A|71 ZcEA\{c*}pC ceE \ {C }7
De ce[C]\A
W ZceApc ce A

It follows F(p, R,A) < F(p', R,A) and F(p, R,A) < F(p", R, A).
To prove Lemma 7.21 we introduce the following definition.

Definition 7.22. For z € RY a vector, we denote () to its c-th highest entry. Given
z,y € RY, we say that 2 majorizes y if

A C C
S w2 Yy, forall A e [Cl,and > e = e
c=1 c=1

c=1 c=1

In addition, we state Kamarata’s inequality: Let 2,y € R® be two vectors such that
x majorizes y. For any concave function f, it follows,

3 flee) < Flye)

ce[C] ce[C]

Proof of Lemma 7.21. We prove the stated result for p’. For p” the argument is

analogous. Recall that F' is increasing on ) .., R(p.). We prove that (p.)cca

majorizes (p..).ca and conclude by using Karamata’s inequality over R. First, remark
1

dp=pe+ Y A1 Yo pe=pit Y. pe= pe
}

ceA ceA\{c*} ceA\{c* ceA\{c*} ceA

Regarding the inequality, assume without loss of generality that A = {1,...,m} and
p1 = p2 = ... = pm. In particular, notice pj > p; (as they are equal). For any
A €{2,...,m — 1}, it follows,

A A 1 m
D=nAEY D P
c=1 c:2m_ c=2
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A—1 &
:p1+mzpc
—p1+72pc+7 Z Pe

c=A+1
A m
m— A A—1
—p1+ch— > Pt — D P
c=2 c=A+1

<p1+ ch = pr
c=2 c=1

where the last inequality comes from the fact that,
(m - )‘)()‘ 1) (m A ch and Z De < - 1 (m /\)p>\+1,
c=2 c=A+1
and therefore,
m— A m— A)(A
— Z pc—izp(;\ w-(mﬂ—m) <0,
e=A+1 m—1

forany A € {2,...,m — 1}. O

Lemma 7.21 allows to replace all elements p. € A by one single value equal to their
mean. In particular, Figure 7.13 becomes

A

cEA

1
TAT ZceA De

The main issue with the uniformization of the probabilities within A is the fact that
any transformation done to the vector p € AY must produce a vector within A i.e

the maximum-value must remain unchanged (although it could eventually change of
index). The following Lemma shows that for any instance (p, R, A) € AS x R x 2[¢]]
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we can always modify R and A such that the maximum-value entry of p stays outside
of A, with a transformation that does not decrease the value of F(p, R, A).

Lemma 7.23. Let 7 € [0, 1] be fixed, (p, R, A) € ATxR 2, and ¢* = arg max /¢ pe
(if several c* exists, pick one at random), i.e., p.~ = w. Then, we can always construct
(R',A") € R x 2l such that ¢* ¢ A" and F(p, R,A) < F(p, R, \').

Proof. Suppose that ¢* € A. Apply the partial uniformization technique to p of
Lemma 7.21 leaving p.- unchanged. Denote

q::‘A’—l Z}pc'

ceA\{c*

Since p.~ € A, remark F is increasing at R(1), R(q), and R(w). Notice that
0<g<m<Y . crpe<l. Apply Lemma 7.20 and replace R by

R(x) z € [0,q]

R(x)={ R(q)+(x—q)2=R9D 5 egn]

R(m) + (z — m) BN 4 [1)1),

as illustrated in Figure 7.15, for C =5, A = {1, 2,4}, and p5 = n. Remark that for
x € [q, 7] no value R(x) is considered on F', which in particular allows to replace R
by the linear segment between the points (¢, R(¢)) and (7, R(~)).

A

ceEA

Fig. 7.15: Function R’ Lemma 7.23
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Next, we show we can find A’ C [C] \ {¢*} and R” € R starting from R’ such that
F(p,R',A) < F(p,R",\"). Given ¢ > 0, consider

R'(z) z €0,
RL(z) :=
R'(7) + (z — ) (w + s) z € [m1].

Let
e = argmax{e: R. € Rand F(p, R.,A) > F(p, R',\)},

and set R” = R... We claim that

R(1) — R()

11— - T™—q

i.e., the segment between (¢, R”(¢)) and (m, R”(r)) has the same slope as the
one between (w, R”(w)) and (1, R”(1)), as illustrated in Figure 7.16, for C' = 5,
A ={1,2,4}, and p5 = 7. Clearly, R.. belongs to R. Regarding the increase on the

A R//

ceA

Fig. 7.16: Function R"

value of the function F', we show that the for any ¢ > 0,
R(Ln) - R (o) < ) - RO,
ceA ceN

i.e, that the increase of the blue dot in Figure 7.16 is larger than the increase of the
red dot. It follows,

Ri(m) + (Toeape — ) (FHZEED 1 )

R(m)+(1—m) (W + 5)

d [ RL(1) 1_ d
de | RL(Ycen Pe) de
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R/(W)(l - ECEA pC) ,
(R(m) + (Seenpe — ) (B 4 o))

which is always non-negative. In particular, R” is rewritten as

R(x) xz € [0, ]
R'(z) := (7.11)
R(q) + (z - q) (A=HD) 2 e g,1].

To ease the notation, we drop the ” from R” and denote o« = (R(v)—R(q))/(x—q). Finally,
we construct A’ C [C] \ {¢*} such that F'(p, R,A) < F(p, R, A’). The analysis is split
depending on whether a value p; with ¢ € [C] \ A (a red dot) lies between ¢ and 7
or not. Suppose it does. We claim that considering A’ := A \ {¢*} U {¢} we obtain
the stated result. Indeed, although swapping the elements should decrease the value
of the function F' (as we obtain a higher-value red dot and a lower-value blue dot),
the effect is compensated by the fact that ../ p. <> .ca pe. Figure 7.17 illustrates
the swapping.

A R A R
Swap O
— >
-
f — f - f ————4—— >
ps g pe T > pe 1 Ps ¢ Pe T D Pey Pe 1

Fig. 7.17: Swapping pz and 7 within A

To prove that F'(p, R,A) < F(p, R, A’"), we check that

D ceA R(pc) < DoceN R(pc)

< . 7.12
R onpe) S R uen po) (7.12)

For z € [pe, 7], consider,

(A =1R(q) + R(mr —pz+2) _ |A|R(q) + a(m — pe+ 2 —q)

Q2) = R((IAl=D)g+7—pe+2)  R(g)+a((|A] = 2)g+m —pe+ 2)
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where the last equality comes from using R’s definition (7.11). In particular Equa-
tion (7.12) holds if and only if Q(7) < Q(pe). Notice,

(R(q) + a((|A] = 2)g+7 —pe + 2))a — (JA|R(q) + a7 — pz + 2 — q))a
[R(q) + a((|A] = 2)q + 7 — ps + 2)]
a(|A| - 1)(ag — R(q))
[R(g) + a((|A] = 2)q + 7 — p + )]

d
%Q(z) =

<0,

where we have used that R(q) > ag, which holds as « < 1 is the slope of the last
piece-wise part of the function R, which extended up to the origin remains positive,

in particular implying that the image of 0 (given by R(q) — aq) is at least 0. We
conclude (=) is decreasing over [pe, 7], concluding that Equation (7.12) holds.

To finish the proof, suppose that such as p; did not exist, as in Figure 7.16. Keep
increasing the slope of the last pice-wise linear function until achieving the slop
between ¢ and the closest red dot placed at the left of ¢, namely p, as in Figure 7.18
and set A’ := A\ {c} U {c}.

A

e

3
=}
F
o
alng|
3
—

Fig. 7.18: Final construction A’

As in the previous cases, it can be proved that F'(p, R, A) < F(p, R, A"). We omit the
proof. O

Lemma 7.24. Let 7 € [0, 1] be fixed and (p, R, A) € AC x R x 2[°L. Define

ch}-

1
F::{kE[C]\A:pkgA
“CEA

There exists (p', R') € AY x R such that F(p, R,A) < F(p',R’,AUT).
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Proof. Apply Lemmas 7.21 and 7.23 so the entry of p of value 7 is not included in A
and for any ¢ € A, p. = ¢ := ITll > ccA Pe- In particular, the only values where F' is
increasing are R(q) and R(1). Define I' := p. < ¢}. It follows that F is decreasing at
(R(pe))ecr- Replace R by

A (X

R(z) =z € g, 7.

Moreover, since F'(p, «R,A) = F(p, R, A) for any a # 0, redefine R = %R. Finally,
since for any ¢ < p. < 1 the function F' is decreasing on R(p.), replace R by,

x x € [0,q]
R(z) =
q—l_(x_Q) Rglf)qiq LS [qaﬂ-]a
where we have used that R(z) = x for any = < ¢ because of the previous scaling.
The resulting function is illustrated in Figure 7.19 for I' = {1, 2, 3}.

A

cEA

Fig. 7.19: Function R Lemma 7.24

Finally, we prove that F'(p, R,A) < F(p, R,AUT). For z € [0, q], consider

Q) = AIR(q) + R(2) _ [Alg + 2
- R(|Alg+2) g+ (|Alg+ 2z —q)a’

where a = R%q—q. Remark the previous claim holds if and only if Q(0) < Q(z), i.e.,

adding elements from I" to A increases the part of F' that depends on A. We obtain,

d _d |Alg+ 2
Q2) = dz g+ (|Alg+ z — @)«

dz
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(¢ + (JAlg + 2z — @)a) — (|Alg + 2)a
(q+ (|Alg + 2 — q)a)?
_ q(1 — )
(q+ (|Alg + 2 — q)a)*’

which is always positive. We conclude the proof. O

Lemma 7.25. Let € [0, 1] be fixed and (p, R, A) € AC x R x 2l€). Then, there always
exists (p, R',\') € A x R x 2l such that,

A a+(1-a)g . o),

F(y.R. AN = _
W BN = S5 51 et -a)lq

where A = [N, ¢ = § Y oenpe @ = Y2, and F(p, R,A) < F(p/, R, A'). In

particular;

N 0
arg max F(q) = { 1—(C—\)m
q€[0,1] S

Proof. Let w € [0,1] be fixed and (p, R,A) € AC x R x 2[¢]. Apply Lemmas 7.20,
7.21, 7.23 and 7.24 to construct (p/, R',A’) € A x R x 2l such that,

F(p,R,A) < F(p/,R,N)

1
f ! ,: = — c
oranyce A,p. =q )\ZP
ceN’
forany c € [C]\ A, p.. > q,
0
R/([L-):{ xr ZL‘E[,(]]
qg+alr—q) z€lgl]

Moreover, ¢* € [C] such that p.- = 7, is not included in A’. It is not hard to see that,

A ot (1-a)g
aA=1)+1 a+(1—-a)Cq

F(p',R,N)=F(q) =

Remark that F'(p/, R’, A’) is decreasing on ¢. In particular, making ¢ — ¢—e increases
the value of F. However, remark the value of ¢ defines the kink of the function
R’. In addition, any decreasing on ¢ implies to decrease the value on the entries
of p within A’. Since p is a probability distribution, the decrease of mass must be

Chapter 7 The price of opportunity fairness in matroid allocation problems



re-injected on all other entries whose values are below 7, as we cannot modify the
value of the highest-value entry of p. In conclusion, whenever solving

F(q),
ax Fla)

we obtain the solution
0
49=93 1-(C-Nr
X

where the second case comes from attaining the constraint of maximizing all entries
c e [C)\ {AU{c*}} up to m. Remark that when the previous optimization problem
we do not consider anymore the space of functions R, in particular allowing for
q = 0 to be a possible solution. O

We are ready to prove Theorem 7.16.
Proof of Theorem 7.16. For A € [C] and « € [0, 1], consider the function

A ~a+(l-a)g
A-1)+1 a+(1-a)Cq

Ua(a, q) = ol

From Lemma 7.25, it follows,

R(l) ZCEA R(pc)

max max max . — max max max a,q). (7.13)
peaS RER ACIC] Yoocjo) B(Pe)  R(XceaPe)  AelClac(0,1] ge0,1] vale.q)

We know that for (), «) € [C] x [0, 1],
0

arg max ¥ (a, q) = { 1 (C—M\)r

q€[0,1] - x

Suppose 1 — (C' — A\)7 < 0. It follows,

R(l) . ZCGA R(pc) A

< —  — max\.
R S W) Reenpe) ~ SRS Y a0 1

Suppose 1 — (C' — \)7 > 0, i.e., g € [0,1/C]. We study the first order conditions of
¥ (a, q) over . It follows,

A
al —a+1)2(aCq—a— Cq)? [
+ a(=2CM\g? +2C¢* 4+ 20q — 2q) + CA\g®> — C¢* — Cq + ql.

d
%wA(a,q):—( az(C)\qQ—C/\q—C’q2+C’q—/\q—|—/\—|—q—1)
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Imposing %1/},\(04, q) = 0 we obtain the solutions,

2(=1+ Ng(—-1+Cq) — VA( 1+C) -1+ MNg(—14+Cq)(—1+ A\q)
2(¢+ Cq(=1+ (=14 N)qg) ’
—1-0)
+ (=

o] =

2(—=1+ N)g(—=1+Cq) + /4(—1 (—1+Ng(—1+Cq)(—1+ \q)
2(¢ + Cq(-1 14 X)q) '

Since ¢ < 1/C, it follows that 2(—1 + \)¢(—1 4+ Cq) < 0 and, therefore, a; < 0. The
only possible solution being «», we show that either

a9 =

1. as € [0,1] and then the stated value of ¢, (gq) for ¢ € (0, )\(>\C’_—11)] comes from

plugging a» into Equation (7.13) or,

2. ag > 1 and then Equation (7.13) is upper bounded by 1 for any g € (%, &l

The first point is direct. For the second point, notice that as > 1 if and only if

VAC = 1A= 1)g(Cq — 1)(Ag — 1) > 2(A = 1)(p — 1)(Cq — 1) + 2(A — 1)g(1 - Cq),
and, as 2(A —1)(p — 1)(Cq—1) +2(A — 1)g(1 — Cq) > 0, this is equivalent to

A(C-1(A=1)g(Cq—1)(Ag = 1) = 2(A = 1)(p = 1)(Cq — 1) + 2(A = 1)g(1 - Cq))*
—AA -1 -1 -Cg)(M(C=1)g—1)+1) >0
A—1 1}

==(se-vel

Since a3 > 1, the optimal value of « is 1, yielding

max max «, max 1,q9) = 1.
ae[ouqe[m]w( q) = () ¥a(l,9)

To conclude the proof, set )(q) := max,¢,1] ¥a(, q). The relaxed upper bound

1—(0—)\)7?) 1
Rl L Iy T
Ané?éﬁ%( C

is obtained through symbolic computation in Mathematica (with the Reduce func-
tion). Indeed, it can be verified that the inequality system

A(Cq — 1) A(qu(AquA—2)—2\/(0—1)(/\—1)(1(061—1)(NJ—1)—2/\q+qr+1)>
AN—1 (Chg—1)2 >0

_l}andAE[Z,C—l],

A
f AN
or q € [O’C)\—)\
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is always feasible. It follows that A(Cq — 1)/(Ag — 1) > ¥x(q) for 0 < ¢ < (A —
1)/(CX— ). In particular, for ¢ = (1 — (C — X\)m)/ ), it follows that C' — 1/7r > 1 (q)
over [1/(C —1),1/(C — \)]. Similarly, since C — 1/7 is greater than A\ = v\ (q)
whenever 7 > 1/(C — \), we conclude C — 1/7 > 1\ (q) for any A € [C] and
q€[0,1]. O

A technical lemma

The following technical lemma gives a sufficient condition for a polymatroid to have
a price of opportunity fairness equal to 1. In particular, several of the posterior
results in the stochastic setting will use it.

Lemma 7.26. Let M be a polymatroid. Given a permutation o € ¥([C]), consider the
sequence 1(c) = (1.(0))ce|c) Such that,

forany c € [C],rc(0) := ) ,

where, r(o(1, ..., c)) corresponds to the size of a maximum size allocation in the subma-
troid obtained by the groups in the first ¢ entries of o([C]). Whenever the sequences
r(o) for any o € ¥([C]), are all decreasing, it holds PoF (M) = 1.

Proof. Let A* = argmax,cc % We aim at proving that the monotonicity

of the sequences {r(c),0 € X([C])} implies A* = [C], which yields PoF (M) = 1.
Without loss of generality, take ¢ = I to be the identity permutation (the same
argument works for any other permutation). Denote

_x(#)
P ey r(0)

the competition index of the submatroid obtained by the the first ¢ groups. Denoting
r(0) = 0, it follows,

Dot — pr = r(t+1]) x([t])
Do (0 ey r(d)
et —r(l =1 Dpeyr(f) —r(€ - 1)
B > e+ T(6) >eep r(0)
el + 1) —r(@)]r(€) —r(t + 1)[r(€) —
B (Crer+11(0) (Ceep r(0)

He—1)]

7.9 Missing proofs
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Since r(o) is decreasing, for any s < ¢ + 1 it follows,

r(s) —r(s—1) S r(t+1) —r(t)
r(s) “ ot +1)

In particular, r(t + 1)[r(s) —r(s —1)] > [r(t + 1) — r(¢)]r(s) and therefore, p; > ppi1.
It follows that the optimal solution corresponds to A* = [C]. O

Proof of Propositions 7.18 and 7.19

Proposition 7.18. Let w = w(n) be a function such that w(n) — co. Whenever
q < 1/(wn) or ¢ > w/n, for any p € A°, PoF (G, 4(p)) converges to 1 with high
probability as n grows.

Proof. We show this proposition by leveraging results from random graph theory.
Suppose ¢ < 1/(wn). By Theorem 2.1 [FK16], G,, 4 is a forest w.h.p.. It follows that,
independent of the label realization, the maximal allocation contain all edges in the
graph. Hence }_ c(¢r(c) = r([C]), which implies the matroid has PoF equal to 1 as
the independence index is equal to 1.

Suppose ¢ > w/n. For any ¢ € [C] the subgraph induced by considering only the
subset E. over G, is distributed according to Gy, ,.q. Since p.q > p.w/n, with
pew — oo arbitrarily slow, Theorem 2.14 [FK16] states that w.h.p. G, ;,., has a giant

component of size (1 — -%-)n, for a fixed x € [0, 1]. In particular, r(c) = (1 - ;Z;)n

as connected components contain spanning trees. Intersecting the events over all
¢ € [C] we obtain, w.h.p. as n goes to infinity,
r([C]) n 1

PlGnalp)) = 5= =5 = 5 oll) = -+l

which from Proposition 7.14 shows that PoF is also equal to 1 w.h.p.. O]

Proposition 7.19. Let w = w(n) be a function such that w(n) — oo arbitrarily
slow as n — oo. Whenever ¢ < 1/(wn?®?) or ¢ > wlog(n)/n, for any p € A,
PoF(B,, 3,4(p)) converges to 1 with high probability as n grows.
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7.10.1

Proof. Suppose ¢ > wlog(n)/n. Let A C [C], we have that }° .o |Ec| is a sum
of independent bernouli random variables (the E. are disjoints), hence it has an
expected value of n )" .., p. and Hoeffding’s concentration inequality show that

nlog(n 2
P<|ZCGA | Ee| _”ZceAPC‘ > \/@) < 2exp<—2n()> =30 0.

Since ¢ > wlog(n)/n, Theorem 6.1 [FK16] states that w.h.p. for any A C [C], the
subgraph considering only the vertices in A on the left-hand side has a matching of
size min{fAn, Y .cp pen}, therefore, r(A) = min{fn, > .c5 pcn}. We will conclude by
applying Lemma 7.26. As usual, w.l.o.g. consider o = I;. For any ¢ € [C — 1], it
follows,

min{Bn, 3 oejer1) Pent —min{Bn, > g pent

re1(0) = e

In particular, as 3°. ¢ pe is increasing in c, the sequence r.+1(0) initially consists
on only 1 (given by all times that r..1(0) < ), eventually some value between
0 and 1 (given by the first time that r.1(0) > 8 > r.(0)), and finally a sequence
of only zeros (given by all times when r.,1(0) > ). In particular, the sequence is
decreasing, concluding the proof. O

Remark. In both graphic and transversal random matroids, taking the same ¢ € [0, 1]
for all colors is done without loss of generality. Indeed, a coupling argument based
on stochastic dominance allows us to consider edge probabilities ¢. per color ¢ and
to obtain the same results.

Price of Fairness under Other Fairness Notions

Weighted Fairness

The main fairness definition that we have used is opportunity fairness. We now
discuss how this specific fairness notion relates with other fairness concepts, in
particular with maximin fairness and proportionality in [BFT11] and equitability
in [Car+12]. We can think more generally about group fairness in terms of what
amount of social welfare protected group of agents are entitled to. Should each
group be entitled to the same amount as others, or proportionally to their size? We
introduce weighted fairness, where the weights correspond to group entitlement:

7.10 Price of Fairness under Other Fairness Notions
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Definition 7.27. Let (w¢).c[c] € RY be a fixed weights vector. An allocation = € R
is w-fair if for any i, j € [C], x;/w; = xj/w;.

As an example, Figure 7.20 illustrates for a 2-colored matroid three fairness notions
mentioned in the paper that are now framed as specific instances of weighted
fairness.

1. Equitability

wc:].fOI'CG [C], T2 A
£(2) = || | Equitability Opportunity Demographic

2. Proportional fair-
ness

we = |E,| for ¢ € [C],

|E2| (1) B ]
3. Opportunity fairness
Fig. 7.20: Weighted Fairness for matroid with two groups

we = r(c) for ¢ € [C].

Compared to other weighted fairness notions, opportunity fairness remains bounded
because the weights depend on the structure of the polymatroid M, while the weights
of proportional fairness and equitability are independent of M and arbitrarily bad
examples can easily be constructed.

Proposition 7.28. The price of proportional fairness and the price of equitability are
unbounded in the worst-case, even when allowing for fractional allocations.

Proof. Take a ground set with n agents of color 1 and n agents of color 2, and
consider the feasible allocations where at most n/2 resources can be allocated to
individuals of color 2 but only one resource may be allocated to individuals of color
1. This is a partition matroid, where the partition corresponds exactly to the color
partition. Now, the optimal proportionally fair allocation, as well as the optimal
equitable allocation, is z; = 1 and xy = 1, for a total of 2 resources allocated.
Because the optimal allocation is of size n + 1, the price of fairness is (n + 1)/2,
which goes to oo as n — oo. The price of fairness in both cases is unbounded. [J

Another common concept of fairness to divide resources, used in transferable utility
cooperative game theory, is that of Shapley value [OR95]: it is the unique utility
transfer that satisfies axioms of symmetry, additivity, nullity and efficiency. It can be

Chapter 7 The price of opportunity fairness in matroid allocation problems



shown that for ¥([C]) the set of permutations over [C], the Shapley value of group ¢
is

pei= D s oy (i € 1CT 0(0) < 0@} U {e}) —x({i € 0] o(i) < o(e)})

that is to say (. is the expected marginal contribution of group ¢ when groups are
prioritized according to ¢ a uniformly drawn random permutation. When w, = ¢,
we say that an allocation is Shapley fair.

The allocation problem we study can be seen as a type of non transferrable utility
game, and as such there is no reason in general for the allocation (¢4, ..., ¢c) to be
realizable. Nonetheless, from the polymatroid characterization of M do have this

property:

Proposition 7.29. The allocation (1, ..., ¢c) is always feasible.

Proof. For a given permutation o, the marginal contribution allocation x° wher
I =r({i € [C]|o(i) <o(c)} U{c}) —r({i € [C] | 0(i) < o(c)}) is always feasible.
Hence, the Shapley allocation (41, . . ., ) the barycenter of all the x%, which belong
to the Pareto front by definition. Moreover, by the polymatroid characterization, the
Pareto front is convex [HHO02]. Hence the barycenter, being a convex combination,
is also feasible. We note that the 2 are the extreme points of the Pareto front. [

From the efficiency of the Shapley allocation, it is immediate that the Shapley Price
of Fairness is always 1 for colored matroids.

In the semi-random model of Theorem 7.16, we can easily show the following
property:

Proposition 7.30. For any distribution p € A° of the agents colors, in the large market
setting with liminfr,([C]) = Q(n), we have that the price of proportional fairness
converges to 1 with high probability.

Proof. Let S,, be any maximal allocation, taken independently of the random col-
oring. We have that |S,| = Q(n) and |S,, N E.| concentrates towards p.|S,| by
Hoeffding’s inequality. We also have that |E.| concentrates around p.n. Hence
|Sp, N E.|/|E.| concentrates around |S,,|/n, which is independent of the colors, and
therefore is a proportionally fair allocation. Moreover S,, is maximal by definition,
so the price of fairness is equal to 1. O

7.10 Price of Fairness under Other Fairness Notions
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This shows that the price of proportional fairness goes from PoF = +oc in the
adversarial setting to PoF = 1 in the semi-random setting.

Finally let us mention another fairness definition.

Leximin Fairness

Requiring that a fair allocation satisfies exactly z;/w; = z;/w; can be considered
wasteful, as it is possible to improve the total social welfare without making any
group worst off. Maximin fairness [BFT11], also called egalitarian rule or Rawlsian
fairness, corresponds to ensuring that the worst off group has the best allocation
possible. In other words, an allocation is maximin fair if it maximizes ming¢ s x., Or
with entitlement w, maximizes min,eps x./w.. Most of the time there are multiple
maximin fair feasible allocations, and thus one may seek to maximize the second
minimum, and so forth. This is called the leximin rule, and has also been studied in
the social choice literature [DG77; DG78].

For a vector x = (71, ...,z¢), we denote the ordered coordinates by z() > z() >

. = (). We say that a vector z = (z1,...,7¢) is leximin larger than y =
(Y1, yc) if 2cy = Yoy, OF T(c) = y(c) and zc—1 = Y(o-1), OF T(c) = Y(c) and
rc-1 = Y(c—1) and o2 = y(c—2) and so on. The leximin order is a total preorder.
Leveraging the more general notion of weighted fairness, we have the following

definition:

Definition 7.31. For a weight vector w € RY, an allocation (z1,...,z.) is said to
be w-lexmaxmin fair if ( 5}—11, R Z}—g) is maximal according to the leximin order for
x € M.

Clearly, the w-lexmaxmin fair allocation is w-maxmin fair. It is also Pareto efficient,
and therefore by the polymatroid characterization Proposition 7.7 achieves max-
imal social welfare: the price of w-lexmaxmin fairness is always 1 in C-colored
matroids.

Chapter 7 The price of opportunity fairness in matroid allocation problems



Conclusion

This thesis has examined the impact of fairness constraints on five standard resource
allocation problems, emphasizing how equity considerations modify both algorithm
design and performance guarantees. From online advertising to refugee resettlement,
the problems explored span a wide range of practical domains and mathematical
settings, ranging from sequential and statistical models to strategic and combinatorial
environments.

A recurring theme that is at the heart of all chapters is the trade-off between
efficiency and fairness. While it is clear that, in worst-case scenarios, fairness can
significantly reduce achievable utility or social welfare, we show that this loss can
often be substantially mitigated through careful algorithmic design. Moreover, we
have demonstrated that in many realistic settings (e.g. with stochastic structure
Chapter 7), fairness comes at a modest or even negligible cost, and sometimes
even for free (Chapter 6). Achieving equity in decision-making is undoubtedly a
challenge, but this thesis shows that it is rarely an insurmountable one, especially
when decision-makers are both capable and willing to adapt their methods to the
specific structure of the problem at hand. That said, in some dynamic or biased
environments, fairness constraints can also improve long-term utility by encouraging
exploration or correcting implicit biases in the objective to optimize itself (see, e.g.,
[KMR18]).

Future Works

Going forward, I am especially interested in further developing the connections
between fairness and competitive analysis, particularly within the framework of
prophet inequalities. While fairness has now been widely explored in bandit and
learning-based settings, its role in online algorithms from a worst-case perspective
remains underexplored. Only a few recent works have addressed fairness in the
context of prophet inequalities or online matching more broadly [MX20; AK22;
Cor+21]. In Section 5.2 we suggest a promising direction by incorporating fairness
penalties into the objective function, which is an ongoing work. An alternative ap-
proach would be to enforce fairness through hard constraints, for example, requiring
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that selected elements satisfy group-level quotas. While matroid constraints have
been widely studied in the prophet literature [KW12b], covering constraints remain
far less understood and could open up a new line of research.

Another direction — perhaps even more critical in the long run — is understanding
the strategic response of agents to fairness-aware systems. As fairness constraints
become more prominent in policy and platform design, rational agents will begin to
react strategically to these rules. This could involve manipulating input information,
misreporting group membership, or gaming the system to exploit fairness-induced
behavior. These concerns have been studied in recent work in strategic classi-
fication [Har+16a], where fair classifiers are shown to induce behavioral shifts
that may undermine fairness in the long term [Liu+18; HIL19]. Similar incen-
tives could emerge in allocation problems: for example, in repeated auctions with
group-fairness constraints, how will bidders adapt? Could they deliberately inflate
prices for underrepresented groups to deplete their adversaries’ budgets? Exploring
these interactions between fairness and strategic behavior, especially in repeated or
dynamic settings, could be crucial to predict future agents’ behavior.

Closing Reflections

There are two broad positive takeaways from this thesis: one related to applied
mathematics research, the other societal.

While they for sure deserve attention due to their ethical grounding, fairness con-
straints, at the end of the day, are just yet another constraints. So why is that they
deserve such an important treatment from a theory perspective? Theory problems
in applied mathematics often draw inspiration from real-world problems. Much
like the way that the problem of kidney exchange inspired foundational results
in random graph theory, fairness can serve as a lens through which we motivate
and isolate meaningful mathematical questions in the space of all possible resource
allocation questions. As an example, let us quote a sentence from [BFT11]: “[...]
when the set of achievable ‘utilities’ is a polymatroid, all Pareto resource allocations
are efficient. This is, unfortunately, a somewhat restrictive condition, and a general
class of resource allocation problems that satisfy this condition is not known.”. In
Chapter 7 we show how a polymatroid structure naturally emerges when considering
group-fairness, which could be a trigger for renewed interest in studying polyma-
troids. This suggests that fairness considerations may guide us toward tractable and
well-structured subclasses of otherwise complex allocation problems.

Chapter 8 Conclusion



From an applied perspective, why should anyone be interested in theoretical results
on fair allocations? It is important to remember that this thesis is first and foremost a
mathematical study, and there are no prescriptive claims about what fairness should
be, or how public policy ought to enforce it. Rather, we advance the understanding
of how fairness requirements limit efficiency in specific settings, and characterize
what exactly is achievable in fair resource allocation. In some sense, we are trying
to delimit what the realm of the possible is, which serves as a useful foundation
for policymakers: any normative decision about how fairness should be enforced
must rest on what is actually achievable. If this thesis helps clarify those boundaries,
even if we only paint a small corner, it may help public institutions in shaping more
realistic, enforceable, and ultimately effective policies.

However, it would be naive to assume that the relationship between fairness and
applied mathematics research is purely positive. These domains have distinct
objectives: theoretical research aims for elegant, mathematically challenging, gen-
eralizable abstractions, while fairness stems from concrete experiences of injustice
and marginalization. As such, formal models inevitably reflect a bias toward fairness
notions that align with tractable objectives or well-understood mathematical struc-
tures. These may appeal to researchers, but not necessarily to those most affected
by allocation decisions. In that sense, research on fair allocation may itself be unfair,
by prioritizing what is analytically convenient over what is socially urgent.

Moreover, there is a risk that formal fairness definitions may be appropriated in
ways that aggravate or sustain harm. For example, some fairness notions, such as
predictive parity [Chol7], align closely with utility maximization and are more easily
satisfied by standard classifiers. But satisfying such a criterion does not guarantee
desired fairness in specific applications, and may even mask underlying inequities.
Because different fairness definitions are often mutually incompatible, it becomes
possible to selectively adopt the one that best fits an decision-maker objectives,
without meaningfully altering outcomes. In extreme cases, one could imagine
decision-makers optimizing solely for utility, and then retrospectively searching
for the fairness definition under which their decisions appear least discriminatory,
providing a performative fairness certificate. This would turn fairness into an ex-post
rationalization of decisions, rather than a guiding principle.

To avoid this kind of distortion, fairness research must remain grounded in the reality
of discrimination suffered by individuals. This requires deeper engagement with the
social sciences and humanities, collaboration with civil society organizations, and
dialogue with public institutions. Theoretical work has much to contribute, but it
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must remain at the service of the values and priorities of the communities it hopes
to serve, and not lose itself in a self-satisfying pursuit of elegance, serving nothing
beyond its own reflection.
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